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COURSE OBJECTIVES: 
 

I Demonstrate concept of stability and application to dynamic systems like Aircraft, and the 

role of primary controls and secondary controls in longitudinal stability. 

II Understand the concept of slide slip angle, roll angle and yaw angle their concepts related to 

lateral-directional stability. 

III  Learn about the mathematical modeling of an aircraft in longitudinal, lateral and directional 

cases. 

IV Estimate the longitudinal and directional parameters with the help of the linearized equations 

of aircraft motion. 

V Analyze the different type of modes in longitudinal, lateral and directional motion of 

aircraft, and recovery from those modes. 

 

COURSE LEARNING OUTCOMES (CLOs): 

 

CLO Code CLO Description 

AAE11.01 CLO 1 
Apply concept of stability, controllability and maneuverability in an 

aircraft. 

AAE11.02 CLO 2 
Use and interpret the basic mathematics, science and engineering for 

solving problems of longitudinal, lateral and directional static stability. 

AAE11.03 CLO 3 Describe stick fixed and stick free conditions for neutral point. 
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AAE11.04 CLO 4 
Demonstrate different methods for finding static margin, control force 

and CG limitation. 

AAE11.05 CLO 5 Organize total stability parameters in order of merit of flight conditions. 

AAE11.06 CLO 6 Locate the cause of instability in an aircraft and solve the issue. 

AAE11.07 CLO 7 
Identify aircraft different types of stability for different categories of 

aircraft 

AAE11.08 CLO 8 Demonstrate the aircraft component contribution for different stability. 

AAE11.09 CLO 9 
Discuss and identify the stability problems of aircraft in different 

phases. 

AAE11.10 CLO 10 Relate different stability criteria and do the comparative study. 

AAE11.11 CLO 11 
Interpret the concept behind equations of motions in different frame of 

references. 

AAE11.12 CLO 12 Appraise the factors that enhance the stability of aircraft during 

different flight regime. 

AAE11.13 CLO 13 
Create new concept of the stability in new configuration and type of 

aircrafts. 

AAE11.14 CLO 14 
Describe the effects of forces and moments in disturbed or perturbed 

conditions on the stability. 

AAE11.15 CLO 15 
Discuss the concept of linearization of equation of motion and 

aerodynamic forces and moments. 

 

SYLLABUS  
 

UNIT I 
INTRODUCTION AND LONGITUDINAL STABILITY-I  

Aircraft axes system, Definition: Equilibrium, stability, controllability, & maneuverability. Examples 

from simple mechanical systems for stability. Longitudinal static stability and dynamic stability for 

un accelerated flight. Criteria for longitudinal static stability and trim condition. Contribution of 

Principle components. Equations of equilibrium- stick fixed neutral point, elevator angle required to 

trim. Definition-static margin. Equations of motion in steady, symmetric pull-up maneuver, elevator 

effectiveness, elevator hinge moment, neutral point, maneuver point, static margin for stick fixed and 

stick free conditions, control force and control gradient. Trim tabs and types of trim tabs, 

Aerodynamic and mass balancing of control surfaces, forward and aft most limits of CG. 

UNIT II 
LATERAL-DIRECTIONAL STATIC STABILITY 

Introduction to lateral-direction stability- aerodynamic forces and moments, aircraft side force due to 

side slip, aircraft rolling moment due to side slip, and aircraft yawing moment due to side slip. 

Aircraft component contribution, directional static stability, Aircraft component contribution for 

lateral-directional stability, rudder requirements. 

UNIT III 
AIRCRAFT EQUATION OF MOTION  

UNIT 

IV 

LINEARIZATION OF EQUATIONS OF MOTION AND AERODYNAMIC 

FORCES AND MOMENTS DERIVATIVES  

Description of state of motion of vehicle, forces and moments as perturbations over prescribed 

reference flight condition. Equation of motion in perturbation variables. Assumption of small 

perturbations, first order approximations-linearization equations of motion. Linearised of force and 

moment equation of motion Linearised longitudinal and lateral-directional equations of perturbed 

motion. Significance of aerodynamic derivatives. Derivatives of axial, normal force components 



IARE Aircraft Stability and Control Page 3 

Source from Yechout, T.R. “Introduction to Aircraft Flight Mechanics”, AIAA education 
Series, 2003 

and pitching moment with respect to the velocity, angle of attack, angle of attack rate, pitch rate, 

elevator angle.  

UNIT V 
AIRCRAFT DYNAMIC STABILITY 

Principle modes of motion characteristics, mode shapes and significance, time constant, undamped 

natural frequency and damping ratio- mode shapes- significance. One degree of freedom, two 

degree of freedom approximations- constant speed (short period), constant angle of attack (long 

period) approximations- solutions. Determination of longitudinal and lateral stability from 

coefficients of characteristic equation- stability and lateral stability from coefficients of 

characteristics equation- stability criteria, Aircraft spin- entry, balance of forces in steady spin, 

recovery, pilot techniques.  

 

Text Books 

1. Yechout, T.R.et al., ―Introduction to Aircraft Flight Mechanics‖, AIAA education Series, 2003, 

ISBN 1-56347-577-4.  

2. Nelson, R.C., ―Flight Stability and Automatic Control‖, 2nd Edn., Tata McGraw Hill, 2007, 

ISBN 0-07-066110-3. 

3. Etkin, B and Reid, L.D., ―Dynamics of Flight‖, 3rd Edn., John Wiley, 1998, ISBN0-47103418-

5.  
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UNIT –I 

INTRODUCTION AND LONGITUDINAL STABILITY 

 

1.1 Aircraft Axes System 

 

An aircraft in flight is free to rotate in three dimensions: yaw, nose left or right about an axis running 

up and down; pitch, nose up or down about an axis running from wing to wing; and roll, rotation 

about an axis running from nose to tail. The axes are alternatively designated as vertical, transverse, 

and longitudinal respectively. These axes move with the vehicle and rotate relative to the Earth 

along with the craft. These definitions were analogously applied to spacecraft when the first manned 

spacecraft were designed in the late 1950s. 

The definition of military aircraft mission payloads may cover a wide range of possibilities 

including personnel, troops, support equipment and supplies in transport aircraft and internally 

carried stores, externally carried stores and sensor pods on combat aircraft. 

These rotations are produced by torques (or moments) about the principal axes. On an aircraft, these 

are intentionally produced by means of moving control surfaces, which vary the distribution of the 

net aerodynamic force about the vehicle's center of gravity. Elevators (moving flaps on the 

horizontal tail) produce pitch, a rudder on the vertical tail produces yaw, and ailerons (flaps on the 

wings that move in opposing directions) produce roll. On a spacecraft, the moments are usually 

produced by a reaction control system consisting of small rocket thrusters used to apply 

asymmetrical thrust on the vehicle. 

 

Fig1.1 Aircraft Axes System 

https://en.wikipedia.org/wiki/Aircraft
https://en.wikipedia.org/wiki/Moving_frame
https://en.wikipedia.org/wiki/Spacecraft
https://en.wikipedia.org/wiki/Torque
https://en.wikipedia.org/wiki/Moment_(physics)
https://en.wikipedia.org/wiki/Aerodynamics
https://en.wikipedia.org/wiki/Center_of_gravity
https://en.wikipedia.org/wiki/Elevator_(aeronautics)
https://en.wikipedia.org/wiki/Rudder
https://en.wikipedia.org/wiki/Aileron
https://en.wikipedia.org/wiki/Reaction_control_system
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Fig 1.2 Axes system in different rotation of aircraft 
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1.2 Principle Axes 

 Normal axis, or yaw axis — an axis drawn from top to bottom, and perpendicular to the other two 

axes. Parallel to the fuselage station. 

 

 Transverse axis, lateral axis, or pitch axis — an axis running from the pilot's left to right in 

piloted aircraft, and parallel to the wings of a winged aircraft. Parallel to the buttock line. 

 

 

 Longitudinal axis, or roll axis — an axis drawn through the body of the vehicle from tail to nose 

in the normal direction of flight, or the direction the pilot faces. Parallel to the waterline. 

 

Normally, these axes are represented by the letters X, Y and Z in order to compare them with 

some reference frame, usually named x, y, z. Normally, this is made in such a way that the X is 

used for the longitudinal axis Fig 1.1. 

 

1.2.1 Vertical axis (yaw) 
 

The position of all three axes, with the right-hand rule for its rotations 

The yaw axis has its origin at the center of gravity and is directed towards the bottom of the 

aircraft, perpendicular to the wings and to the fuselage reference line. Motion about this axis is 

called yaw. A positive yawing motion moves the nose of the aircraft to the right.
[1][2]

 The rudder is 

the primary control of yaw.
[3]

 

The term yaw was originally applied in sailing, and referred to the motion of an unsteady ship 

rotating about its vertical axis. Its etymology is uncertain. 

1.2.2 Transverse axis (pitch) 

The pitch axis (also called transverse or lateral axis has its origin at the center of gravity and is 

directed to the right, parallel to a line drawn from wingtip to wingtip. Motion about this axis is 

called pitch. A positive pitching motion raises the nose of the aircraft and lowers the tail. 

The elevators are the primary control of pitch.  

1.2.3 Longitudinal axis (roll) 

https://en.wikipedia.org/wiki/Aircraft_principal_axes#Vertical_axis_.28yaw.29
https://en.wikipedia.org/wiki/Flight_control_surfaces#Transverse_axis
https://en.wikipedia.org/wiki/Flight_control_surfaces#Longitudinal_axis
https://en.wikipedia.org/wiki/Waterline
https://en.wikipedia.org/wiki/Right-hand_rule
https://en.wikipedia.org/wiki/Perpendicular
https://en.wikipedia.org/wiki/Aircraft_principal_axes#cite_note-Ref1-1
https://en.wikipedia.org/wiki/Aircraft_principal_axes#cite_note-Ref1-1
https://en.wikipedia.org/wiki/Rudder#Aircraft_rudders
https://en.wikipedia.org/wiki/Aircraft_principal_axes#cite_note-Clancy_16.6-3
https://en.wikipedia.org/wiki/Etymology
https://en.wikipedia.org/wiki/Parallel_(geometry)
https://en.wikipedia.org/wiki/Elevator_(aeronautics)
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The roll axis (or longitudinal axis) has its origin at the center of gravity and is directed forward, 

parallel to the fuselage reference line. Motion about this axis is called roll. An angular 

displacement about this axis is called bank. A positive rolling motion lifts the left wing and 

lowers the right wing. The pilot rolls by increasing the lift on one wing and decreasing it on the 

other. This changes the bank angle. The ailerons are the primary control of bank. The rudder also 

has a secondary effect on bank.  

 

 

1.3  Definitions  

1.3.1 Equilibrium 

 

 

 

Fig 1.3 Four forces acting on an aircraft for equilibrium 

Introduction 

Kinds of Equilibrium 

There are three types of equilibrium, namely stable, neutral and unstable equilibrium. 

Prof. Schumpeter explains the three positions with a simple illustration of a ball placed in 

three different states. According to Schumpeter, “A ball that rests at the bottom of a bowl 

https://en.wikipedia.org/wiki/Aileron
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illustrates the first case; a ball that rests on a billiard table, the second case, and a ball 

that is perched on the top of an inverted bowl, the third case.” 

 

in figure 1(a), the ball is comfort at the base of the bowl. It remains in stable equilibrium. If 

interfered, the ball is going to rest at its original position again. In figure 1(b), the ball is located on a 

billiard table. It shows neutral equilibrium. If perturbed, the ball is going to find its balance at another 

new position. In figure 1(c), the ball is stabilized on top of the upturned bowl. It is basically in 

unstable equilibrium. If interrupted, the ball will certainly move down either side of the bowl and 

fails to get back to its original position. 

 

Conditions for equilibrium 

Maintaining a steady flight requires a balance and is often described as an equilibrium of all the 

forces acting upon an aircraft. 

In a steady flight, the sum of all the opposing forces equals to zero. There can be no unbalance 

forces when the aircraft is flying level or when it is climbing or descending (Newton's Third 

Law). This does not mean that all the four forces are equal. It means that the opposing forces are 

equal. 

 L = W 

 D = T 

If the lift is greater then the lift, the aircraft will accelerate downward. When the thrust is greater 

than drag, the aircraft will accelerate forward. If the drag is greater then the thrust, a deceleration 

will occur. 



IARE Aircraft Stability and Control Page 9 

Source from Yechout, T.R. “Introduction to Aircraft Flight Mechanics”, AIAA education 
Series, 2003 

An aircraft in powered flight can be said to be under the influence of the four main forces: 

Lift (L) 

Lift of main planes, acting vertically upwards through the Centre of Pressure. The main purpose 

of lift is to keep the aircraft airborne. 

Lift is a mechanical force whereby it is generated by the interaction and contact of a solid body 

with a fluid (liquid or gas). In order for lift to be generated, its solid body must be in contact with 

the fluid. When there is no fluid, there is no lift. It does not apply for a Space Shuttle. 

Lift is generated by different velocity between the solid object and the fluid. There must be 

motion between the fluid and the object. If there is no motion, there will be no lift. Lift acts 

perpendicular to the motion whereas drag acts in the direction opposite to the motion. (National 

Aeronautics and Space Administration) 

1.2 Weight (W) 

Weight , acting vertically downwards through the Centre of Gravity of aircraft. 

Drag (D) 

Drag, acting horizontally backwards opposing forward motion. 

There are 2 components under drag: 

- Induced drag, which is caused from the creation of lift and increases with the angle of attack. 

When the wing is not producing lift, induced drag is zero and it decreases with airspeed. 

- Parasite drag, which is all drag not caused from the production of lift. Parasite drag is created 

by displacement of air by the aircraft, turbulence generated by the airfoil, and the hindrance of 

airflow as it passes over the surface of the aircraft or components. It increases with the speed and 

includes skin friction drag, interference drag and form drag. 

 

 

Thrust (T) 

Thrust, of engine(s) pulling(or pushing) the aircraft horizontally forwards. It is a force provided 

by the engines which is required to overcome drag (D). 
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Understanding the difficulties in balancing the four forces 

While weight always acts vertically downwards, lift acts vertically upwards only during level 

(horizontal) flight. Lift is inclined backwards during climb and forwards during descent. 

Furthermore, the centre of pressure and centre of gravity also change in the course of flight. Line 

of action of thrust and drag are also similarly affected by the attitude of aircraft. 

The role intended for the aircraft determines the relative position of its main planes, engines, etc. 

Consider a low-winged aircraft with fixed landing gear and engine mounted on its nose. It is very 

likely to have its drag centreline below that of thrust, resulting in nose down pitch (moment) 

during level flight. Lift and weight are deliberately coupled to provide nose down pitch for safety 

reasons. 

Stable equilibrium 

Definition of stable equilibrium. :  

A state of equilibrium of a body (such as a pendulum hanging directly downward from its point of 

support) such that when the body is slightly displaced it tends to return to its original position — 

compare unstable equilibrium. 

 

Definition of unstable equilibrium 

 

A state of equilibrium of a body (as a pendulum standing directly upward from its point of 

support) such that when the body is slightly displaced it departs further from the original 

position 
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Definition of Maneuverability 

         Maneuverability 

Airplanes are not limited to being a relatively fast means of getting somewhere. Long ago thrill-

seeking pilots discovered that aircraft have the potential for providing loads of fun while getting 

nowhere fast. Aerobatics are an essential skill for fighter pilots; and the training that it gives to 

pilots in position orientation and judgment is considered so vital that a great deal of time is spent 

teaching these maneuvers. Maneuverability is defined as the ability to change the speed and flight 

direction of an airplane. A highly maneuverable airplane, such as a fighter, has a capability to 

accelerate or slow down very quickly, and also to turn sharply. Quick turns with short turn radii 

place high loads on the wings as well as the pilot. These loads are referred to as "g forces" and the 

ability to "pull g's" is considered one measure of maneuverability. One g is the force acting on the 

airplane in level flight imposed by the gravitational pull of the earth. Five g in a maneuver exerts 

5 times the gravitational force of the earth 
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Fig: Maneuvarability 

 

Aileron Roll  

The aileron roll is simply a 360 degree roll accomplished by putting in and maintaining coordinated 

aileron pressure. The maneuver is started slightly nose high because, as the airplane rolls, its lift vector 

is no longer countering its weight, so the nose of the airplane drops significantly during the maneuver. 

Back stick pressure is maintained throughout so that even when upside down, positive seat pressure 

(about 1 G) will be felt. As the airplane approaches wings-level at the end of the maneuver, aileron 

pressure is removed and the roll stops. 

 

 

Fig: Aileron roll 

Loop  

A loop is simply a 360 degree change in pitch. Because the airplane will climb 

several thousand feet during the maneuver, it is started at a relatively high 
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airspeed and power setting (if these are too low, the airspeed will decay 

excessively in the climb and the maneuver will have to be discontinued.) The 

pilot, once satisfied with the airspeed and throttle setting, will pull back on the 

stick until about three Gs are felt. The nose of the airplane will go up and a 

steadily increasing climb will be established. As the maneuver continues, 

positive G is maintained by continuing to pull. The airplane continues to 

increase its pitch until it has pitched through a full circle. When the world is 

right-side-up again, the pilot releases the back stick pressure and returns the 

aircraft to level flight. 

 

Fig: Loop 

 

 

Controllability 

Controllability: the response of an aircraft in steady flight, on pilot control inputs. For instance 

deflecting the ailerons: a high resulting roll rate means a fast response. Generally, an aircraft 

becomes less controllable, especially at slow flight speeds, as the CG is moved further aft (my 

emphasis). An aircraft that cleanly recovers from a prolonged spin with the CG at one position 

may fail completely to respond to normal recovery attempts when the CG is moved aft by one or 

two inches. 



IARE Aircraft Stability and Control Page 14 

Source from Yechout, T.R. “Introduction to Aircraft Flight Mechanics”, AIAA education 
Series, 2003 

Aerodynamic maneuverability vs supermaneuverability 

Traditional aircraft maneuvering is accomplished by altering the flow of air passing over the 

control surfaces of the aircraft—the ailerons, elevators, flaps, air brakes and rudder. Some of these 

control surfaces can be combined—such as in the "ruddervators" of a V-tail configuration—but 

the basic properties are unaffected. When a control surface is moved to present an angle to the 

oncoming airflow, it alters the airflow around the surface, changing its pressure distribution, and 

thus applying a pitching, rolling, or yawing moment to the aircraft. 

The angle of control surface deflection and resulting directional force on the aircraft are controlled 

both by the pilot and the aircraft's inbuilt control systems to maintain the desired attitude, such as 

pitch, roll and heading, and also to perform aerobatic maneuvers that rapidly change the aircraft's 

attitude. For traditional maneuvering control to be maintained, the aircraft must maintain 

sufficient forward velocity and a sufficiently low angle of attack to provide airflow over the wings 

(maintaining lift) and also over its control surfaces. 

As airflow decreases so does effectiveness of the control surfaces and thus the maneuverability. If 

the angle of attack exceeds its critical value, the airplane will stall. Pilots are trained to avoid stalls 

during aerobatic maneuvering and especially in combat, as a stall can permit an opponent to gain 

an advantageous position while the stalled aircraft's pilot attempts to recover. 

The speed at which an aircraft is capable of its maximum aerodynamic maneuverability is known 

as the corner airspeed; at any greater speed the control surfaces cannot operate at maximum effect 

due to either airframe stresses or induced instability from turbulent airflow over the control 

surface. At lower speeds the redirection of air over control surfaces, and thus the force applied to 

maneuver the aircraft, is reduced below the airframe's maximum capacity and thus the aircraft will 

not turn at its maximum rate. It is therefore desirable in aerobatic maneuvering to maintain corner 

velocity. 

Contribution of the aircraft Components for longitudinal stability 

 

Wing Contribution: 

Aerodynamic properties of airfoils 

The basic features of a typical airfoil section are sketched in Fig. 2.2. The longest straight 

line from the trailing edge to a point on the leading edge of the contour defines the chord 

line. The length of this line is called simply the chord c. The locus of points midway 

between the upper and lower surfaces is called the mean line, or camber line. For a 

symmetric airfoil, the camber and chord lines coincide. 2.3. For low speeds (i.e., Mach 

numbers M << 1), and at high Reynolds numbers Re = V c/ν >> 1, the results of thin-

https://en.wikipedia.org/wiki/Aileron
https://en.wikipedia.org/wiki/Elevator_(aircraft)
https://en.wikipedia.org/wiki/Flap_(aircraft)
https://en.wikipedia.org/wiki/Air_brake_(aircraft)
https://en.wikipedia.org/wiki/Rudder
https://en.wikipedia.org/wiki/V-tail
https://en.wikipedia.org/wiki/Aircraft_attitude
https://en.wikipedia.org/wiki/Angle_of_attack
https://en.wikipedia.org/wiki/Stall_(flight)
https://en.wikipedia.org/wiki/Corner_airspeed
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airfoil theory predict the lifting properties of airfoils quite accurately for angles of attack 

not too near the stall. Thin-airfoil theory predicts a linear relationship between the section 

lift coefficient and the angle of attack α of the form 

cℓ = a0 (α − α0) 

 

as shown in Fig. 2.3. The theory also predicts the value of the lift-curve slope  

                a0 = ∂cℓ ∂α = 2π                 (2.15) 

Thickness effects (not accounted for in thin-airfoil theory) tend to increase the value of 

a0, while viscous effects (also neglected in the theory) tend to decrease the value of a0. 

The value of a0 for realistic conditions is, as a result of these counter-balancing effects, 

remarkably close to 2π for most practical airfoil shapes at the high Reynolds numbers of 

practical flight. The angle α0 is called the angle for zero lift, and is a function only of the 

shape of the camber line. Increasing (conventional, sub-sonic) camber makes the angle for 

zero lift α0 increasingly negative. For camber lines of a given family (i.e., shape), the 

angle for zero lift is very nearly proportional to the magnitude of camber – i.e., to the 

maximum deviation of the camber line from the chord line. A second important result 

from thin-airfoil theory concerns the location of the aerodynamic center . The 

aerodynamic center of an airfoil is the point about which the pitching moment, due to the 

distribution of aerodynamic forces acting on the airfoil surface, is independent of the 

angle of attack. Thin-airfoil theory tells us that the aerodynamic center is located on the 

chord line, one quarter of the way from the leading to the trailing edge – the so-called 

quarter-chord point. The value of the pitching moment about the aerodynamic center can 

also be determined from thin-airfoil theory, but requires a detailed calculation for each 

specific shape of camber line. Here, we simply note that, for a given shape of camber line 

the pitching moment about the aerodynamic center is proportional to the amplitude of the 

camber, and generally is negative for conventional subsonic (concave down) camber 

shapes. It is worth emphasizing that thin-airfoil theory neglects the effects of viscosity 

and, therefore, cannot predict the behavior of airfoil stall, which is due to boundary layer 

separation at high angles of attack. Nevertheless, for the angles of attack usually 

encountered in controlled flight, it provides a very useful approximation for the lift. 
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Fig: Airfoil section lift coefficient as a function of angle of attack. 
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Fig: Airfoil lift and moment coefficients as a function of angle of attack; wind tunnel data 

for two cambered airfoil sections. Data from Abbott & von Doenhoff [1]. 

Finally, wind tunnel data for two cambered airfoil sections are presented in Fig. 2.4. Both 

airfoils have the same thickness distributions and camber line shapes, but the airfoil on 

the right has twice as much camber as the one on the left (corresponding to 4 per cent 

chord, versus 2 per cent for the airfoil on the left). The several curves correspond to 

Reynolds numbers ranging from Re = 3 × 106 to Re = 9×106 , with the curves having 

larger values of cℓmax corresponding to the higher Reynolds numbers. The outlying 

curves in the plot on the right correspond to data taken with a 20 per cent chord split flap 

deflected (and are not of interest here). Note that these data are generally consistent with 

the results of thin-airfoil theory. In particular: 1. The lift-curve slopes are within about 95 

per cent of the value of a0 = 2π over a significant range of angles of attack. Note that the 

angles of attack in Fig. 2.4 are in degrees, whereas the a0 = 2π is per radian; 2. The angle 

for zero lift of the section having the larger camber is approximately twice that of the 

section having the smaller camber; and 3. The moment coefficients measured about the 

quarter-chord point are very nearly independent of angle of attack, and are roughly twice 

as large for the airfoil having the larger camber. 

Aerodynamic properties of finite wings 

The vortex structures trailing downstream of a finite wing produce an induced downwash 

field near the wing which can be characterized by an induced angle of attack  

αi = CL πeAR                                                                    (2.16) 
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For a straight (un-swept) wing with an elliptical spanwise loading, lifting-line theory 

predicts that the induced angle of attack αi is constant across the span of the wing, and the 

efficiency factor e = 1.0. For non-elliptical span loadings, e < 1.0, but for most practical 

wings αi is still nearly constant across the span. Thus, for a finite wing lifting-line theory 

predicts that  

CL = a0 (α − α0 − αi)                                                      (2.17) 

where a0 is the wing section lift-curve slope and α0 is the angle for zero lift of the section. 

Substituting Eq. (2.16) and solving for the lift coefficient gives  

CL = a0 1 + a0 πeAR (α − α0) = a(α − α0)                                                (2.18) 

whence the wing lift-curve slope is given by 

a = ∂CL ∂α = a0 1 + a0 πeAR                                                                    (2.19) 

Lifting-line theory is asymptotically correct in the limit of large aspect ratio, so, in 

principle, Eq. (2.18) is valid only in the limit as AR → ∞. At the same time, slender-body 

theory is valid in the limit of vanishingly small aspect ratio, and it predicts, independently 

of planform shape, that the lift-curve slope is  

a = πAR/ 2                                                                                             (2.20) 

Note that this is one-half the value predicted by the limit of the lifting-line result, Eq. 

(2.19), as the aspect ratio goes to zero. We can construct a single empirical formula that 

contains the correct limits for both large and small aspect ratio of the form  

a = πAR 1 + r 1 + ³ πAR a0 ´2                                                                 (2.21) 

A plot of this equation, and of the lifting-line and slender-body theory results, is shown in 

Fig. 2.5. Equation (2.21) can also be modified to account for wing sweep and the effects 

of compressibility. If the sweep of the quarter-chord line of the planform is Λc/4, the 

effective section incidence is increased by the factor 1/ cos Λc/4, relative to that of the 

wing,1while the dynamic pressure of the flow normal to the quarter-chord line is reduced 

by the factor cos2 Λc/4. The section lift-curve slope is thus reduced by the factor cos 

Λc/4, and a version of Eq. (2.21) that accounts for sweep can be written  

a = πAR 1 + r 1 + ³ πAR a0 cos Λc/4 ´2                                                                 (2.22) 
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Fig: Empirical formula for lift-curve slope of a finite wing compared with lifting-line and 

slender-body limits. Plot is constructed assuming a0 = 2π. 

 

 

Fuselage contribution 

Fuselage contribution to pitch stiffness The contribution of the fuselage to the pitching 

moment is affected by interference effects with the wing flow field. These can be 

estimated using a simple strip theory (as described, for example, in Example 2.2 of the 

text by Nelson [4]), but here we will introduce a simple estimate for the destabilizing 

effect of the fuselage in the absence of interference effects. Slender-body theory predicts a 

distribution of lifting force given by 

 

where Sf = πw2/4 is the equivalent cross-sectional area of the fuselage based on its width 

w as a function of the streamwise variable x. For a finite-length fuselage, Eq. (2.30) 

predicts positive lift on the forward part of the fuselage (where Sf is generally increasing), 

and negative lift on the rearward part (where Sf is generally decreasing), but the total lift 

is identically zero (since Sf (0) = Sf (ℓf ) = 0, where ℓf is the fuselage length). Since the 

total lift acting on the fuselage is zero, the resulting force system is a pure couple, and the 

pitching moment will be the same, regardless of the reference point about which it is 

taken. Thus, e.g., taking the moment about the fuselage nose (x = 0), we have 
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where V is the volume of the ―equivalent‖ fuselage (i.e., the body having the same 

planform as the actual fuselage, but with circular cross-sections). The fuselage 

contribution to the vehicle pitching moment coefficient is then 

 

and the corresponding pitch stiffness is 

 

Note that this is always positive – i.e., destabilizing. 

 

Wing-tail interference 

 

The one interference effect we will account for is that between the wing and the 

horizontal tail. Because the tail operates in the downwash field of the wing (for 

conventional, aft-tail configurations), the effective angle of attack of the tail is reduced. 

The reduction in angle of attack can be estimated to be 

 

where 1 < κ < 2. Note that κ = 1 corresponds to ε = αi , the induced angle of attack of the 

wing, while κ = 2 corresponds to the limit when the tail is far downstream of the wing. 

For stability considerations, it is the rate of change of tail downwash with angle of attack 

that is most important, and this can be estimated as 

 

 

 

 

Control Surfaces 
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Aerodynamic control surfaces are usually trailing-edge flaps on lifting surfaces that can 

be deflected by control input from the pilot (or autopilot). Changes in camber line slope 

near the trailing edge of a lifting surface are very effective at generating lift. The lifting 

pressure difference due to trailing-edge flap deflection on a two-dimensional airfoil, 

calculated according to thin-airfoil theory, is plotted in Fig. 2.7 (a) for flap chord lengths 

of 10, 20, and 30 percent of the airfoil chord. The values plotted 

 

Fig. Lifting pressure distribution due to flap deflection and resulting control effectiveness 

are per unit angular deflection, and normalized by 2π, so their integrals can be compared 

with the changes due to increments in angle of attack. Figure 2.7 (b) shows the control 

effectiveness 

 

 

also normalized by 2π. It is seen from this latter figure that deflection of a flap that 

consists of only 25 percent chord is capable of generating about 60 percent of the lift of 

the entire airfoil pitched through an angle of attack equal to that of the flap deflection. 

Actual flap effectiveness is, of course, reduced somewhat from these ideal values by the 

presence of viscous effects near the airfoil trailing edge, but the flap effectiveness is still 

nearly 50 percent of the lift-curve slope for a 25 percent chord flap for most actual flap 

designs. The control forces required to change the flap angle are related to the 

aerodynamic moments about the hinge-line of the flap. The aerodynamic moment about 

the hinge line is usually expressed in terms of the dimensionless hinge moment 

coefficient, e.g., for the elevator hinge moment He, defined as 
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where Se and ce are the elevator planform area and chord length, respectively; these are 

based on the area of the control surface aft of the hinge line. The most important 

characteristics related to the hinge moments are the restoring tendency and the floating 

tendency. The restoring tendency is the derivative of the hinge moment coefficient with 

respect to control deflection; e.g., for the elevator, 

 

The floating tendency is the derivative of the hinge moment coefficient with respect to 

angle of attack; e.g., for the elevator, 

 

where αt is the angle of attack of the tail. 

 

Fig. Lifting pressure distributions (normalized by 2π) due to flap deflection and to change 

in angle of attack, and resulting restoring and floating tendencies of control flap. Results 

of thin-airfoil theory for 25 percent chord trailing-edge flap. 

 

The restoring and floating tendencies are due primarily to the moments produced about 

the control flap hinge line by the lifting pressures induced by changes in either control 

position or angle of attack. The thin-airfoil approximations to these lifting pressure 

distributions are illustrated in Fig. 2.8 (a) for a 25 percent chord trailing edge flap. The 
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plotted values of ∆Cp are normalized by 2π, so the average value of the ∆Cp due to angle 

of attack change is unity (corresponding to a lift curve slope of 2π). Figure 2.8 (b) 

illustrates the corresponding floating and restoring tendencies as functions of the hinge 

line location, measured in fraction of flap chord. It is seen that both tendencies are 

negative for hinge lines located ahead of approximately the 33 percent flap chord station. 

While these results, based on inviscid, thin-airfoil theory are qualitatively correct, actual 

hinge moment coefficients are affected by viscous effects and leakage of flow between 

the flap and the main lifting surface, so the results presented here should be used only as a 

guide to intuition. 
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1.2.1 EFFECTS OF CONTROL MOVEMENTS 

Knowing what happens when the controls are operated is the most basic skill of piloting. It is also 

among the most misunderstood. When an airplane is flying, it has a good deal of forward speed 

and airflow over all of its surfaces. Control movements must be understood in terms of this 

airflow and its effects. 

The Elevator 

The elevator controls the Angle of Attack [AOA] of the wings, and subsequently the pitch. 

Pulling back on the stick results in a down force on the tail (the same thing is operating here that 

was operating on the wings, only in a different direction). If the controls are reversed, the opposite 

happens. 

Backward stick movement forces the tail down and the nose up. This rotation occurs around the center 

of gravity of the airplane. Initially the airplane, even though its nose is up, is still headed in the same 

direction - the only thing that has changed is the angle of attack. But an increase in the angle of attack 

results in an increase in lift, so now the airplane starts to go up. Then, like an arrow, it points into the 

wind, increasing its pitch. This process continues, viewed from the cockpit as an increase in pitch, until 

the pilot moves the stick forward to a neutral position and stabilizes the pitch. 

The temptation to think that the stick directly raises or lowers the nose is very strong, and most of the 

time, roughly correct. But if the stick is moved back when the airplane is very close to the stall the 

aircraft will not pitch up much, if at all. This back stick movement and increase in AOA will stall the 

wing, causing a loss of lift and acceleration downward: now the pitch moves opposite the stick 

movement. 



IARE Aircraft Stability and Control Page 25 

Source from Yechout, T.R. “Introduction to Aircraft Flight Mechanics”, AIAA education 
Series, 2003 

 

Fig: Elevator effect 

The Ailerons 

The ailerons are a much simpler control than the elevator. Located near the wing tips on the trailing 

edge of the wing, they are used in unison to change the amount of lift each wing is producing and roll 

the airplane. 

When the pilot moves the stick side-to-side from center, the ailerons move in opposite directions. In a 

roll to the right (as viewed from the cockpit), the right aileron goes up and the left aileron goes down. 

Each aileron serves to change how that part of the wing deflects the air and thus increases or decreases 

the amount of lift produced by each wing. The down aileron forces the air down harder, resulting in an 

increase in lift and the up aileron decreases the downward force, resulting in a decrease in lift. In the 

case of a right roll, the decreased lift on the right side and increased lift on the left side result in a roll 

to the right. 

Operating the ailerons causes an effect called adverse yaw. Adverse yaw is the result of an increase in 

drag on the wing with the down aileron, or "upgoing" wing. This wing, since it is forcing the air down 

harder than the "downgoing" wing and producing more lift, also produces more drag. The drag pulls 
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the wing back and causes yaw. If this yaw is not corrected with rudder, the roll is said to be 

―uncoordinated." 

 

 

Fig:  Aileron effect 

The Rudder 

The rudder is controlled by the "rudder pedals" located on the floor of the aircraft. They are both 

connected to the rudder so that when one or the other pedals is depressed, it moves the rudder in the 

desired direction. The rudder, connected to the vertical stabilizer, then starts to deflect air much like a 

wing, only the resulting force is to the side. This force causes a change in yaw. As mentioned earlier, 

the rudder is not used very often, but when it is needed (e.g., in a crosswind), its presence is 

appreciated. 
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Control Fixed Stability 

 

Even for the controls-fixed case, our text is a bit careless with nomenclature and 

equations, so we review the most important results for this case here. We have seen that 

for the analysis of longitudinal stability, terms involving products of the drag coefficient 

and either vertical displacements of the vehicle center-of-gravity or sines of the angle of 

attack can be neglected. Then, with the axial locations as specified in Fig. 3.1 the pitching 

moment about the vehicle c.g. can be written 

 

where we assume that Cm0t = 0, since the tail is usually symmetrical. Note that, as is the 

usual convention when analyzing static longitudinal stability and control, the positive 

direction of the x-axis is taken to be aft; 1 thus, e.g., the second term on the right-hand 

side of Eq. (3.1) contributes to a positive (nose-up) pitching moment for positive lift when 

the c.g. is aft of the wing aerodynamic center. 

 

 

Fig: 3.1: Geometry of wing and tail with respect to vehicle c.g., basic neutral point, and 

wing aerodynamic center. Note that positive direction of the x-axis i 

 

where VH = ℓtSt cS¯ is the tail volume parameter . Note that this definition is based on 

the distance between the aerodynamic centers of the wing and tail, and is therefore 

independent of the vehicle c.g. location. Note that the total vehicle lift coefficient. 
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Static Longitudinal Control 
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Control Surface Hinge Moments 

Just as the control position gradient is related to the pitch stiffness of the vehicle when the 

controls are fixed, the control force gradients are related to the pitch stiffness of the 

vehicle when the controls are allowed to float free He = 0. The elevator hinge moment is 

usually expressed in terms of the hinge moment coefficient Che = He QSec¯e (3.59) 

where the reference area Se and moment arm ¯ce correspond to the planform area and 

mean chord of the control surface aft of the hinge line. Note that the elevator hinge 

moment coefficient is defined relative to Q, not Qt. While it would seem to make more 

sense to use Qt, hinge moments are sufficiently difficult to predict that they are almost 

always determined from experiments in which the tail efficiency factor is effectively 

included in the definition of Che (rather than explicitly isolated in a separate factor). 
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Assuming that the hinge moment is a linear function of angle of attack, control deflection, 

etc., we write 
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Control free Neutral Point 

The c.g. location at which the control free pitch stiffness vanishes is called the control 

free neutral point. The location of the control free neutral point x ′ NP can be determined 

by expressing the pitch stiffness in the second of Eqs. (3.65), 
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Trim Tab 

gin µ x ′ NP c¯ − xcg c¯ ¶ 3.3.3 Trim Tabs Trim tabs can be used by the pilot to trim the 

vehicle at zero control force for any desired speed. Trim tabs are small control surfaces 

mounted at the trailing edges of primary control surfaces. A linkage is provided that 

allows the pilot to set the angle of the trim tab, relative to the primary control surface, in a 

way that is independent of the deflection of the primary control surface. Deflection of the 

trim tab creates a hinge moment that causes the elevator to float at the angle desired for 

trim. The geometry of 
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Control Force for Trim 
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As mentioned earlier, the most important aspects of stability relating to handling qualities 

of the vehicle are related to control forces. For longitudinal control, the control force F is 

related to the elevator hinge moment He through a gearing constant G, so that 

 

 

 

This equation defines a positive control force as a pull, corresponding to the force 

required to balance a positive (nose up) elevator hinge moment.4 The units of the gearing 

constant G are inverse length, which can be interpreted as a mechanical advantage 

corresponding to radians of control deflection per unit distance (foot) of control yoke 

displacement. 
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Control-force for Maneuver 

Perhaps the single most important stability property of an aircraft, in terms of handling 

properties, describes the control force required to perform a maneuver. This force must 

not be too small to avoid over-stressing the airframe, nor too large to avoid making the 

pilot work too hard. We will again consider the steady pull-up. The change in control 

force required to effect the maneuver is 
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Causes the lift curve slope to decrease as the angle of attack increases and a point is reached when 

the slope becomes zero; this is the point of maximum lift coefficient, C1 max, which denotes the 

stall. The angle of attack at the stall, is known as the stalling angle of attack and is the greatest angle 

of attack at which the aircraft can be maintained in steady, 1g flight. Any further increase in angle of 

attack will produce a decrease in lift coefficient and the lift force is then less than the weight of the 

aircraft. In this state, the aircraft will sink and, usually, pitch nose-down in the stall. The stall denotes 

the boundary of controlled flight and defines the low speed limit of the performance envelope of the 

aircraft. The stall is normally preceded by aerodynamic buffeting caused by the separation of the 

flow. This acts as a natural stall warning and the stall buffet boundary is sometimes used as the low 

speed limit to performance; the airworthiness requirements contain a number of definitions of the 
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stall and stall boundaries. Since the stall is an uncontrollable state of flight, all speeds scheduled for 

operational maneuvers will have a margin of safety over the stall speed. 

 

The lift characteristic can be modified by leading edge and trailing edge flaps (and other devices), so 

that the aerodynamic properties of the wing are better suited to the different performance regimes. 

Figure 1.14 shows the general effects of leading and trailing edge flaps. 

 

 The basic plain aerofoil is optimized for cruising flight; it has low drag and cruising flight 

takes place at a low angle of attack and hence a low lift coefficient. However, the stalling lift 

coefficient of the plain aerofoil would be too low for the take-off and landing maneuvers and 

would result in speeds for these maneuvers that would be too high. Assuming a safety 

margin of speed over the stall, the minimum speed in a maneuver will be typically 1.2Vs and 

the speed scheduled for take-off or landing will be based on a lift coefficient of 

0.7Clmax(Fig.1.13). 

 

 

Figure:1.15 The effect of flaps on the lift characteristic 

 

 Leading edge flap deflection has the effect of extending the lift curve to a higher stalling 

angle of attack, and hence lift coefficient. This would enable the take-off and landing speeds 

to be reduced, but it would result in a high nose-up attitude because of the large stalling 

angle of attack. The leading edge flap will also increase the drag, particularly at a low angle 

ofattack. 

 The deflection of the trailing edge flaps has the effect of increasing the camber of the 

aerofoil section and thus shifting the lift characteristic upwards as the zero lift angle of 

attack becomes more negative. There is also a tendency to decrease the stalling angle of 
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attack slightly. The trailing edge flap allows higher lift coefficients to be achieved at lower 

angle of attack and, thus, at lower pitch attitudes. The deployment of the trailing edge flap is 

often made in several stages. First, a rearward translation of the flap without significant 

deflection extends the wing area. Effectively, this decreases the wing loading and permits 

increases in lift coefficient. Secondly, deflection of the extended flap increases the aerofoil 

camber. Effectively, this shifts the lift curve upwards and increases the lift coefficient for a 

given angle of attack. There may be a number of stages of deflection optimized for take-off, 

climb, descent, approach and landing. 

Flap systems are often combined with slats and slots, and a flap extension may open a slot between 

the flap and wing, or expose a slat, to assist the flow over the aerofoil. A combination of leading 

edge and trailing edge flap can be found that permits the take-off and landing maneuvers, and other 

maneuvers, to be carried out at reasonable speeds and safe pitch attitudes. Fig 1.16 shows typical 

flap and angle of attack combinations for the principal states of flight. 

 

Figure:1.16The compressible lift coefficient 

 

1.3 The effect of Mach number on lift: 

 

The main flight variable that affects the characteristic of the lift force is the Match number. As the 

Mach number of the airflow increases, so the characteristics of the flow change from those of an 

incompressible fluid to those of a compressible fluid.  
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This modifies the pressure coefficients, and hence the force coefficients, generated by the aircraft. 

The compressible flow coefficients are related to the incompressible flow coefficients by the 

Prandtl-Glauert factor, So that the compressible lift coefficient is given by, 

 

Where 

 

 

The ratio between the compressible and in compressible lift coefficients is shown in Fig 1.15 

Whilst this effect appears to be very significant when seen in terms of the lift coefficient, its real 

effect is felt on the angle of attack of the aircraft. Since the aircraft flies at (almost A) constant 

weight, the lift coefficient decreases with Mach number on the angle of squared and, at high 

subsonic Mach numbers, the angle of attack of the aircraft will be small.  

 

Figure 1.16 shows the typical effect ofMach number  on the angle of attack required for steady, 

legal, flight at constant aircraft of Mach number on the angle of attack required for steady, level, 

flight at constant aircraft weight in compressible flow when compared within compressible flow. It 

can be seen that the effect of Mach number on the angle of attack is relatively small. 

 

Therefore, it is not likely to produce very significant effects on angle of attack dependent variables in 

the normal, subsonic, range of the operating Mach number. 

 

1.4 The side force, Y 

The aerodynamic side force generated by the aircraft arises from side slipping flight. If can be 

regarded as a lateral lift‗ due to the sided slip angle, which acts as a lateral 
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Figure:1.17 The effect of Mach number on Angle of Attack 

 

Angle of attack; the comments on the lift force can be generally applied to the side force. In 

symmetric flight there is no sideslip and the aerodynamic side force will be zero. Except in special 

cases in which the aircraft is in asymmetric flight, for example – flight with asymmetric thrust 

following an engine failure – the side force has little significance on performance. 

 

1.5 The drag force, D 

 

The drag force is the most important aero dynamic force in aircraft performance. In subsonic flight, 

it is made up of several components, each of which has its own characteristics. The components are 

the lift independent drag, Dz, the lift dependent drag, Di, and, at high subsonic Mach numbers, a 

volume dependent wave drag, Dwv. The sum of the drag components makes up the total drag of the 

aircraft. 
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It is usually assumed in the analysis of subsonic performance that the drag polar of the aircraft is 

parabolic and represented by the lift dependent and lift independent terms only, the drag coefficient 

being given by, 

 

Where z and K are constants. 

 

Whilst this approximation is used to develop the basic functions of aircraft performance it should be 

remembered that the real drag characteristic will not be purely parabolic but will contain terms 

dependent on Mach number. Moreover, particularly at the higher subsonic Mach numbers, the drag 

characteristic of the aircraft may deviate considerably from the parabolic approximation. In the 

following subsections, each element of the drag force will be considered separately and the effect of 

the flight variables, Mach number, weight and altitude, will be assessed on each element. 

 

 

Figure:1.18 The zero-lift drag coefficient 

 

1.5.1 The lift independent drag, Dz 
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The lift independent drag coefficient can be broken down into two parts, the surface friction drag 

and the profile drag. The surface friction drag coefficient, usually accounts for about 75 of the lift 

independent drag and tends to decrease slightly as the Mach number increases, as the result of a 

Reynolds number effect.  

The profile drag coefficient, which accounts for the other 25% of the lift independent drag, is a 

pressure dependent drag. This is affected by the Prandt–Glauert factor in the same manner as the lift 

coefficient, increasing rapidly as the Mach number approaches unity, see Fig 1.17. 

 

Here, it can be seen that the value of remains almost constant up to a Mach number of about 0.7; this 

is typical  for a conventional subsonic aircraft. 

 

When the compressible, zero-lift, drag coefficient is multiplied by the dynamic pressure, to turn to 

into a force, the effect of the Mach number can be seen when compared with the assumption of the 

constant from the  parabolic drag polar, see Fig 1.18. There is good agreement between the predicted 

drag forces up to a Mach number of about 0.8, above which the compressible flow drag force 

increases significantly. 

 

The forces are expressed here as Drag Area, D/S, which is a convenient way of expressing the drag 

without involving the scale of the aircraft: 

 

The zero-lift drag force is directly proportional to the atmospheric pressure, p, since the drag force is 

proportional to the dynamic pressure, q, and above equation. Thus, for flight a given Mach number, 

the zero-lift drag force will decrease as altitude increases since the atmospheric pressure decreases as 

a function of altitude. 
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Figure:1.19 Effect of Mach number on the zero-lift drags force 

Aircraft weight has no effect on the zero-lift drag force. 

1.5.2 The lift dependent drag D1 

 

The lift dependent, or vortex drag coefficient, is a function of the angle of attack, and is usually 

taken to be 

CDi =  k   
  

Where K is generally assumed to be1/ П Ae in compressible flow. 

 

His approximation is based on the aspect ratio of the wing, A, and the span efficiency factor, e, 

which is a function of the span wise wing load distribution. However, there may be contributions to 

the lift force from partsof the aircraft other than the wing, notably the tail plane, and basing the lift 

dependent drag factor, K, on the wing alone is likely to be optimistic. 

 

Flow separation at low airspeeds may also contribute to the effective value of the lift dependent 

drag factor; although it may not be strictly dependent on the lift force itself. In addition, the vortex 

drag is a function of angle of attack, and the Mach number effect on shown in Fig 1.16, will produce 

a further contribution to the value of K.  
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The value of the lift dependent drag factor, K, will usually have to be determined experimentally but 

it can be generally accepted as being reasonably constant over the working range of the lift 

coefficient. 

 

The lift dependent drag force, Di, is given, as a drag area, by 

 

 

And is shown in Fig 1.19, for a given weight and altitude combination; 

 

Since the lift dependent drag force is inversely proportional to the dynamic pressure q, it will 

decrease with Mach number squared and increase with increasing altitude. Increasing aircraft weight 

will also increase the lift dependent drag force. 

 

 

Figure:1.20 The lift dependent drag 
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1.5.3 The volume dependent wave drag, Dwv 

 

As the aircraft passes through the air mass its volume displaces the flow and produces local 

disturbances in flow velocity. At the critical flight Mach number, Mcrit, the local flow at points on the 

aircraft becomes supersonic and shock waves begin to form, growing in strength as the flight Mach 

number increases. The energy required to sustain these shock waves manifests itself as a drag force 

that increases rapidly as the flight Mach number exceeds its critical value.  

 

There is no simple expression for the volume dependent wave drag. However, experimental results 

indicate that, above the critical Mach number, the volume dependent wave drag coefficient is related 

to the volume, and other dimensions, of the aircraft by a relationship – based on the slender body 

theory of the form, 

 

 

Where Ko is a shaping factor, which is a function of Mach number. A first-order approximation to Ko 

is that Ko increases as Mach number squared above Mcrit in the transonic region. In supersonic flight 

beyond the transonic region, KJo tends to decrease. On this assumption, the volume dependent wave 

drag can be expectedto increase as the fourth power of Mach number in the transonic region. This 

indicates the significance of the wave drag term in the drag characteristic of the aircraft above the 

critical Mach number, as shown in Fig1.20. 

 

As in the case of the zero-lift drag, the volume dependent wave drag will decrease as altitude 

increases for a given Mach number and is independent of aircraft weight. 

 

1.5.4 The overall drag force, D 

 

The overall drag force is the sum of the components of the drag force, the zero-lift drag, the lift 

dependent drag and the volume dependent wave drag. Each component has been shown to be a 

function of Mach number, altitude (or pressure) and, in the case of the lift dependent drag, aircraft. 

The drag characteristic is shown in Fig 1.21. For a given weight and altitude combination. 
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Figure:1.21 2The volume dependent wave drag 

 

Figure 1.21 shows that, below the critical Mach number, there is a reasonable comparison between 

the compressible flow drag characteristic and the incompressible approximation. This justifies the 

use of the simple, incompressible, parabolic drag polar in the development of the basic expression of 

performance. However, it should be remembered that the parabolic drag polar is an approximation 

and that any performance characteristics estimated on the assumption of a parabolic drag polar will 

not be exact. In practice, it will be necessary to measure the performance of the aircraft in flight to 

define the actual performance achieved. At Mach numbers above are critical value, the drag force 

increases rapidly and the approximation becomes invalid; any estimation of the aircraft performance 

above Mcrit will need consideration of the full drag characteristic of the aircraft. 

 

Figure:1.22 The aircraft drag polar 
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Introduction to lateral-direction stability- aerodynamic forces and moments, aircraft side force due 

to side slip, aircraft rolling moment due to side slip, and aircraft yawing moment due to side slip. 

Aircraft component contribution, directional static stability, Aircraft component contribution for 

lateral-directional stability, rudder requirements 
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UNIT II 

LATERAL-DIRECTIONAL STATIC STABILITY 

 

 

Aims of study 

 

Suppose we have an aircraft in some state of steady flight. If it is disturbed, by a gust say, or by the 

pilot, it is regarded as stable if it returns to a sensibly steady state within a finite time. The final state, 

however, does not have to be identical to the initial state, although it often will be. Depending on 

circumstances we may be able to tolerate a small degree of instability or even deliberately design an 

aircraft to be quite unstable; in the latter case, however, a reliable automatic stabilization system will 

be required. We normally require more than mere stability; the response to gusts must not make the 

pilot's task difficult, produce an uncomfortable ride for passengers, impose excessive loads on the 

aircraft, or make the aircraft unsuitable as an aiming platform. The pilot must be able to control the 

aircraft accurately without having to perform excessive feats of skill or strength. Our first aim then is to 

study the dynamics of the aircraft and its interaction with the aerodynamics in order to be able to assess 

and possibly improve the dynamic characteristics. A further aim is to understand the physics of the 

processes involved. If necessary we make approximations as, while better numerical results can 

generally be found using a computer, little real understanding follows its use alone. With a good 

understanding of the physics involved, solutions to design problems can be put forward. 

One of the reasons that the Wright brothers were successful in designing and constructing the first 

man-carrying aircraft was their realization that it was necessary to provide control about all three axes. 

It is all too evident from cine film of many of the early attempts to fly that control in roll was 

desperately needed, not least to react the propeller torque. The Wrights used wing warping and, for 

good measure, used coupled contra-rotating propellers. Shortly after their first flight, ailerons were 

invented and are almost universally used today. In this chapter we consider control and stability about 

the roll and yaw axes. We also introduce a notation which will be made much use of in later chapters. 

 

2.1 Introduction to lateral stability 

Lateral stability is the stability displayed around the longitudinal axis of the airplane. An airplane that 

tends to return to a wings-level attitude after being displaced from a level attitude by some force such 

as turbulent air is considered to be laterally stable. 

 Three factors that affect lateral stability are:  

• Dihedral  

• Sweepback  

• Keel Effect  
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Dihedral  

Dihedral is the angle at which the wings are slanted upward from the root to the tip. [Figure 2.1] 

The stabilizing effect of dihedral occurs when the airplane sideslips slightly as one wing is forced 

down in turbulent air. This sideslip results in a difference in the angle of attack between the higher 

and lower wing with the greatest angle of attack on the lower wing. The increased angle of attack 

produces increased lift on the lower wing with a tendency to return the airplane to wings-level 

flight. Note the direction of the relative wind during a slip by the arrows in figure 2.1 

 

 

. 

 

Fig. 2.1. Effect of dihedral 

Sweepback  

 Sweepback is the angle at which the wings are slanted rearward from the root to the tip. The 

effect of sweepback in producing lateral stability is similar to that of dihedral, but not as 

pronounced. If one wing lowers in a slip, the angle of attack on the low wing increases, producing 

greater lift. This results in a tendency for the lower wing to rise, and return the airplane to level 

flight. Sweepback augments dihedral to achieve lateral stability. Another reason for sweepback is 

to place the center of lift farther rearward, which affects longitudinal stability more than it does 

lateral stability. [Figure 2.2]  
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Fig 2.2 Effect of sweepback 

 

 

Keel Effect  

 Keel effect depends upon the action of the relative wind on the side area of the airplane fuselage. 

In a slight slip, the fuselage provides a broad area upon which the relative wind will strike, forcing 

he fuselage to parallel the relative wind. This aids in producing lateral stability. [Figure 2.3]

 

 

Fig 2.3 Effect of keel 
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Simple lateral aerodynamics 

 
We first consider some of the simple background aerodynamics, assuming that the aircraft has 

conventional flap type controls and a conventional layout. 

 

Aileron and rudder controls 

To start our discussion we look at the relation between the rudder angle and the resulting yawing 

moment. Consider the aircraft shown in figure 6.1, where ~' is the rudder deflection angle from the 

neutral position, positive as shown. The sideways lift on the fin will be Y~, = {pV~SFa~ where SF is 

the fin area and a~ is the rudder lift curve slope. Assuming that the centre of pressure of the lift on the 

fin due to rudder deflection is a distance IR aft of the cg, the yawing moment produced will be negative 

(see figure 2.4) and can be written 

 

 

------2.1 

 

 

 

 

In this expression we have used ( a s a suffix to indicate differentiation with respect to rudder angle, a practice we 

often use. The superscript is to emphasize that the quantity is dimensional; it can be pronounced as 

'ord'. The side force will also produce a rolling moment as shown in figure 2.4 and we introduce a 

derivative L~. to represent this effect.The ai.lerons are designed to produce a rolling moment which we 

write in a similar manner as L^ = L, .~j. Here L; also will be a negative quantity as positive aileron 

angle is defined as 
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Fig 2.4  Effects of aileron and rudder deflection: (a) plan view, (b) rear view 

 

 

starboard aileron down, giving a positive lift on that wing and hence a negative rolling moment. The 

increase of lift on the starboard wing increases the trailing vortex drag, giving a yawing moment in the 

positive sense. Similarly the drag on the port wing is decreased adding to the positive yawing moment. 

From figure 6.1 it can be seen that the yawing moment due to aileron opposes the turn. This effect is 

known as the 'adverse yawing moment due to aileron', and particular measures may be taken to reduce 

it. The rolling moment from the rudder is adverse at low incidence, but helpful at high incidence, 

depending on whether the centre of pressure is above or below the x-axis. However, the moment arm 

of the fin side force is generally small and this is therefore usually a much less serious effect. It should 

be noted that both the aileron and the rudder produce rolling and yawing moments,in different 

amounts, and so usually have to be used in a coordinated manner. 

 

Sideslip 

A pilot, by suitable adjustment of the controls, can fly an aircraft steadily in a straight line but with its 

longitudinal axis at an angle to the direction of flight. This manoeuvre is a 'straight sideslip', the drag is 

increased and so it is occasionally used to lose height. Normally the aircraft will be at a small roll angle 

so that there is a component of the weight to balance aerodynamic sideforces. Consider the aircraft 

shown in figure 6.2(a) which is in a steady sideslip, but with the wings level. The aircraft has velocity 

components V¢ along its X-axis and v along its Y-axis, resulting in a sideslip angle, fl, between its 

longitudinal axis and the direction of flight. If we neglect any interference effects from the wing or 

fuselage, the fin incidence angle will be fl, as shown, given by 
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             ----------2.2 

 

 

Fig 2.5 Velocities and angles in a sideslip: (a) plan view, (b) rear view 

 

assuming that beta is a small angle. This will give a sideways lift on the fin of 

 

                ---------2.3 

where a F is the fin lift curve slope. Assuming that the fin lift acts at a distance IF aft of the cg, 

there is a positive yawing moment which we write 

 

                             ------2.4 
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Other components of the aircraft produce yawing moments; in particular the fuselage produces a 

moment of the opposite sign. The latter is the result of a sideways lift on it which has a centre of 

pressure near the nose, similar to that produced in the pitching case. The result is that the yawing 

moment due to sideslip derivative for the aircraft as a whole is rather less than the fin contribution. 

We now consider some further effects of sideslip, namely those due to dihedral and sweepback on the 

wings. Figure 2.5(a) shows the rear view of an aircraft having dihedral in a sideslip. Resolving the 

relative air velocity into the normal to the starboard wing mean plane gives an upward velocity 

component of vF, where 1" is the dihedral angle, positive as shown and assumed small. The result is an 

increase in incidence of amount vFIVc, which increases the lift on the wing and gives a negative rolling 

moment. The opposite effect occurs on the other wing, which again produces a negative rolling 

moment. 

 

 

Fig.2.6  Determination of dihedral effect: (a) velocities in rear view, (b) velocities in plan view, 

(c) variation of lift curve slope with sweepback angle 

 

Figure 6.7(b) shows an aircraft with sweptback wings in a sideslip. We see that the sweepback angle is 

decreased by ~ on the starboard wing and increased by ~ on the port wing. Now the lift curve slope of 

wings decreases as the sweep is increased. Assuming that this wing is at some incidence, the lift on the 
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starboard side therefore increases with sideslip giving a negative rolling moment. The opposite occurs 

on the port side, adding to the magnitude of the rolling moment. 

There are still more mechanisms for producing rolling moment on an aircraft in a sideslip; we will 

discuss only one more, that due to wing position on the fuselage. In a sideslip the airflow past the 

fuselage can be thought of as composed of two flows, the flow in un side slipped flight an a flow from 

one side of the fuselage to the other, the 'cross flow'. Figure 2.8(a) shows the ideal flow past a circular 

cylinder, which resembles the cross flow expected past a circular fuselage. Figure 2.8(b) shows the 

cross-section of a high wing aircraft in the region of the wing. Near the point A the air is deflected 

upwards relative to the wing, increasing the incidence locally; similarly the incidence is decreased near 

B. The resulting local changes to the wing lift gives a negative rolling moment from both wings. We 

shall see later that the rolling moment due to sideslip effect is a stabilizing one provided that it is not 

too large. The effects on aircraft layout can be seen in actual designs. With unswept wings, low wing 

layouts usually have noticeable dihedral whilst high wing ones little or none. Highly swept, low wing 

aircraft have little dihedral whilst high wing ones often have negative dihedral angle, known as 

anhedral'. The three effects discussed above all depend on changes of lift distribution over the span of 

the wing, and so are accompanied by spanwise changes in the trailing vortex drag. The result in cases 

of dihedral and sweep is a contribution to yawing moment due to sideslip in the same sense as the fin 

contribution. In the case of dihedral the effect is usually small, but for sweep the effect is proportional 

to C~, and so can become important at high incidence. We write the sideforce, rolling and yawing 

moments due to sideslip for the whole aircraft using derivatives thus: 
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Fig 2.7 Determination of dihedral effect: (a) velocities in rear view, (b) velocities in plan view, 

(c) variation of lift curve slope with sweepback angle  

 

 

 

Fig.2.8. Effect of wing position on Lv: (a) ideal flow past a circular cylinder, (b) forces produced by 

crossflow 

 

 

Effect of rate of yaw 
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In any turn, in order for the aircraft axis to be continually tangential to the path of the cg, the aircraft 

must have an angular velocity in yaw, and there are other cases in which the aircraft is yawing. Let us 

consider the effect of a small rate of yaw on an aircraft flying in a straight line and wings level, ,i.e. 

without the extra complications of a turn, as shown in figure 6.5. As a consequence of the yaw rate r, 

the fin has a sideways velocity of rl~. Then considering the triangle of relative air velocities, the fin has 

an incidence of o~ = rlFIVc, which gives rise to a sideforce of 

 

 

This in turn gives a yawing moment which opposes the yawing motion and which we write in 

This in turn gives a yawing moment which opposes the yawing motion and which we write in the form 

 

 
Other parts of the aircraft also give rise to yawing moments as a response to rate of yaw. 

Rate of yaw has another effect, which is the production of a rolling moment; to see how this 

may happen consider again the aircraft of figure 2.9. The starboard wing tip is moving backwards 

relative to the cg and so its nett velocity is reduced, and hence also is the lift. This gives rise to a 

positive rolling moment; the reverse effect appears on the port wing and so this contributes to the 

rolling moment in the same sense. Other parts of the aircraft also contribute to this effect. We write the 

sideforce, rolling and yawing moments due to rate of yaw using derivatives thus: 

 

In fact the sideforce due to yaw rate is very small and we frequently neglect it 
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Fig. 2.9. Effect of rate of yaw: (a) velocities in plan view, (b) lift forces 

 

Trimmed lateral manoeuvres 

 

In this section we consider the aileron and rudder angles required to perform two simple manoeuvres, 

the correctly banked turn and the straight sideslip. Strictly speaking the angles found are the changes 

from straight and level flight, since even in that condition an aircraft may need aileron or rudder angles 

to counter power effects or other asymmetries. It is cumbersome and unnecessary to use the superscript 

in this section since it is evident that all the terms in the equations are dimensional. 

 

-The correctly banked turn 

 

Consider again the aircraft shown in figure 2.10, which is performing a turn at bank angle phi to the 

vertical. 

 

 

where to is the angular velocity of the aircraft about the vertical; we have again neglected the side force 

generated by rate of yaw. We need to resolve this velocity along the z-axis to find the rate of yaw and 

hence express the aerodynamic effects of yaw rate. Considering the triangle of angular velocities 

shown in figure 2.10 we find 
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Fig 2.10 illustration of bank angle 
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-Steady straight sideslip 

Consider the aircraft shown in figure 2.11, which is performing a steady straight sideslip, with sideslip 

velocity v. Resolving forces along the Y direction and neglecting any sideforces generated by the 

control surfaces w. 

 
Fig 2.11 Forces in steady state slip 
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e 

Fig. 2.12  variation of roll angle, aileron angle and rudder angle with side slip angle 
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-Minimum control speeds 

If an engine fails on'a multi-engined aircraft then the pilot must be able to manoeuvre the aircraft. At 

low speeds the dynamic pressure may not be sufficient to produce sufficient yawing moment from the 

rudder. There is therefore a minimum speed at which the pilot can maintain straight flight. The 

minimum control speed in the air, VMc,, is defined in the airworthiness requirements roughly as the 

airspeed at which, when the critical engine is made inoperative, it is possible to maintain control of the 

aircraft in straight flight with a bank angle of not more than 5 ° . This has to be demonstrated by flight 

test when the aircraft is built. The rudder pedal force may not exceed 150 lb (= 667 N) and the change 

in heading may not be more than 20 °. Also VMca may not exceed 1.2Vs~. In designing an aircraft the 

designer will choose a value for VMc, with reference to the desired take-off performance and use it as 

one factor in the design of the fin and rudder. At an assumed value for VMca in the calculations, the 

yawing moment from the remaining engines will balance that from the fully deflected rudder. The 

minimum control speed on the ground, VMcg, is similarly defined; no use of a steerable nose-wheel 

may be assumed. 

 

Static Stability 

In this section we consider what preliminary insights we may obtain from applying the ideas 

In this section we consider what preliminary insights we may obtain from applying the ideas of static 

stability. Consider an aircraft disturbed in sideslip as in figure 6.2. The yawing moment produced by 

the fin tends to turn the aircraft into the direction of the resultant velocity, i.e. it tends to reduce the 

sideslip. Therefore this is a stable response and is known as 'directional' or 'weathercock' stability. 

The condition for this is then 

 

The fin provides positive directional stability, whilst the fuselage and any engine nacelles or 

propellers ahead of the cg are destabilizing. We note that a rolling moment will also be generated 

through the derivative Lv so that the aircraft will be given both roll and yaw accelerations. Now let us 

consider an aircraft which has been given a small angle of rotation in roll around its velocity vector. No 

restoring moment in roll will appear because no surface of the aircraft has changed its incidence to the 

flow. However, there is a component of the weight along the Y-axis which will produce a sideslip; this 

in turn will produce a rolling moment through the derivative Lv. Positive roll angle, as shown in figure 

3.9, will produce a positive sideslip velocity, and so a negative rolling moment is required for static 

stability. This effect is known as 'static lateral stability' and the condition for it to be positive is 

therefore 
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This sideslip will also produce a yawing moment bringing the mechanism of the directional 

stability into play. We see therefore that these static stability conditions are coupled and, although 

necessary, are not sufficient and only analysis of the dynamic stability gives the complete picture. 

As in the case of static stability in pitch the measurement of the trim curves indicates the static 

stability. The procedure is to fly the aircraft in a series of straight sideslips, and measure the sideslip, 

roll, aileron and rudder angles. Then, assuming that the direct effects of the aileron and rudder are in 

the usual senses, (6.20) shows that for positive static lateral stability aileron angle decreases with 

sideslip. For positive directional stability rudder angle increases with sideslip. Figure 6.7 shows the 

aileron, rudder and roll angles in a sideslip for an aircraft with positive directional and lateral static 

stability. If stick and rudder forces are also measured then these can be used to infer the static 

stabilities, stick free. These are positive when the forces are in the direction to produce these stick and 

rudder movements. The airworthiness requirements ask that an aircraft is laterally stable as discussed 

above and require the trim curves and the rudder pedal force curve not to have any reversal of slope up 

to the maximum angles available or up to a pedal force of 180 lb (= 800 N). 

 

 

Problem 

 

 

 

 

Aircraft component contribution to lateral and directional stability 

 

-Lateral stability 

An airplane is said to possess lateral static stability if after undergoing a disturbance that rolls it to 

some bank angle ø [Greek letter theta], it generates forces and moments that tend to reduce the 

bank angle and restore the equilibrium flight condition. 

  

Dihedral is often used as a means to improve lateral stability. Figure 144(a) shows a headon view 

of an airplane that has dihedral where the wings are turned up at some dihedral angle to the 

https://history.nasa.gov/SP-367/chapt9.htm#f144
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horizontal. Under the condition shown, in straight and level flight, the lift produced by both wings 

just equals the weight. Now, assume that a disturbance causes one wing to drop relative to the 

other as shown in figure 144(b). The lift vector rotates and there is a component of the weight 

acting inward which causes the airplane to move sideways in this direction. The airplane is said to 

sideslip and... 

 

 

Fig.2.13  Directional stability moments. 

 

 

 

https://history.nasa.gov/SP-367/chapt9.htm#f144
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UNIT III  

 

Axes and notation 

 

We have already introduced some of the notation needed in previous chapters; however, a complete 

statement of the basic notation will be made at this point and is shown in figure 3.1. 

 

 

Fig.3.1 Stability axes and velocities and forces along them, angular velocities and moments around 

Them 

 

We place a set of right-handed orthogonal axes with the origin at the cg. The Ox axis points roughly in 

the forward direction, Oy at fight angles to the plane of symmetry and towards the starboard wing tip. 

The z-axis points roughly downwards and completes a right-handed set. For the time being the freedom 

to choose the precise direction of the x-axis is left to be decided to suit the problem in hand. There are 

at least two natural choices: • to have the x-axis fixed initially in the direction of undisturbed flight - 

such axes are known as 'wind axes'; • aircraft normally have a principal axis of inertia lying roughly in 

the flight direction – this is sometimes a convenient direction to take as the x-axis. 

Now let 

• V be the velocity of the aircraft cg, with components U, V and W along Ox, Oy and Oz; 

• A be the angular velocity of the aircraft, with components p, q and r about Ox, Oy and Oz; 

• F be the force on the aircraft, with components X, Y and Z along Ox, Oy and Oz; 

• Q be the moment on the aircraft about the cg, with components L, M and N along Ox, Oy 

and Oz. 

The positive sense of the velocities and forces is in the direction of the axes and that of the angular 

velocities and moments is that of a right-hand screw advancing along the direction of the axes. 
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Orientation 

 

Three rotations about non-parallel axes will move one set of axes so as to be parallel with another set; 

however, there are many possible choices of combinations of rotations about the axes and the order to 

take them in. We choose one attributed to Euler as follows: take clockwise rotations gt, 0 and ~ about 

the Oz, Oy and Ox axes where rotation takes place about that position of the axis to which previous 

rotations have brought it. We will rotate a set of axes parallel to the axes in the undisturbed state into 

parallelism with the position of the axes at some time t after the start of the disturbance. The angles of 

rotation required then define the orientation of the aircraft. Figure 3.2 shows the procedure. 

 

 

Fig:2.2 Definition of Euler angles and unit vectors along various axes 

Let us label the successive positions of the axes as OxoYoZo, Ox~y~zs, OX2Y2Z 2 and finally 

Oxyz. To keep track of the directions of the axes choose unit vectors io, Jo, ko; il, j~, kl; i2, J2, k2 and 

i, j, k along the axes, respectively. We now need the relations between these unit vectors. Consider the 

first rotation gt about the Ozo axis; figure 8.3 shows the view looking along that axis. In the figure we 

have dropped perpendiculars PN and QT from the ends of the unit vectors io, Jo onto the Ox~ and O),1 

axes. Then from the triangles formed we see 
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since the perpendiculars PN and QT are parallel to -Oy~ and Ox~.Each rotation looks like any other 

when viewed along its axis of rotation, allowing for the change of labels on the axes. Hence for the 

rotation 0 about the Oy~ axis, 

 

 

 

 

Fig 3.3 Relation for one rotation 
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Relations between the rates of change of angles 

Suppose we find the orientation, or Euler, angles at time t and at time t + &. Then by the usual process 

of taking differences, dividing by 6t and proceeding to the limit we can define V, 0 and ¢~. The vector 

sum of these must be the angular velocity vector of the aircraft, A. They. are, however, measured about 

non-orthogonal axes; because ~ is a rotation about Ox2, then ~ is a vector along that axis. Similarly 0 is 

along Oy~ and ~,along Ozo. Hence we can express A as 

 

These then are the relations between the rates of change of the orientation angles and the components 

of angular velocity and, as they are linear, they can be solved for ~ 0 and ~ in terms of p, q and r. When 

we have solved a problem these may be integrated to find the orientation of the aircraft during the 

disturbance. 
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Development of the equations 

 

-Components of the weight 
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 Small Perturbation
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--Stability derivatives 
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--Linearized equations of motion 

 

 

Dimensional stability equations 
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Concise stability equations
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3.3 Aircraft Axis Systems 

In this chapter we will concern ourselves with three axis systems. These include the body axis system 

fixed to the aircraft, the Earth axis system, which we will assume to be an inertial axis system fixed to 

the Earth, and the stability axis system, which is defined with respect to the relative wind. Each of  

these systems is useful in that they provide a convenient system for defining a particular vector, such 

as, the aerodynamic forces, the weight vector, or the thrust vector. 

3.3.1 Body Axis System 

The body axis system is fixed to the aircraft with its origin at the aircraft‘s center of gravity. The x axis 

is defined out the nose of the aircraft along some reference line. The reference line may be chosen to be 

the chord line of the aircraft or may be along the floor of the aircraft, as is often the case in large 

transports. The y axis is defined out the right wing of the aircraft, and the z axis is defined as down 

through the bottom of the aircraft in accordance with the right-hand rule, as shown in Fig. 3.1. The 

pilot sits in the body axis system, making it a very useful reference frame. Additionally, it is relatively 

easy to determine the moments and products of inertia in the body axis system because it is fixed to the aircraft. 

 

 

Fig 3.1 Body axis system 

 

Earth Axis System 

The Earth axis system is fixed to the Earth with its z axis pointing to the center of the Earth. The x axis 

and y axis are orthogonal and lie in the local horizontal plane with the origin at the aircraft center of 

gravity. Often, the x axis is defined as North and the y axis defined as East. The Earth axis system is 

assumed to be an inertial axis system for aircraft problems. This is important because Newton‘s 2nd 

law is valid only in an inertial system. While this assumption is not totally accurate, it works well for 

aircraft problems where the aircraft rotation rates are large compared to the rotation rate of the Earth. 

Stability Axis System 

The stability axis system is rotated relative to the body axis system through the angle of attack. This 

means that the stability x axis points in the direction of the projection of the relative wind onto the xz 

plane of the aircraft. The origin of the stability axis system is also at the aircraft center of gravity. The 

y axis is out the right wing and coincident with the y axis of the body axis system. The z axis is 
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orthogonal and points downward in accordance with the right-hand rule. This is illustrated in Fig. 3.2. 

The stability axis system is particularly useful in defining the aerodynamic forces of lift and drag. 

 

Fig. 3.2 Stability axis system 

 

Coordinate Transformations 

As stated previously, it is convenient to express certain vectors in a particular coordinate system. For 

example, the weight vector of the aircraft is conveniently represented in the Earth axis system where 

there is only a component in the positive z direction because the vector acts toward the center of the 

Earth, that is, 

 

              3.1 

The aerodynamic forces are conveniently displayed in the stability axis, where drag acts in the negative 

x direction and lift acts in the negative z axis, that is, 

                               3.2 

Likewise, the thrust vector can easily be expressed in the body axis as 

                                                  3.3 

where fT is the angle between the x-body axis and the thrust vector, T. While these equations are 

conveniently displayed in a particular axis system, they must be all transformed into the same axis 

system before they can be summed in the equations of motion. As a result, it is very important to 

understand how to transform a vector from one axis system to another. 
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Earth Axis to Body Axis Transformation 

Transforming a vector from the Earth axis system to the body axis system requires three consecutive 

rotations about the z axis, y axis, and x axis, respectively. In flight mechanics, the Euler angles are 

used to rotate the ‗‗vehicle carried‘‘ Earth axis system into coincidence with the body axis system. The 

Euler angles are expressed as yaw (C), pitch (Y), and roll (F). Euler angles are very useful in 

describing the orientation of the aircraft with respect to inertial space. The proper order or rotation is 

illustrated in Fig. 4.3. The yaw angle, C, is defined as the angle between the projection of the x body 

axis onto the horizontal plane and the x axis of the Earth axis system With the Earth x axis defined as 

North, the yaw angle is the same as the vehicle heading angle. The pitch angle, Y, is the angle 

measured in a vertical plane between the x-body axis and the horizontal plane. The roll angle, F, is 

the angle measured in the yz plane of the vehicle body axis system, between the y-body axis and the 

horizontal plane. This is the same as the bank angle. 
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UNIT IV   

LINEARIZATION OF EQUATIONS OF MOTION AND AERODYNAMIC FORCES AND 

MOMENTS DERIVATIVES 

 

 

The six aircraft equations of motion developed in Chapter 4 [see Eqs. (4.70) and (4.71)] are nonlinear 

differential equations. They can be solved with a variety of numerical integration techniques to obtain 

time histories of motion variables, but it is nearly impossible to obtain closed solutions (equations for 

each variable). Because valuable insight can be obtained from closed solutions regarding the dynamic 

response of the aircraft, this chapter will use the small perturbation approach to linearize the equations 

of motion and facilitate the definition of closed solutions. In addition, the dynamic derivatives 

associated with definition of applied forces and moments on the aircraft will be discussed. 

 

Small Perturbation Approach 

Linearization of the aircraft equations of motion begins with consideration of perturbed flight. 

Perturbed flight is defined relative to a steady-state (trimmed) flight condition using a combination of 

steady-state and perturbed variables for aircraft motion parameters and for forces and moments. Simply 

stated, each motion variable, Euler angle, force, and moment in the equations of motion (EOM) are 

redefined as the summation of a steady-state value (designated with the subscript ‗‗1‘‘) and a perturbed 

value (designated with lower case symbols) as summarized in Eq. (6.1). 

 

 

For example, if an aircraft has a steady-state trimmed value for U of 400 ft=s and then encounters 

turbulence which increases U to 402 ft=s, U at that instant would be 

 

 
The ‗‗perturbed‘‘ x-axis velocity, u, would be 2 ft=s in this case. The assumption of small 

perturbations (small values for u, v, w, p, etc.), allows linearization of the aircraft EOM. The following 

four-step approach summarizes the linearization technique: 
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UNIT –V 

AIRCRAFT DYNAMIC STABILITY 

 

 

Introduction 

Aircraft dynamic stability focuses on the time history of aircraft motion after the aircraft is disturbed 

from an equilibrium or trim condition. This motion may be first order (exponential response) or second 

order (oscillatory response), and will have either positive dynamic stability (aircraft returns to the trim 

condition as time goes to infinity), neutral dynamic stability (aircraft neither returns to trim nor 

diverges further from the disturbed condition), or dynamic instability (aircraft diverges from the trim 

condition and the disturbed condition as time goes to infinity). The study of dynamic stability is 

important to understanding aircraft handling qualities and the design features that make an airplane fly 

well or not as well while performing specific mission tasks. The differential equations that define the 

aircraft equations of motion (EOM) form the starting point for the study of dynamic stability. 

 

Mass–Spring–Damper System and Classical Solutions of Ordinary Differential 

Equations 
 

The mass–spring–damper system illustrated in Fig. 5.1 provides a starting point for analysis of system dynamics 

and aircraft dynamic stability. This is an excellent model to begin the understanding of dynamic response. 

We will first develop an expression for the sum of forces in the vertical direction. Notice that xðtÞ is defined as 

positive for an upward displacement and that the zero position is chosen as the point where the system is initially 

at rest or at equilibrium. We know that                  ------------------------------------------5.1 

 

 

Fig 5.1 Mass–spring–damper system 
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There are two forces acting on the mass, the damping force, and the spring force. For the damping or frictional 

force (Ff ), this can be approximated by a linear relationship of damping force as a function of velocity or dx=dt 

(see Fig. 5.2). A damper can be thought of as a ‗‗shock absorber‘‘ with a piston moving up and down inside a 

cylinder. The piston is immersed in a fluid and the fluid is displaced through a small orifice to provide a 

resistance force directly proportional to the velocity of the piston. This resistance force (Ff ) can be expressed as 

 

 

where C is the slope in Fig. 5.2. The spring force (Fs) is directly proportional to the displacement (x) of the mass 

and can be represented as 

 
where K is the spring constant. If the mass is displaced in the positive x direction, both the damping 

and spring forces act in a direction opposite to this displacement and can be represented by 

 

                                                                                                                  ----5.2 

 

                                                                                                                     -------5.3 

 

    

 

Fig. 5.2 Damper relationship 
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                                     ---5.4 

 

which is the differential equation for the mass–spring–damper system with zero initial displacement (x 

= 0). If we initially stretch the spring from its original position by a distance y as shown in Fig. 5.3, we 

build in a forcing function that must be added to Eq. (5.4). Because the upper ‗‗tie down‘‘ point is 

moved up by a distance y to achieve this stretch or preload, the preload has a positive sign and a 

magnitude of Ky. It can be conveniently added to the right side of Eq. (5.4) to obtain 

                                                         ---5.5 

 

This is the differential equation for the spring–mass–damper system with a preload as shown. At this 

point, we should observe that if the mass is free to move, it will obtain a steady-state condition (a new 

equilibrium location) when d2x=dt2 and dx=dt equal zero; and the new equilibrium position will be x 

= y. Now that the differential equation for the spring–mass–damper system has been defined, we will 

review classical approaches to solving ordinary differential equations of this type. Keep in mind that 

Eq. (5.5) is also representative of aircraft motion and that is why we are investigating it in depth. 

 

  

Fig.5.3.  Adding a forcing function to the spring–mass–damper system 

 

 

First-Order Systems 
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A special case of Eq. (5.5), which we will consider first, addresses a spring–mass–damper system 

where the mass is very small or negligible compared to the size of the spring and damper. We will call 

such a system a massless or first-order (referring to the order of the highest derivative) system. The 

following differential equation results when the mass is set equal to zero. 

 

                                             -----5.6 

 

To solve this differential equation, we will first describe the method of differential operators where P is 

defined as the differential operator, d/dt, so that 

 

                                          

 

We will first attack the homogeneous form (forcing function equal to zero) of Eq. (5.6), 

 

                                                 -----5.7 

 
Substituting in the differential operator, P, Eq. (5.7) becomes  

 

 
 

We then solve for P, which now becomes a root of the equation,  

 

 

 
 

 

The homogeneous solution is then of the form 

 

                              ----7.8 

 

 

where C1 is determined from initial conditions. The homogeneous solution will also be called the 

transient solution when we are dealing with aircraft response.          

Example 5.1 
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Solve the following first-order differential equation 

 

                       

subjected to the following initial condition: x(0) = 1 

 

 

 

 

The solution is graphed in Fig. 5.4. Notice that it starts off at a value of one at time equal to zero and 

exponentially decays to zero. It is also important to note that a first-order system has a first order or 

exponential transient response (no oscillations). Next, we will look at solving a first-order 

nonhomogeneous differential equation like Eq. (5.6). A forcing function is included with a 

nonhomogeneous differential equation and the solution is called the nonhomogeneous or particular 

solution. It is also called the steady-state solution when we are dealing with aircraft response. To 

achieve a solution using differential operators, we must assume a form of the solution based on the 

form of the forcing function as outlined in Table 5.1. The first step in solving a nonhomogeneous 

differential equation involves setting the forcing function to zero and obtaining the homogeneous 

solution. Next, the appropriate assumed solution is input into the nonhomogeneous 

differential equation so that the constants A, B, C, (as appropriate) can be determined and the 

nonhomogeneous solution defined. Finally, the homogeneous and nonhomogeneous are added together 

to obtain the total solution. Example 5.2 will help clarify these steps. 

 

 



IARE Aircraft Stability and Control Page 153 

Source from Yechout, T.R. “Introduction to Aircraft Flight Mechanics”, AIAA education 
Series, 2003 

 

 

Fig. 5.4 Transient time response of a first-order differential equation 

 

Table 5.1 Assumed solutions for nonhomogeneous differential equations 

 

 

 

 

 

 

 

 

 

 

 

EXAMPLE 5.2 
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Time constant 
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We will next introduce the important concept of Time Constant (t). If we return to Eq. (7.6) and solve 

it in general form for an initial condition of xð0Þ ¼ 0, we obtain  

 
 

 Figure 5.6 presents a graph of the time response. Notice that the steady-state value is y, which equates 

to the value of the displacement of the forcing function. We will begin referring to a constant forcing 

function as a step input. Notice also the exponential rise to achieve the steady-state value. The lag time 

associated with this rise to the steady-state value is an important consideration in determining the 

acceptability of the response from an aircraft handling qualities standpoint. This lag time is typically 

quantified with the time constant (t), 

 

 

Fig.5.5. Time response for example 5.2 

 

 

Fog 5.5 Generalized response of first order system 

Time to half and double amplitude 
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Another measure of the lag time associated with a systems response is the time to half amplitude 

(T1=2). Referring to Fig. 5.6, this is simply the time it takes to achieve 50% of the steady state value. It 

can be easily shown that 

 

                   ------5.10 

 

For unstable first order systems (P > 0), a measure used as an indication of the instability is the time to 

double amplitude (T2). T2 is the time it takes for the response to achieve twice the amplitude of an 

input disturbance. It can be found using 

 

                       ---5.11 
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Dynamic stability 

The dynamic stability of an aircraft refers to how the aircraft behaves after it has been disturbed 

following steady non-oscillating flight, 

 

Types of dynamic stability 

 

It has two types 

a) Longitudinal mode 

i) Phugoid (longer period) oscillations 

ii) Short period oscillations 
 

b) Lateral- directional modes 

 

i) Roll subsidence mode 

ii) Dutch roll mode 

iii) Spiral divergence 

 

a) Longitudinal mode 

 

Oscillating motions can be described by two parameters, the period of time required for one complete 

oscillation, and the time required to damp to half-amplitude, or the time to double the amplitude for a 

dynamically unstable motion. The longitudinal motion consists of two distinct oscillations, a long-

period oscillation called a phugoid mode and a short-period oscillation referred to as the short-period 

mode. 

 

 

i) Phugoid (longer period) oscillations 

 

The longer period mode, called the "phugoid mode" is the one in which there is a large-amplitude 

variation of air-speed, pitch angle, and altitude, but almost no angle-of-attack variation. The phugoid 

oscillation is really a slow interchange of kinetic energy (velocity) and potential energy (height) about 

some equilibrium energy level as the aircraft attempts to re-establish the equilibrium level-flight 

condition from which it had been disturbed. The motion is so slow that the effects of inertia forces and 

damping forces are very low. Although the damping is very weak, the period is so long that the pilot 

usually corrects for this motion without being aware that the oscillation even exists. Typically the 

period is 20–60 seconds. This oscillation can generally be controlled by the pilot. 

 

https://en.wikipedia.org/wiki/Oscillating
https://en.wikipedia.org/wiki/Amplitude
https://en.wikipedia.org/wiki/Phugoid
https://en.wikipedia.org/wiki/Kinetic_energy
https://en.wikipedia.org/wiki/Potential_energy
https://en.wikipedia.org/wiki/Inertia
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ii) Short period oscillations 

 

With no special name, the shorter period mode is called simply the "short-period mode". The short-

period mode is a usually heavily damped oscillation with a period of only a few seconds. The motion is 

a rapid pitching of the aircraft about the center of gravity. The period is so short that the speed does not 

have time to change, so the oscillation is essentially an angle-of-attack variation. The time to damp the 

amplitude to one-half of its value is usually on the order of 1 second. Ability to quickly self damp 

when the stick is briefly displaced is one of the many criteria for general aircraft certification. 

 

b) Lateral- directional modes 

 

"Lateral-directional" modes involve rolling motions and yawing motions. Motions in one of these axes 

almost always couples into the other so the modes are generally discussed as the "Lateral-Directional 

modes". 

There are three types of possible lateral-directional dynamic motion: roll subsidence mode, spiral 

mode, and Dutch roll mode. 

 

i) Roll subsidence mode 

 

Roll subsidence mode is simply the damping of rolling motion. There is no direct aerodynamic 

moment created tending to directly restore wings-level, i.e. there is no returning "spring force/moment" 

proportional to roll angle. However, there is a damping moment (proportional to roll rate) created by 

the slewing-about of long wings. This prevents large roll rates from building up when roll-control 

inputs are made or it damps the roll rate (not the angle) to zero when there are no roll-control inputs. 

Roll mode can be improved by dihedral effects coming from design characteristics, such as high 

wings, dihedral angles or sweep angles. 

 

ii) Dutch roll mode 

 

The second lateral motion is an oscillatory combined roll and yaw motion called Dutch roll,perhaps 

because of its similarity to an ice-skating motion of the same name made by Dutch skaters; the origin 

of the name is unclear. The Dutch roll may be described as a yaw and roll to the right, followed by a 

recovery towards the equilibrium condition, then an overshooting of this condition and a yaw and roll 

to the left, then back past the equilibrium attitude, and so on. The period is usually on the order of 3–15 

https://en.wikipedia.org/wiki/Type_certificate
https://en.wikipedia.org/wiki/Dihedral_(aeronautics)
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seconds, but it can vary from a few seconds for light aircraft to a minute or more for airliners. Damping 

is increased by large directional stability and small dihedral and decreased by small directional stability 

and large dihedral. Although usually stable in a normal aircraft, the motion may be so slightly damped 

that the effect is very unpleasant and undesirable. In swept-back wing aircraft, the Dutch roll is solved 

by installing a yaw damper, in effect a special-purpose automatic pilot that damps out any yawing 

oscillation by applying rudder corrections. Some swept-wing aircraft have an unstable Dutch roll. If the 

Dutch roll is very lightly damped or unstable, the yaw damper becomes a safety requirement, rather 

than a pilot and passenger convenience. Dual yaw dampers are required and a failed yaw damper is 

cause for limiting flight to low altitudes, and possibly lower Mach numbers, where the Dutch roll 

stability is improved. 

 

iii) Spiral divergence 

 

Spiraling is inherent. Most aircraft trimmed for straight-and-level flight, if flown stick-fixed, will 

eventually develop a tightening spiral-dive.
[3]

 If a spiral dive is entered unintentionally, the result 

can be fatal. 

A spiral dive is not a spin; it starts, not with a stall or from torque but with a random, increasing 

roll and airspeed. Without prompt intervention by the pilot, this can lead to structural failure of 

the airframe, either as a result of excess aerodynamic loading or flight into terrain. The aircraft 

initially gives little indication that anything has changed. The pilot's "down" sensation continues 

to be with respect to the bottom of the airplane, although the aircraft actually has increasingly 

rolled off the true vertical. Under VFR conditions, the pilot corrects for this deviation from level 

automatically using the true horizon, while it is very small; but in IMC or dark conditions it can 

go unnoticed: the roll will increase and the lift, no longer vertical, is insufficient to support the 

airplane. The nose drops and speed increases: the spiral dive has begun 

 

The forces involved 

Say the roll is to the right. A sideslip develops, resulting in a slip-flow which is right-to-left. Now 

examine the resulting forces one at a time, calling any rightward influence yaw-in, leftward yaw-

out, or roll-in or -out, whichever applies. The slip-flow will: 

 push the fin, rudder, and other side areas aft of c.g. to the left, causing a right yaw-in, 

 push side areas ahead of the c.g. to the left, causing a left yaw-out, 

 push the right wingtip up, the left down, a left roll-out owing to the dihedral angle, 

 cause the left wing to go faster, the right wing slower, a roll-in, 

 push the side areas of the aircraft above the c.g. to the left, a roll-out, 

https://en.wikipedia.org/wiki/Yaw_damper
https://en.wikipedia.org/wiki/Mach_number
https://en.wikipedia.org/wiki/Aircraft_dynamic_modes#cite_note-3
https://en.wikipedia.org/wiki/Airframe
https://en.wikipedia.org/wiki/Load_factor_(aeronautics)
https://en.wikipedia.org/wiki/Visual_flight_rules
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 push the side areas of the aircraft below the c.g. to the left, a roll-in, 

Also, an aerodynamic force is imposed by the relative vertical positions of the fuselage and the 

wings, creating a roll-in leverage if the fuselage is above the wings, as in a low wing 

configuration; or roll-out if below, as in a high-wing configuration. 

A propeller rotating under power will influence the airflow passing it. Its effect depends on 

throttle setting (high at high rpm, low at low) and the attitude of the aircraft. 

Thus, a spiral dive results from the netting-out of many forces depending partly on the design of 

the aircraft, partly on its attitude, and partly on its throttle setting (a susceptible design will spiral 

dive under power but may not in the glide). 

Recovery 

A diving aircraft has more kinetic energy (which varies as the square of speed) than when straight-and-

level. To get back to straight-and-level, the recovery must get rid of this excess energy safely. The 

sequence is: Power all off; level the wings to the horizon or, if horizon has been lost, to the 

instruments; reduce speed using gentle back-pressure on the controls until a desired speed is reached; 

level off and restore power. The pilot should be alert to a pitch up tendency as the aircraft is rolled to 

wings level. 

 

 

 

 

 

 

 

 

 

 

The End 


