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COURSE OUTCOMES (COs):

Apply the knowledge of linear algebra to represent any arbitrary signals in terms of complete

Co1l sets of orthogonal functions and classify the signals and systems based on their properties.

CO 2 Analyze the spectral characteristics of continuous-time periodic and a periodic signals using
Fourier analysis.

CO3 Understand the properties of linear time invariant system, ideal filter characteristics through
distortion less
transmission and its bandwidth, causality with convolution and correlation.

CO4 Apply the Laplace transform and Z- transform and their Region of convergence (ROC)
properties for analysis of continuous-time and discrete-time signals and systems respectively.

CO5 Understand the process of sampling to convert an analog signal into discrete signal and the

effects of under sampling and study correlation, spectral densities.

COURSE LEARNING OUTCOMES (CLOs):

CLO Code

At the end of the course, the student will have the ability to:

AECB14.01

Apply the knowledge of vectors to find an analogy with signals.

AECB14.02

Understand Orthogonal signal space and orthogonal functions.

AECB14.03

Introduce the basic classification of signals in both continuous and discrete domain, exponential
and
sinusoidal signals, standard test signals

AECB14.04

Introduce the basic classification of systems in both continuous and discrete domain

AECB14.05

Representation of Fourier series for a periodic signal.




CLO Code

At the end of the course, the student will have the ability to:

AECB14.06

Deduce Fourier Transform from Fourier series

AECB14.07

Compute Fourier Transform of Periodic Signal

AECB14.08

Introduce the special transform-Hilbert transform

AECB14.09

Analyze time variance for linear systems.

AECB14.10

Understand the concept of distortion less transmission through a system

AECB14.11

Analyze Causality and Paley-Wiener criterion for physical realization.

AECB14.12

Understand the concept of convolution through graphical representation

AECB14.13

Introduce the concepts of Laplace transform for conversion to S-domain.

AECB14.14

Represent Region of Convergence for Laplace transforms and properties of Laplace Transforms.

AECB14.15

Understand the Z-Transform for discrete signals with issues of Region of Convergence

AECB14.16

Analyze the properties of Z-Transforms.

AECB14.17

Categorical analysis of sampling into different types.

AECB14.18

Understand how to reconstruct signals after sampling

AECB14.19

Understand cross correlation and auto correlation concepts.

AECB14.20

Analyze Power Spectral and Energy Spectral Characteristics

SYLLABUS

MODULE — | | SIGNAL ANALYSIS | Classes: 08

Analogy between Vectors and Signals, Orthogonal Signal Space, Signal approximation using Orthogonal
functions, Mean Square Error, Closed or complete set of Orthogonal functions, Orthogonality in Complex
functions, Classification of Signals and systems, Exponential and Sinusoidal signals, Concepts of Impulse
function, Unit Step function, Signum function.

MODULE - I | FOURIER SERIES | Classes: 10

Representation of Fourier series, Continuous time periodic signals, Properties of Fourier Series, Dirichlet™s
conditions, Trigonometric Fourier Series and Exponential Fourier Series, Complex Fourier spectrum.

Fourier Transforms:

Deriving Fourier Transform from Fourier series, Fourier Transform of arbitrary signal, Fourier Transform of
standard signals, Fourier Transform of Periodic Signals, Properties of Fourier Transform, Fourier Transforms
involving Impulse function and Signum function, Introduction to Hilbert Transforms.

MODULE - 111 | SIGNAL TRANSMISSION THROUGH LINEAR SYSTEMSI Classes: 10

Linear System, Impulse response, Response of a Linear System, Linear Time Invariant(LTI) System, Linear
Time Variant (LTV) System, Transfer function of a LTI System, Filter characteristic of Linear System,
Distortion less transmission through a system, Signal bandwidth, System Bandwidth, Ideal LPF, HPF, and
BPF characteristics.

Causality and Paley-Wiener criterion for physical realization, Relationship between Bandwidth and rise time,
Convolution and Correlation of Signals, Concept of convolution in Time domain and Frequency domain,
Graphical representation of Convolution.

MODULE - IV | LAPLACE TRANSFORM AND Z-TRANSFORM | Classes: 08

Laplace Transforms

Laplace Transforms (L.T), Inverse Laplace Transform, Concept of Region of Convergence (ROC) for
Laplace Transforms, Properties of L.T, Relation between L.T and F.T of a signal, Laplace Transform of
certain signals using waveform synthesis. Z-Transforms Concept of Z- Transform of a Discrete Sequence,
Distinction between Laplace, Fourier and Z Transforms, Region of Convergence in Z-Transform,
Constraints on ROC for various classes of signals, Inverse Z-transform, Properties of Z- transforms.

MODULE-V [ SAMPLING THEOREM [ Classes: 09

Graphical and analytical proof for Band Limited Signals, Impulse Sampling, Natural and Flat top Sampling,
Reconstruction of signal from its samples, Effect of under sampling — Aliasing, Introduction to Band Pass
Sampling. Correlation: Cross Correlation and Auto Correlation of Functions, Properties of Correlation




Functions, Energy Density Spectrum, Parseval’s Theorem, Power Density Spectrum, Relation between
Autocorrelation Function and Energy/Power Spectral Density Function, Relation between Convolution and
Correlation, Detection of Periodic Signals in the presence of Noise by Correlation, Extraction of Signal from
Noise by filtering.
Text Books:

1. B.P. Lathi, “Signals, Systems & Communications”, BSP, 2013.

2. Signals and Systems - A.V. Oppenheim, A.S. Willsky and S.H. Nawabi, 2™ Edition 2010.
Reference Books:

1. Simon Haykin and Van Veen, “Signals and Systems”, Wiley Publications, 2™ Edition, 2010.

2. Fundamentals of Signals and Systems - Michel J. Robert, 2008, MGH International Edition.




MODULE -1
SIGNAL ANALYSIS

Analogy between Vectors and Signals, Orthogonal Signal Space, Signal approximation using Orthogonal
functions, Mean Square Error, Closed or complete set of Orthogonal functions, Orthogonality in Complex
functions, Classification of Signals and systems, Exponential and Sinusoidal signals, Concepts of Impulse
function, Unit Step function, Signum function.

Anal Between Vectors and Signals:

There is a perfect analogy between vectors and signals.

Vector

A vector contains magnitude and direction. The name of the vector is denoted by bold face type and their magnitude
is denoted by light face type.

Example: V is a vector with magnitude V. Consider two vectors V1 and V2 as shown in the following diagram. Let

the component of V1 along with V2 is given by C12V2. The component of a vector V1 along with the vector V2 can
obtained by taking a perpendicular from the end of V1 to the vector V2 as shown in diagram:

Vi

A 4

CaVa Ve
The vector V1 can be expressed in terms of vector V2
V1= C12V2 + Ve
Where Ve is the error vector.
But this is not the only way of expressing vector V1 in terms of V2. The alternate possibilities are:

V1=C1V2+Vel

v

Vz
V2=C2V2+Ve2
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CsVz Ve
The error signal is minimum for large component value. If C12=0, then two signals are said to be orthogonal
Dot Product of Two Vectors V1 . V2 =V1.V2 cosd
0 = Angle between V1 and V2 V1. V2=V2.V1

From the diagram, components of V1 along V2 =C 12 V2

Vi. Vo
Vo =C12V3

Oy = V2

Va
The concept of orthogonality can be applied to signals. Let us consider two signals f1(t) and f2(t).
= fe(t) = f1(t) — C12 f2(t)

Similar to vectors, you can approximate f1(t) in terms of f2(t) as f1(t) = C12 f2(t) + fe(t) for (t1 <t <t2)

One possible way of minimizing the error is integrating over the interval t1 to t2.

1 to
— / Lf. (8)]dt
1

ﬁ/t‘l [f1(2) — Craf2(t)]dt

error function.

- tgitl tfz [fe(t)]dt
1

L [2[f.(t) — Crafol?dt

However, this step also does not reduce the error to appreciable extent. This can be corrected by taking the square of

d

Where ¢ is the mean square value of error signal. The value of C12 which minimizes the error, you need to calculate

dCrs [tg—lt, S, A(®) - Crafo(t)]?dt] =0
1 1) [ d
tr—t Jt; LdCs

f1(t) - ﬁ2f1(t)012f2(t) + ﬁff (t)CZldt =0




Derivative of the terms which do not have C12 term are zero.

= j;fz —2f1(t) fa(t)dt + 2C15 ftfz f2(t)]dt =0

IRFAGIAGLY , , _
If Cig2 = W component is zero, then two signals are said to be orthogonal.
4y 72

Put C12 = 0 to get condition for orthogonality.

R EA0IACK:
fjlﬂ fi(t)dt

" f@®) fat)dt =0

t

Orthogonal Vector Space

A complete set of orthogonal vectors is referred to as orthogonal vector space. Consider a three dimensional vector
space as shown below:

—
-

AlX1Y1 Z4)

z

Consider a vector A at a point (X1, Y1, Z1). Consider three unit vectors (VX, VY, VZ) in the direction of X, Y, Z
axis respectively. Since these unit vectors are mutually orthogonal, it satisfies that

Vx. Vx =W. Wy =Vz. V=1
Vx Vo =W.Vz=Vz.Vx =0




We can write above conditions as

The vector A can be represented in terms of its components and unit vectors as

1[{;.W;.:{l a=2~=o
0 a#b
A=XVx+ YW +Z1Vzeereeiao ... (1)

Any vectors in this three dimensional space can be represented in terms of these three unit vectors only.

If you consider n dimensional space, then any vector A in that space can be represented as

A=XVx + Y1V +Z1Vz+...+N1Vy..... (2)

As the magnitude of unit vectors is unity for any vector A The component of A along x axis = A.VX
The component of A along Y axis = A.VY The component of A along Z axis = AVZ

Similarly, for n dimensional space, the component of A along some G axis

=AVG (3)
Substitute equation 2 in equation 3.

=T = (X1VX +YT W + Z1Vz+...+G1 Vg .. +N1V_N)VG
=XiVxVoe+YIWBW Ve +Z21VzVe+...+G1 Ve Ve... + N1V Ve
=G, sinceVgVg =1
IfVGVG # 1 i.e.VGVG =k
AV =G VgVe = G1 K
_ (AVg)
Gy = =
Orthogonal Signal Space

Let us consider a set of n mutually orthogonal functions x1(t), x2(t)... xn(t) over the interval t1 to t2. As these
functions are orthogonal to each other, any two signals xj(t), xk(t) have to satisfy the orthogonality condition. i.e.

to
/ zj(t)xr(t)dt = 0 wherej # k
t

1

123
Let / x3 (t)dt = ki,
b




Let a function f(t), it can be approximated with this orthogonal signal space by adding the components along
mutually orthogonal signals i.e.

f(t) = C1z1(t) + Coza(t)+. . . +Cppn(t) + fo(t)
=N G (1)

f(t) = f(t) 7= Z:-lzlcrivr(t)

Mean sqaure error € = ﬁ ;2 [f.(t)])%dt

1

ta — 2 Jy

f[t ZC x,(t))?dt

The component which minimizes the mean square error can be found by

d=  de  de 0
dc, dC, T dCp
de
.ic,;_o
d 1

2
s\ 2 1
dC;, [t2 —t J [£(2) Zrzlcrm-r(t)] dt] =0

All terms that do not contain Ck is zero. i.e. in summation, r=k term remains and all other terms are zero.

ty to
/ —2f(t)ax()dt + 2C; / [w2(t)]dt = 0

J;2 F(6)zi(t)dt
= Ck — .
inty? a2 (t)dt
13
== f(t)mk(t)dt = CrKj,
t

Mean Square Error:

The average of square of error function fe(t) is called as mean square error. It is denoted by ¢ (epsilon).
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tz Eh j;je [fe (t)]2dt

L [ [fe(t) — =7, Cra, (1) 2t

b=

L_[[2[f2())dt + =n_, C? [* a?(t)dt — 257 C, [* x.(t) f(t)t

to—t

You know that C7 [* a3(t)dt = C, [* x,(t) f(d)dt = C? K,

e = L[[2[f*()]dt + =", C?K, — 25| C?K,]

to—t

Il

Lo (P ())dt - 27 CR K,

t—t

e=-—1L [ftfz [£2(t))dt + (C2K1 + C2Ky+...+C2EK,)]

tr—ty

The above equation is used to evaluate the mean square error.

Closed and Complete Set of Orthogonal Functions:
Let us consider a set of n mutually orthogonal functions x1(t), x2(t)...xn(t) over the interval t1 to t2. This is called as
closed and complete set when there exist no function f(t) satisfying the condition

[ f(t)zi(t)dt =0

If this function is satisfying the equation
b2
S f()ex(t)dt =0
For k=1,2,.. then f(t) is said to be orthogonal to each and every function of orthogonal set.

This set is incomplete without f(t). It becomes closed and complete set when f(t) is included.

f(t) can be approximated with this orthogonal set by adding the components along mutually orthogonal signals i.e.
f(t) = Cizy(t) + Coza(t)+... +Chz,(t) + fe(t)

If the infinite series Cyxy (t) + Coza(t)+. .. +Cprz,(t) converges to ft then mean square error is
zero.

Orthogonality in Complex Functions:
If f1(t) and f2(t) are two complex functions, then f1(t) can be expressed in terms of f2(t) as

f1(t)=C12f2(t).. with negligible error

[ £, () f5 ()t
[ |f,(0)Pat

Where Cs =




Where f2*(t) is the complex conjugate of f2(t) If f1(t) and f2(t) are orthogonal then C12 =0

L h@fs@de 5
L2 | falt)Pdt

b
= [ H@)f5(dt) =0

t

The above equation represents orthogonality condition in complex functions.

Ramp Signal
Ramp signal is denoted by r(t), and it is defined as r(t) = [t t=0
lo t<o
r(t)
2
/u(t)z/lztzr(t)
1
dr(t
u(t) = (t)
0 1 2 t dt

Area under unit ramp is unity.
Parabolic Signal
t2/2 t=0

Parabolic signal can be defined as x(t) = { 0 t<0

p X®




$2
// u(t)dt = /r(t)dt = /tdt =g parabolicsignal

= u(t) = Z::(t)
= r(t) = Zf(t)

Sighum Function

1 t = 0
0] t = 0
—1 t << 0

Signum function is denoted as sgn(t). It is defined as sgn(t) =

A sgni(t)
1
O
-1

sgn(t) = 2u(t) -1
Exponential Signal
Exponential signal is in the form of x(t) = eat
.The shape of exponential can be defined by «
Casei:ifa=0— x(t)=e0=1

4 }([t]

1




Case ii: if a< 0 i.e. -ve then x(t) = e—at
. The shape is called decaying exponential.

4 x(ﬂ

N

Case iii: if o> 0 i.e. +ve then x(t) = eat
. The shape is called raising exponential.

4 X(t)

Rectangular Signal

Let it be denoted as x(t) and it is defined as

r
x(f) = Arect [%] ex: 4 rect [g]
A X(t) A X(t)
Al a

-T/2 T/2 t -3




Triangular Signal

Let it be denoted as x(t)

1% It

n=A1-2 - x(F) = _

x(0) [ i ex:x(f) = A [1 £

X
X0 )
AL A

< > >
T T t 3 5 b

Sinusoidal Signal
Sinusoidal signal is in the form of x(t) = A cos(w0x¢) or A sin(w0z¢)

AX(t)

-
Where TO = 2z/w0
Classification of Signals:
Signals are classified into the following categories:

Continuous Time and Discrete Time Signals
Deterministic and Non-deterministic Signals
Even and Odd Signals

Periodic and Aperiodic Signals

Energy and Power Signals

Real and Imaginary Signals




Continuous Time and Discrete Time Signals

A signal is said to be continuous when it is defined for all instants of time.

Amplitude

A signal is said to be discrete when it is defined at only discrete instants of time/

A

L] B

i discrete time

Deterministic and Non-deterministic Signals

A signal is said to be deterministic if there is no uncertainty with respect to its value at any instant of time. Or,
signals which can be defined exactly by a mathematical formula are known as deterministic signals.

x(t)

- - - / \\
f{/ \ f/ \\ f / \\ /\

\ + X,

N !
/ \/ \J \\_/

!
\k'f time
J

A signal is said to be non-deterministic if there is uncertainty with respect to its value at some instant of time.
Non-deterministic signals are random in nature hence they are called random signals. Random signals cannot be
described by a mathematical equation. They are modelled in probabilistic terms.




voltage
N

Y20 N\
/

(

e
=

time

Even and Odd Signals

A signal is said to be even when it satisfies the condition x(t) = x(-t)
Example 1: t2, t4... cost etc.

Let x(t) = t2

X(-t) = (-t)2 = 12 = x(t)

=~ t2 is even function
Example 2: As shown in the following diagram, rectangle function x(t) = x(-t) so it is also even function.

X(t)

J

-T/2 T/2 t

A signal is said to be odd when it satisfies the condition x(t) = -x(-t)

Example: t, t3 ... And sin t Let x(t) =sin t
X(-t) = sin(-t) = -sin t = -x(t)

=~ sin tis odd function.
Any function f(t) can be expressed as the sum of its even function fe(t) and odd function fo(t). f(t) = fe(t) +

foct)

where




fe(t) ="a[f(t) +f(-t)]
Periodic and Aperiodic Signals

A signal is said to be periodic if it satisfies the condition x(t) = x(t + T) or x(n) = x(n + N). Where
T = fundamental time period, 1/T = f = fundamental frequency.

AX(t)
o~ f’ .r"\\
- |"r il fl.ll \
A / ‘\\ / \\\ / \\\ / \
/ \ / \ / \
|4 "\\ / A / \ / >
\ ,”J \ \ / \ ] i
lll' \', l||' A 'l
A \/ \U \/ \
TO
<>

The above signal will repeat for every time interval TO hence it is periodic with period TO.
Energy and Power Signals

A signal is said to be energy signal when it has finite energy.

[ o]
Energy FE = / 2 (t)dt
—o0

A signal is said to be power signal when it has finite power.

1 T
Power P = lim — / z? (t)dt

NOTE:A signal cannot be both, energy and power simultaneously. Also, a signal may be neither energy nor

power signal.
Power of energy signal = 0 Energy of power signal =

Real and Imaginary Signals

A signal is said to be real when it satisfies the condition x(t) = x*(t) A signal is said to be odd when it satisfies

the condition x(t) = -x*(t) Example:
If x(t)= 3 then x*(t)=3*=3 here x(t) is a real signal.
If x(t)= 3j then x*(t)=3j* = -3j = -x(t) hence x(t) is a odd signal.

Note: For a real signal, imaginary part should be zero. Similarly for an imaginary signal, real part should be

Z€ero.




Basic operations on Signals:

There are two variable parameters in general:

1. Amplitude
2. Time

(1) The following operation can be performed with amplitude:
Amplitude Scaling

C x(t) is a amplitude scaled version of x(t) whose amplitude is scaled by a factor C.

A2 x(t)
0.5 x (t)
X B 1 A

Addition

Addition of two signals is nothing but addition of their corresponding amplitudes. This can be best explained by
using the following example:

>t

-10 10 t

As seen from the previous diagram,

-10 <t < -3 amplitude of z(t) = x1(t) + x2(t) =0+2=2

-3 <t < 3 amplitude of z(t) = x1(t) + x2(t) =1 + 2 = 3 3 <t < 10 amplitude of z(t) = x1(t) + x2(t) =0+2=2
Subtraction

subtraction of two signals is nothing but subtraction of their corresponding amplitudes.
This can be best explained by the following example:




N
1
>
-3 3 t
4
N
> x2 (t) ,
|
10 So— S -
> ANz (1)
’. = g
-10 -3 3 10
>
10 5[ 13 10

As seen from the diagram above,
-10 < t < -3 amplitude of z (t) = x1(t) - x2(t) =0-2=-2

-3 <t< 3 amplitude of z (t) = x1(t) - x2(t) =1 -2 =-1 3 <t < 10 amplitude of z (t) = x1(t) - x2(t) =0-2=-2

Multiplication

Multiplication of two signals is nothing but multiplication of their corresponding amplitudes. This can be best
explained by the following example:

As seen from the diagram above,

-10 <t < -3 amplitude of z () = x1(t) xx2(t) =0x2=0
-3 <t < 3 amplitude of z (t) = x1(t) - x2(t) = 1 x2 =2 3 < t < 10 amplitude of z (t) = x1(t) - x2(t) =0x2=0

(2) The following operations can be performed with time:




Time Shifting

X(t £t0) is time shifted version of the signal x(t). x (t + t0) —negative shift

X (t - t0) —positive shift

Xt | X(t-to) | X(t +to) |
tEI _tl:l
Time Scaling

X(At) is time scaled version of the signal x(t). where A is always positive.

|A| > 1 — Compression of the signal

|A| <1 — Expansion of the signal

x(t)

fu

x(2t)

fu

x(t/2)]

Note: u(at) = u(t) time scaling is not applicable for unit step function.

Time Reversal

X(-t) is the time reversal of the signal x(t).

x{t) x(-1)
2 -2




Classification of Systems:
Systems are classified into the following categories:

Liner and Non-liner Systems

Time Variant and Time Invariant Systems

Liner Time variant and Liner Time invariant systems
Static and Dynamic Systems

Causal and Non-causal Systems

Invertible and Non-Invertible Systems

Stable and Unstable Systems

Linear and Non-linear Systems

A system is said to be linear when it satisfies superposition and homogenate principles. Consider two systems
with inputs as x1(t), x2(t), and outputs as y1(t), y2(t) respectively. Then, according to the superposition and
homogenate principles,

T [al x1(t) + a2 x2(t)] = al T[x1(t)] + a2 T[x2(t)]

~ T [al x1(t) + a2 x2(t)] = al y1(t) + a2 y2(t)
From the above expression, is clear that response of overall system is equal to response of individual system.

Example:

y(t) = x2(t) Solution:
yl (t) = T[x1(t)] = x12(t)

y2 (1) = T[x2(t)] = x22(t)

T [al x1(t) + a2 x2(t)] = [ al x1(t) + a2 x2(t)]?

Which is not equal to al y1(t) + a2 y2(t). Hence the system is said to be non linear.
Time Variant and Time Invariant Systems

A system is said to be time variant if its input and output characteristics vary with time.
Otherwise, the system is considered as time invariant. The condition for time invariant system is:

y (., 9=yt

The condition for time variant system is:
y (n, t) # y(n-t)

Where y (n, t) = T[x(n-t)] = input change

y (n-t) = output change




Example:

y(n) = x(-n)

y(n, t) = TX(n-t)] = x(-n-t)

y(n-t) = x(-(n-1)) =x(-n + 1)

= y(n, t) # y(n-t). Hence, the system is time variant.

Liner Time variant (LTV) and Liner Time Invariant (LTI) Systems

If a system is both liner and time variant, then it is called liner time variant (LTV) system.
If a system is both liner and time Invariant then that system is called liner time invariant (LTI) system.
Static and Dynamic Systems

Static system is memory-less whereas dynamic system is a memory system.

Example 1: y(t) = 2 x(t)

For present value t=0, the system output is y(0) = 2x(0). Here, the output is only dependent upon present input.
Hence the system is memory less or static.

Example 2: y(t) = 2 x(t) + 3 x(t-3)
For present value t=0, the system output is y(0) = 2x(0) + 3x(-3).

Here x(-3) is past value for the present input for which the system requires memory to get this output. Hence, the
system is a dynamic system.

Causal and Non-Causal Systems

A system is said to be causal if its output depends upon present and past inputs, and does not depend upon future
input.

For non causal system, the output depends upon future inputs also.

Example 1: y(n) = 2 x(t) + 3 x(t-3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2).

Here, the system output only depends upon present and past inputs. Hence, the system is causal.
Example 2: y(n) = 2 x(t) + 3 x(t-3) + 6x(t + 3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2) + 6x(4) Here, the system output depends upon
future input. Hence the system is non-causal system.

Invertible and Non-Invertible systems




A system is said to invertible if the input of the system appears at the output.

x(t) y(t) = x(t)

R ha(t) —
— hi(b) "| Invertible System

Y(S) = X(S) HL(S) H2(S)
= X(S) HA(S) - 1(H1(S))
Since H2(S) = 1/( HL(S) )
2 Y(S) = X(S)

Sy =x®
Hence, the system is invertible.

If y(t) # x(t), then the system is said to be non-invertible.
Stable and Unstable Systems

The system is said to be stable only when the output is bounded for bounded input. For a bounded input, if the
output is unbounded in the system then it is said to be unstable.

Note: For a bounded signal, amplitude is finite.

Example 1: y (t) = x2(t)

Let the input is u(t) (unit step bounded input) then the output y(t) = u2(t) = u(t) = bounded output.

Hence, the system is stable.

Example 2: y (t) = [x(t)dt

Let the input is u (t) (unit step bounded input) then the output y(t) = Ju(t)dt = ramp signal (unbounded because

amplitude of ramp is not finite it goes to infinite when t — infinite).
Hence, the system is unstable.

1.1 Continuous-time and discrete-time Signals

1.1.1 Examples and Mathematical representation

Signals are represented mathematically as functions of one or more independent variables. Here we
focus attention on signals involving a single independent variable. For convenience, this will
generally refer to the independent variable as time.

There are two types of signals: continuous-time signals and discrete-time signals.




Continuous-time signal: the variable of time is continuous. A speech signal as a function of time is a
continuous-time signal.

Discrete -time signal: the variable of time is discrete. The weekly Dow Jones stock market index is
an example of discrete-time signal.

x(t) x[n]

¢ Xx[0]

/\ x[-1] x[1]
’_/-—\____ x[-2] X[Z]

Fig. 1.1 Graphical representation ofcontinuous-  Fig. 1.2 Graphical representation of discrete-time
time signal. signal.

To distinguish between continuous-time and discrete-time signals we use symbol t to denote the
continuous variable and n to denote the discrete-time variable. And for continuous-time signals we
will enclose the independent variable in parentheses (), for discrete-time signals we will enclose the
independent variable in bracket [e]. ¢

A discrete-time signal x[n] may represent a phenomenon for which the independent variable is
inherently discrete. A discrete-time signal x[n] may represent successive samples of an underlying
phenomenon for which the independent variable is continuous. For example, the processing of speech
on a digital computer requires the use of a discrete time sequence representing the values of the
continuous-time speech signal at discrete points of time.




1.1.2 Signal Energy and Power

If v(t) and i(t) are respectively the voltage and current across a resistor with resistance R , then
the instantaneous power is

p(t) = V()i(t) = %v 2 (1), (L.1)

The total energy expended over the time interval t; <t <t,is

[* ptyat =[* 1wy, (1.2)
ty t R

and the average power over this time interval is

[* ptydt = 1 rzivz(t)dt. (1.3)
t,—t,b t,—t, uR

For any continuous-time signal x(t) or any discrete-time signal x[n], the total energy over the
time interval t,<t<t, ina continuous-timesignal x(t) is defined as

7]
'[f1

where >|< @enotes the magnitude of the (possibly complex) number x . The time-averaged power

x(t)|2dt , (1.4)

is _ﬁ((t) jdt . Similarly the total energy in a discrete-time signal x[n] over the time
-t ™
interval n, < n <n,is defined as

i|x[n]| ? (1.5)

1 n2 2
The average power is ——
gep n,—n, +1;|x[n]|

In many systems, we will be interested in examining the power and energy in signals over an
infinite time interval, that is, for — oo <t<+0 0or — o < n <+ . The total energy in continuous
time is then defined

T—w

E, = lim [ [x®)] g [ ol ot (16)




and in discrete time

+00

SETUNEUES U 0

For some signals, the integral in Eq. (1.6) or sum in Eq. (1.7) might not converge, that is, if x(t)
or x[n] equals a nonzero constant value for all time. Such signals have infinite energy, while
signals with E_< o have finite energy.

The time-averaged power over an infinite interval

P =lim L |7 x(odt (1.8)
T—)ooZT—T

P—lim 1 <xn]’ (1.9)
N%2N+1_ZN:| |

Three classes of signals:

o Class 1: signals with finite total energy, E, <o and zero average power, (Energy Signal)

. E
P=Ilim *=0 (1.10)
® T 5w 2T

e Class 2: with finite average power P_ If P,_>0,then E, = .An example is the signal
x[n] = 4, it has infinite energy, but has an average power of P_=16. (Power Signal)

Class 3: signals for which neither P_and E, are finite. An example of this signal is x(t) =t..

1.2 Transformations of the independent variable

In many situations, it is important to consider signals related by a modification of the independent
variable. These modifications will usually lead to reflection, scaling, and shift.

1.2.1 Examples of Transformations of the Independent Variable




x[n] x[n-n ]

1]

| l | Ll
(a) (b)
Fig.1.3 Discrete-time signals related by a time shift.
X(t-to)
X(t) .
|
» t to

Fig. 1.4 Continuous-time signals related by a time shift.

x[n] x[-n]

annisal

(@) (b)

Fig. 1.5 (a) A discrete-time signal x[n]; (b) its reflection, x[-n] about n=0.

() X(-t)

o 0
(@) (b)

Fig. 1.6 (a) A continuous-timessignal x(t) ; (b) itsreflection, x(-t) about t=0.




t
X0 \ x(2t)

(@) (b)

X(t/2)

(©)

Fig. 1.7 Continuous-time signals related by time scaling.

1.2.2 Periodic Signals

A periodic continuous-time signal x(t) has the property that there is a positive value of T for
which
(1.11)

X(t) =x(t+T) forall t

From Eq. (1.11), we can deduce that if x(t) is periodic with period T, then x(t) = x(t+ mT ) for

all t and for all integers m . Thus, x(t) is also periodic with period 2T, 3T, .... The fundamental

period Tyof x(t) is the smallest positive value of T for which Eq. (1.11) holds.
X(t)

N

Fig. 1.8 Continuous-time periodic signal.




A discrete-time signal x[n] is periodic with period N , where N is an integer, if it is unchanged

by a time shift of N,

X[n] = X[n + N]

for all values of n. If Eq. (1.12) holds, then x[n] is also periodic with period 2N, 3N, .... The

fundamental period N, is the smallest positive value of N for which Eq. (1.12) holds.

X[n]

1.2.3 Even and Odd Signals

Fig. 1.9 Discrete-time periodic signal.

(1.12)

In addition to their use in representing physical phenomena such as the time shift in a radar signal and
the reversal of an audio tape, transformations of the independent variable are extremely useful in
examining some of the important properties that signal may possess.

Signal with these properties can be even or odd signal, periodic signal:

An important fact is that any signal can be decomposed into a sum of two signals, one of which is

even and one of which is odd.

x(t)

A

x()

(@)

(b)

Fig. 1.10 An even continuous-time signal; (b) an odd continuous-time signal.




1
Ev{x(t)}:E [x(®) +x(-9] (1.13)
which is referred to as the even partof x(t). Similarly, the odd part of x(t) is given by
1
OD{x(t)} =" [gm - x(-1)] (1.14)

Exactly analogous definitions hold in the discrete-time case.

L n>0

x[n x[n] = = (1

[n] [n] {Q’ n<0 X[n] |E' n <0

EV{x[n]}:{lL n =0
|

1 L1 \L_; n >0

SN 0 0 1 0 O £ A

A

(@) (b)
x[n] (— ! , n<0
|
A | 2
oD{xnl}=10, n=0
1
[ 5" n>0

T
T

z

(©)

Fig.1.11 The even-odd decomposition of a discrete-time signal.
1.3 Exponential and sinusoidal signals

1.3.1 Continuous-time complex exponential and sinusoidal signals
The continuous-time complex exponential signal

X(t) = Ce™ (1.15)

where C and a are in general complex numbers.




Real exponential signals

x(t) X(t)
A A
C
C
>t >t
(a) (b)

Fig. 1.12 The continuous-time complex exponential signal x(t) = Ce*, (a)a>0; (b) a<O0.
Periodic complex exponential and sinusoidal signals

If a is purely imaginary, we have

X(t) = e (1.16)

An important property of this signal is that it is periodic. We know  x(t) is periodic with period
Tif

glodt — g ioo(HT) _ g joot g jooT (1.17)
For periodicity, we must have
glT=1 (1.18)

For & ,# 0, the fundamental period T,is

2v
To= — (1.19)
£ ol
Thus, the signals &' and e *'have the same fundamental period.
A signal closely related to the periodic complex exponential is the sinusoidal signal
X(t) = A cos(mgt + d) (1.20)

With seconds as the unit of t, the units of 7and & are radians and radians per second. It is also
known & ;= 2vf ,, where f,has the unit of circles per second or Hz.




The sinusoidal signal is also a periodic signal with a fundamental period of T,.

X(t) =Acos(& t+F)

Fig. 1.13 Continuous-time sinusoidal signal.

Using Euler’s relation, a complex exponential can be expressed in terms of sinusoidal signals with the
same fundamental period:

g%t = cos&, t + jsiné,t (1.21)

Similarly, a sinusoidal signal can also be expressed in terms of periodic complex exponentials with
the same fundamental period:

ACOS(§t + 9= 15’e EXN 'ALe i7g ~lét (1.22)
2 2

A sinusoid can also be expresses as

Acos(ét+ 3) = ARe{ e &) | (1.23)
and
Asin(& §+ ) = Alm{el&t | (1.24)

Periodic signals, such as the sinusoidal signals provide important examples of signal with infinite total
energy, but finite average power. For example:

perlod FJ§0 (Ft I ldt= (125)

Posrioa = j Bt = J ldt=1 (1.26)




Since there are an infinite number of periods as t ranges from —oo t0 + oo, the total energy
integrated over all time is infinite. The average power is finite since

2
P =lim * TTJ@“ ?t=1 (1.27)
© Tow 2T T ’

Harmonically related complex exponentials:

FM=e’e' k=0+1L+2,... (1.28)
& is the fundamental frequency.

Example:

Signal x(t)=e'*+e’® can be expressed as x(t) = e >* (e 1**+ e **") = 2e 1> c0s(0.5t) , the
magnitude of x(t) is |x(t)|= 2 ¢os(0.5t) | which is commonly referred to as a full-wave rectified
sinusoid, shown in Fig. 1.14.

b x (0]

—4n -2n 0 2n 4n

o
P

Fig. 1.14 Full-wave rectified sinusoid.

General complex Exponential signals

Consider a complex exponential Ce *, where C = q e|j” is expressed in polarand a=r+ j&is
expressed in rectangular form. Then

Ce =L pI%eIol —|cleel @) = £ ™ cos(&t +0) + j ¢ 4™ sin(Eot +0). (1.29)

Thus, for r =0, the real and imaginary parts of a complex exponential are sinusoidal.
For r > 0, sinusoidal signals multiplied by a growing exponential. For r < 0, sinusoidal signals
multiplied by a decaying exponential.

Damped signal — Sinusoidal signals multiplied by decaying exponentials are commonly refereed to
as damped signal.




x(t) X(t)

(@) (b)

Fig. 1.15 (a) Growing sinusoidal signal; (b) decaying sinusoidal signal.

1.3.2 Discrete-time complex exponential and sinusoidal signals

A discrete complex exponential or sequence is defined by

x[n]=Ca", (1.30)
where C and « are in general complex numbers. This can be alternatively expressed

x[n] = Ce”™, (1.31)
where a=¢ .
Real Exponential Signals

If C and « are real, we have the real exponential signals.

x[n] X[n]

B

(@) (b)

x[n]

\H\H'&‘m wnm




Fig. 1.16 Real Exponential Signal x[n] =Ca": (a) a>1; (b) 0<a <1; (c) —-1<a <0; (d) a <-1.
Sinusoidal Signals
x[n] = e’>" (1.32)
e™"=cosm p + j sinm n, (1.33)

Similarly, a sinusoidal signal can also be expresses in terms of periodic complex exponentials with the
same fundamental period:

Acos(co N+¢)= "givgion ée i g ioon (1.34)
2 2

A sinusoid can also be expresses as

Acos(of + ¢) = ARe { g (oon®) } (1.35)
and
Asin(wgn +¢) = Alm{ el } (1.36)

The above signals are examples of discrete signals with infinite total energy, but finite average
jogn

power. For example: every sample of x[n] =e**" contributes 1 to the signal’s energy. Thus the
total energy — oo < n < 400 is infinite, while the average power is equal to 1.

x{n] = cos (2mn/12)

ol -
I

allil




NN
II‘[IIIII' il lll]

(o)

x[n] = cos (n/6)

dll“ll““l“l“””

Fig.1.17 Discrete-time sinusoidal signal.

WM.

General Complex Exponential Signals

Consider a complex exponential Ca.", where C=¢ ¢’ and o =|afe, then
Ca" =[C|laf cos(& n + 0) +j|C|e| sinj(& p+ 0). (1.37)

Thus, for M: 1, the real and imaginary parts of a complex exponential are sinusoidal.
For |a| < 1, sinusoidal signals multiplied by a decaying exponential.

For |a| > 1, sinusoidal signals multiplied by a growing exponential.




(a) (b)

Fig. 1.18 (a) Growing sinusoidal signal; (b) decaying sinusoidal signal.

1.3.3 Periodicity Properties of Discrete-Time Complex Exponentials

There are a number of important differences between continuous-time and discrete-time
sinusoidal signals. The continuous-time signals e'" are distinct for distinct values of ~ &,. For
discrete-time signals, however, these values are not distinct because the signal with &, is identical to
the signals with frequencies & ,+ 2v, £,% 4v, and so on,

pl@2n _ o i(&4v)n _ gidn (1.38)

In considering discrete-time exponentials, we need only consider a frequency interval of 2v. In
most occasions, we will use the interval 0 < & <2vor—v< &< v.

The discrete-time signal x[n] = e'™" does not have a continuously increasing rate of oscillation
as &, isincreased in magnitude, butas &  is increased from 0, the signal oscillates more and
more rapidly until &, reaches v, and when &, is continuously increased, the rate of oscillation




decreases until &, reaches 2v. We conclude that the low-frequency discrete-time exponentials
have values of &, near 0, 2v, and any other even multiple of v, while the high-frequencies are
located near &= +v and other odd multiples of v.

In order for the signal x[n] =e'™" to be periodic with period N >0, we must have

glem+N) _ giton (1.39)
or equivalently

gloN =1, (1.40)

For Eq. (1.40) to hold, £,N must be a multiple of 2v. That is, there must be an integer m such
that

E,N=2vm, (1.41)

or equivalently

So_M, (1.42)

2v N

From Eq. (1.40), x[n] =e'*" is a periodic if &,/2v is a rational number and is not periodic
otherwise.

The fundamental frequency of the discrete-time signal x[n] = e'*"is

v _=, (L43)
N m
and the fundamental period of the signal can be
No 127 (1.44)
"z
L éo)

The comparison of the continuous-time and discrete-time signals are summarized in the table below:




Table 1 Comparison of the signals e '*' and e %",

ej§0t e i&on

Distinct signals for distinct values of &  Identical signals for values of & separated
by multiples of 2v

Periodic for any choice of &, Periodic only if &,=2wm/N for some
integersN>0and m .
Fundamental frequency &, Fundamental frequency &,/ m
Fundamental period Fundamental period
& o=0: undefined & o= 0: undefined
507&0:2 E=0: m(sz
& ’ & )

Example : Suppose that we wish to determine the fundamental period of the discrete-time signal

x[n] = ei@/3n 4 giGvian (1.45)

Solution:

The first exponential on the right hand side has a fundamental period of 3. The second exponential has

a fundamental period of 8.

For the entire signal to repeat, each of the terms in Eq. (1.45) must go through an integer number of
its own fundamental period. The smallest increment of n the accomplished this is 24. That is, over an
interval of 24 points, the first term will have gone through 8 of its fundamental periods, and the
second term through three of its fundamental periods, and the overall signal through exactly one of its

fundamental periods.

Harmonically related periodic exponentials

FIn=e XM k=0,+1, ... (1.46)
In the continuous-time case, all of the harmonically related complex exponentials e /"),

k =0,%1,....... , are distinct. But this is not the case for discrete-time signals:

3k \ [n] — ej(k+N)(2v/N)n — ej(k2v/N)ne j2wm :3 l[n] (147)

There are only N distinct period exponentials in the set given in Eq. (1.46).




1.4 The Unit Impulse and Unit Step Functions

The unit impulse and unit step functions in continuous and discrete time are considerably important in

signal and system analysis.

1.4.1 The discrete-Time Unit Impulse and Unit Step Sequences

Discrete-time unit impulse is defined as

(0, n=z0
6[n]=4tl 0

6[n]

e

Fig. 1.19 Discrete-time unit impulse.

Discrete-time unit step is defined as

BURAMARAES

Fig. 1.20 Discrete-time unit step sequence.
The discrete-time impulse unit is the first difference of the discrete-time step
6[n] =u[n] —u[n-1],

The discrete-time unit step is the running sum of the unit sample:

(1.48)

(1.49)

(1.50)




uln] = ié[m] , (1.51)

M=—o0

It can be seen that for n <0, the running sum is zero, and for n> 0, the running sum is 1.

If we change the variable of summation frommto k=n-m we have, u[n] = 25[” —K].
k=0

The unit impulse sequence can be used to sample the value of a signal at n=0. Since 6[n] is
nonzero only for n =0, it follows that

x[n]6[n] = x[0]4[n] . (1.52)
More generally, a unit impulse 6[n —n,] , then

x[n]6[n—ny] = x[n;]6[n—n, ] (1.53)

This sampling property is very important in signal analysis.

1.4.2 The Continuous-Time Unit Step and Unit Impulse Functions

Continuous-time unit step is defined as

(0, t<0
u(t) = , .
%Ll, t>0 (154

u (t)

0

Fig. 1.21 Continuous-time unit step function. The continuous-time unit step

is the running integral of the unit impulse

ut)=[ 6()d/. (1.55)

The continuous-time unit impulse can also be considered as the first derivative of the continuous-
time unit step,




du(t)
Tdt

6(t) = (1.56)

Since u(t) is discontinuous at t =0 and consequently is formally not differentiable. This can be

interpreted, however, by considering an approximation to the unit step u , (t) , as illustrated in the
figure below, which rises from the value of 0 to the value 1 in a short time interval of length A .

NG )

> |-

0 A 0O A

(@) (b)

Fig. 1.22 (a) Continuous approximation to the unit step u , (t) ; (b) Derivative of u , (t) .

The derivative is

6 =240 (157)
A dt
1

6,0={a OS54 (158)

|0, otherwise

as shown in Fig. 1.22.

Note that 6, (t) is a short pulse, of duration A and with unit area for any value of A. As A—0,
6 , (t) becomes narrower and higher, maintaining its unit area. At the limit,

6(t) = limé, (1), (1.59)
u(t) = limu, (t), (1.60)

and




du(t)
Tdt

6(t) = (1.61)

Graphically, 6 (t) is represented by an arrow pointing to infinity at t=0, “1” next to the arrow
represents the area of the impulse.

6 (1) ke (t)

0 0
Fig. 1.23 Continuous-time unitimpulse.

Sampling property of the continuous-time unit impulse:

x(t)6 (t) =x(0)6(t) , (1.62)
Or more generally,

X()6(t—1t,)=x(t,)6(t—t,) (1.63)
Example:

Consider the discontinuous signal x(t)

XA(t)
2 —
x(t)
1 —
2T 0
1™ -1
0 t 2
11— -3 - A J

Fig. 1.24 The discontinuous signal and its derivative.




Note that the derivative of a unit step with a discontinuity of size of k gives rise to an impulse of area
k at the point of discontinuity.

1.5 Continuous-Time and Discrete-Time Systems

A system can be viewed as a process in which input signals are transformed by the system or cause
the system to respond in some way, resulting in other signals as outputs.

Examples
R
—— A
+
106 ) ¢ Vo(t)
i(t) )
(@)
f (t)
(a)

Fig. 1. 25 Examples of systems. (a) A system with input voltage v, (t) and output voltage v, (t) .
(b) A system with input equal to the force f (t)and output equal to the velocity v(t) .

A continuous-time system is a system in which continuous-time input signals are applied and results
in continuous-time output signals.

Continuous-time
X(t) ————> E— y(t)
system

A discrete-time system is a system in which discrete-time input signals are applied and results in
discrete-time output signals.

Discrete-time
xn] —— —» y[n]
system




1.5.2 Simple Examples of Systems

Example 1: Consider the RC circuit in Fig. 25 (a).

The current i(t) is proportional to the voltage drop across the resistor:

|(t) — Vs (t) — Ve (t) - (164)
R

The current through the capacitor is

dvc (t)
dt

it)y=C (1.65)

Equating the right-hand sides of Egs. 1.64 and 1.65, we obtain a differential equation describing the
relationship between the input and output:

de®, 1 ve=" v, (1.66)
d¢ RC °© RC*®

Example 2: Consider the system in Fig. 25 (b), where the force f (t) as the input and the velocity
v(t) as the output. If we let m denote the mass of the car and  6v the resistance due to friction.
Equating the acceleration with the net force divided by mass, we obtain

N [rm-am] o MO 0 1. (L67)
dt m dt m m

Egs.1.66 and 1.77 are two examples of first-order linear differential equations of the form:
dy(t)

4 ay(o) = bx(b). (1.66)
dt

Example 3: Consider a simple model for the balance in a bank account from month to month.
Let y[n] denote the balance at the end of nth month, and suppose that y[n] evolves from month
to month according the equation:

y[n] =1.01y[n —1] + x[n], (1.67)
or
y[n]-1.01y[n—-1] = x[n], (1.68)

where x[n] is the net deposit (deposits minus withdraws) during the nth month 1.01y[n — 1]
models the fact that we accrue 1% interest each month.




Example 4: Consider a simple digital simulation of the differential equation in Eq. (1.67), in
which we resolve time into discrete intervals of length A and approximate dv(t) /d (t) at t=nA
by the first backward difference, i.e.,

V(nA) — v((n — 1)A)
A

Let v[n] =v(nA) and f[n]= f (nA), we obtain the following discrete-time model relating the
sampled signals v[n] and f [n],

™ o= 2 . (1.69)

v[n] -
(m + 6A) (m + 6A)

Comparing Egs. 1.68 and 1.69, we see that they are two examples of the first-order linear difference
equation, that is,

y[n]+ ay[n —1] = bx[n]. (1.70)
Some conclusions:

Mathematical descriptions of systems have great deal in common;

A particular class of systems is referred to as linear, time-invariant systems.

e Any model used in describing and analyzing a physical system represents an idealization of the
system.

1.5.3 Interconnects of Systems

A4

Input —— > Systeml Systeml — > Output

(@)

Y

Systeml

Input — <+>—> Output

System 2

4

(b)




Systeml [»[SysEnz

A4

Input——» Output

A 4

System 3

(©)

Fig. 1.26 Interconnection of systems. (a) A series or cascade interconnection of two systems; (b) A
parallel interconnection of two systems; (c) Combination of both series and parallel systems.

|npUt—>i System1 Output
System 2 [«

Fig. 1.27 Feedback interconnection.
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BASIC
v, AMPLIFIER > Vi= AV
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Signal FEEDBACK v
L
NETWORK
vi=/v, FB

(b)
Fig. 1.28 A feedback electrical amplifier.




1.6 Basic System Properties

1.6.1 Systems with and without Memory

A system is memoryless if its output for each value of the independent variable as a given time is
dependent only on the input at the same time. For example:

y[n] = (2x[n] -x* [n])*, (1.71)
IS memoryless.

A resistor is a memoryless system, since the input current and output voltage has the relationship:
i(t)
. +
v(t) =Ri(t) , (1.72)
v(t)

where R is the resistance. .

One particularly simple memoryless system is the identity system, whose output is identical to its
input, that is

y(® = (1), or y[n] =x[n]

An example of a discrete-time system with memory is an accumulator or summer.

VIl = 3 xik] = 3K+ x[nl = yin—11+ ], or (1.73)
y[n] —y[n-1] = x[n]. (1.74)

Another example is a delay
y[n] =x[n-1]. (1.75)

A capacitor is an example of a continuous-time system with memory,
i(t)

vy =" ighat ' (1.76)
cl - v(t)




where C is the capacitance.

1.6.2 Invertibility and Inverse System

A system is said to be invertible if distinct inputs leads to distinct outputs.

_|YIn] Inverse

—  w[n]=x[n]

X[nF—> System

system
B y(t) _
X(t)—> y()=2x(t) > w(t)=0.5y(t) —> w(t)=x(t)
” YO, win] yin]-y[n-1] |—» w[n]=xn]

x[n] > yn] =Y x[k]

k=—oo

Fig. 1.29 Concept of an inverse system.
Examples of non-invertible systems:
y[n]=0,

the system produces zero output sequence for any input sequence.

y() =x*(1),
in which case, one cannot determine the sign of the input from the knowledge of the output.
Encoder in communication systems is an example of invertible system, that is, the input to the

encoder must be exactly recoverable from the output.

1.6.3 Causality

A system is causal if the output at any time depends only on the values of the input at present time
and in the past. Such a system is often referred to as being nonanticipative, as the system output does
not anticipate future values of the input.

The RC circuit in Fig. 25 (a) is causal, since the capacitor voltage responds only to the present and
past values of the source voltage. The motion of a car is causal, since it does not anticipate future
actions of the driver.




The following expressions describing systems that are not causal:

y[n] = x[n] - x[n+1], (2.77)
and
y(t) =x(t+1). (1.78)

All memoryless systems are causal, since the output responds only to the current value of input.

Example : Determine the Causality of the two systems:

(1) y[n] = x[-n]
(2) y(t) = x(t) cos(t + 1)

Solution: System (1) is not causal, since when n<0,e.g. n=-4, we see that y[-4] =x[4], so
that the output at this time depends on a future value of input.

System (2) is causal. The output at any time equals the input at the same time multiplied by a number
that varies with time.

1.6.4 Stability

A stable system is one in which small inp uts leads to responses that do not diverge. More formally, if
the input to a stable system is bounded, then the output must be also bounded and therefore cannot
diverge.

Examples of stable systems and unstable systems:

+

C\ w
— f(t)
b)

(

vi(t)

The above two systems are stable system.

n

The accumulator y[n] = »" x[k ] is not stable, since the sum grows continuously even if X[n] is

k =—c0
bounded.




Check the stability of the two systems:

S1; y(t) =tx(t);
S2: y(t) =e®

S1 is not stable, since a constant input x(t) =1, yields y(t) =t, which is not bounded — no
matter what finite constant we pick, |y(t)| will exceed the constant for some t.

S2 is stable. Assume the input is bounded |x(t)|<B, or —B <x(t) <B forall t. We then see
that y(t) is bounded e ®<y(t) <e?®.

1.6.5 Time Invariance

A system is time invariant if a time shift in the input signal results in an identical time shift in
the output signal. Mathematically, if the system outputis  y(t) when the inputis x(t), a time-
invariant system will have an outputof y(t—1t,) when inputis x(t—t;) .

Examples:

The system y(t) = sin[x(t)] is time invariant.

The system y[n] =nx[n] is not time invariant. This can be demonstrated by using
counterexample. Consider the input signal x,[n] = 6[n], which yields y,[n] =0 . However,
the input x,[n] = 6[n —1] yields the output y,[n]=né6[n-1] = 6[n—1]. Thus, while x,[n] is
the shifted versionof x,[n], y,[n] is not the shifted version of y,[n].

The system y(t) = x(2t) is not time invariant. To check using counterexample. Consider

X, (t) shown in Fig. 1.30 (a), the resulting output vy, (t) is depicted in Fig. 1.30 (b). If the
input is shifted by 2, that is, consider x, (t) =x,(t—2), as shown in Fig. 1.30 (c), we obtain
the resulting output vy, (t) =x,(2t) shown in Fig. 1.30 (d). It is clearly seen that

Yy, (t) =y, (t—2), so the system is not time invariant.




Xl(t) yl(t) Xz(t)=X1(t_2)

1 1 1
2 2 -1 1 0 4
(a) (b) (c)
yz (t) y 2 (t - 2)
1 1
0 2 1 3
(d) (e)

Fig. 1.30 Inputs and outputs of the system y(t) = x(2t) .
1.6.6 Linearity
The system is linear if

e Theresponseto x, (t) +x,(t) is vy, (t) +y,(t) - additivity property
e Theresponseto ax, (t) is ay, (t) - scaling or homogeneity property.

The two properties defining a linear system can be combined into a single statement:

e Continuous time: ax, (t) + bx, (t) — ay, (t) + by, (1) ,
e Discrete time: ax, [n] + bx,[n] — ay, [n] + by, [n].

Here a and b are any complex constants.

Superposition property: If x,[n], k=1, 2, 3, ... are a set of inputs with corresponding outputs
yi[n], k=1, 2,3, ..., then the response to a linear combination of these inputs given by

x[n] = Zak X, [n] =a,; x;[n]+a,x,[n] +a;x;[n] +..., (2.79)

is




y[n] = Zk:ak Yi[n]=a,y,[n]+a,y,[n] +a;y,[n] +..., (1.80)

which holds for linear systems in both continuous and discrete time. For a linear system, zero input
leads to zero output.

Examples:

e The system y(t) = tx(t) is a linear system.
e Thesystem y(t) =x?(t) is not a liner system.

e Thesystem y[n]= Re{x[n]}, is additive, but does not satisfy the homogeneity, so it is not a
linear system.

e Thesystem y[n] =2x[n] + 3 is not linear. y[n] =3 if x[n] =0, the system violates the “zero-
in/zero-out” property. However, the system can be represented as the sum of the output of a linear
system and another signal equal to the zero-input response of the system. For system y[n] = 2x[n]
+ 3, the linear system is

x[n] = 2x[n] ,

and the zero-input response is
Yo[n] =3

as shown in Fig. 1.31.

Yo(t)

x(t) ——>»{ Linear system |——» y(t)

Fig. 1.31 Structure of an incrementally linear system. 'y, (t) is the zero-input response of the
system.

The system represented in Fig. 1.31 is called incrementally linear system. The system responds
linearly to the changes in the input.

The overall system output consists of the superposition of the response of a linear system with a zero-
input response.
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3.0 Introduction

¢ Signals can be represented using complex exponentials — continuous-time and discrete-time
Fourier series and transform.

e If the input to an LTI system is expressed as a linear comb ination of periodic complex
exponentials or sinusoids, the output can also be expressed in this form.

3.1 A Historical Perspective

By 1807, Fourier had completed a work that series of harmonically related sinusoids were useful in
representing temperature distribution of a body. He claimed that any periodic signal could be
represented by such series — Fourier Series. He also obtained a representation for aperidic signals
as weighted integrals of sinusoids — Fourier Transform.

Jean Baptiste Joseph Fourier

3.2 The Response of LTI Systems to Complex Exponentials

It is advantageous in the study of LTI systems to represent signals as linear combinations of basic
signals that possess the following two properties:

e The set of basic signals can be used to construct a broad and useful class of signals.




e The response of an LTI system to each signal should be simple enough in structure to provide us
with a convenient representation for the response of the system to any signal constructed as a linear
combination of the basic signal.

Both of these properties are provided by Fourier analysis.

The importance of complex exponentials in the study of LTI system is that the response of an LTI

system to a complex exponential input is the same complex exponential with only a change in
amplitude; that is

Continuoustime: e — H (s)e*, (3.1)
Discrete-time: z" — H(z)z", (3.2)

where the complex amplitude factor  H (s) or H(z) will be in general be a function of the
complex variable s or z.

A signal for which the system output is a (possible complex) constant times the input is referred to as an
eigenfunction of the system, and the amplitude factor is referred to as the system’s eigenvalue.
Complex exponentials are eigenfunctions.

For an input x(t) applied to an LTI system with impulse response of h(t) , the output is

YO =+ h(Oxt-4 £ np

, (3.3)
_ J':’wh(/)es(t—/)d/ _ est.rjoh(})e—s/d/
where we assume that the integral j “h(He converges and is expressed as
H(s)=| - (f)e“"* d/, (3.4)
the response to e*is of the form
y(t) = H(s)e™, (3.5)
It is shown the complex exponentials are eigenfunctions of LTI systems and H(s) for a

specific value of s is then the eigenvalues associated with the eigenfunctions.

Complex exponential sequences are eigenfunctions of discrete-time LTI systems. That is, suppose that
an LTI system with impulse response h[n] has as its input sequence




x[n]=z", (3.6)

where z is a complex number. Then the output of the system can be determined from the convolution
sum as

Yl = 3 hik]xn K] = Zh[k]z”* =2 Yhiklz*. 3.7)

Assuming that the summation on the right-hand side of Eq. (3.7) converges, the output is the same
complex exponential multiplied by a consta nt that depends on the value of z . That is,

y[n]=H(2)z", (3.8)
where H (2) = Zh[k]z"‘ , (3.9)

k =
It is shown the complex exponentials are eigenfunctions of LTI systems and H(z) fora

specific value of z is then the eigenvalues associated with the eigenfunctions z ",

The example here shows the usefulness of decomposing general signals in terms of eigenfunctions for
LTI system analysis:

Let x(t) = aleslt + azeszt + ase%‘, (3.10)

from the eigenfunction property, the response to each separately is

sit

ae™ >aH (s)e
1 111

ae” —a,H,(s,)e”

a.e™ — aH,(s;)e™

and from the superposition property the response to the sum is the sum of the responses,

y(t) =agH1(s1)e! +ayHy (s0)e™! +agHs(s3)e™ (3.11) Generally, if the input is a

linear combination of complex exponentials,

x(t)= > ae™, (3.12)

the output will be




y(t) = ZakH (s )e™ (3.13)

k

Similarly for discrete-time LTI systems, if the input is
x[n]= Zak z,, (3.14)
k

the output is

yinl=> aH(z )%, (3.15)

3.3 Fourier Series representation of Continuous-Time Periodic Signals

3.31 Linear Combinations of harmonically Related Complex Exponentials
A periodic signal with period of T,
X(t) =x(t+T)forall t, (3.16)
We introduced two basic periodic signals in Chapter 1, the sinusoidal signal
X(t) = cosé,t, (3.17)
and the periodic complex exponential
x(t) = e’®" (3.18)

Both these signals are periodic with fundamental frequency & and fundamental period
T=2v/&,. Associated with the signal in Eq. (3.18) is the set of harmonically related complex
exponentials

F(t) =gt =ekmr k=0,+1,%2, ... (3.19)

Each of these signals is periodic with period of T (although for H ;|t 2 , the fundamental period of

F,(t) isafraction of T). Thus, a linear combination of harmonically related complex
exponentials of the form




XM= Yae" = Yaek M (3.20)
K =—o0 K =—o0

is also periodic with period of T .

e k=0,x(t) is a constant.

e k=+1and k=-1,both have fundamental frequency equal to & and are collectively
referred to as the fundamental components or the first harmonic components.

e k =+2and k=-2, the components are referred to as the second harmonic components.

e k =+Nand k=-N, the components are referred to as the Nth harmonic components.

Eqg. (3.20) can also be expressed as
XB)=x*t)= Y ax e, (3.21)
k=—o0

where we assumethat x(t) is real, that is, x(t) = x *(t) .

Replacing k by — k in the summation, we have
xt)=dax, e, (3.22)
k =—o0

which , by comparison with Eq. (3.20), requires that a,=a *_,, or equivalently
a* =a,. (3.23)

To derive the alternative forms of the Fourier series, we rewrite the summation in Eqg. (2.20) as
o D ae  +a,e ] (3.24)
k=1

Substituting a*, fora_, we have

o 2.ae  +a%e ] (3.25)
k=1

Since the two terms inside the summation are complex conjugate of each other, this can be expressed as

+

X{t) =3, + 2Refae® }. (3.26)

k=1
k




If a, is expressed in polar from as
a=Agl%,

then Eq. (3.26) becomes

X(t) =a, + 2Re{ Aeia ) |

k=1
That is
X(t) = a, + 22 A, cos(k& t+ 0,). (3.27)
k=1

It is one commonly encountered form for the Fourier series of real periodic signals in continuous time.

Another form is obtained bywriting a, in rectangular form as
&= B, +JC,

then Eq. (3.26) becomes

X(t) = a, +2D_[B, cosk&ot — C, sink&ot]. (3.28)
k=1

For real periodic functions, the Fourier series in terms of complex exponential has the following
three equivalent forms:

k =—c0

400 400
()= Yaak=y aek

X(t) =a,+2) A:(k_cios(kgot +0,)

+00

x(t) = a, + ZKZ:l[Bk coskEyt — C, sin k&t ]




3.3.2 Determination of the Fourier Series Representation of a Continuous-Time Periodic Signal

Multiply both side of x(f) = > ae™“*" by e "' we obtain
Kk =—o0

x(t)e "' = >ae et (3.29)
K =—o0

Integrating both sides from0to T =2v/ &, we have

T

—-jnét +00 T jket —jné t —| +o0 7 J(k=n)ét —|
[ e
0

[ xe cdt=Ya([e e cdtj= a vt |, (3.30)

0 k=-o0 0 J k=-o0 J

Note that

jTej(k_n)éotdt: T, k:n

0 0, k=n

So Eq. (3.30) becomes

a = Tx(e et (3.31)
n T o

The Fourier series of a periodic continuous-time signal

+00 +00
X(t) _ Zakejkéot _ akejk @v/IT)Ht

3.32
k=—c0 k ( )

_ 1 — kSt 44 _ 1 —jk v/ T)t
a, = ?L X(t)e "=odt = ?_[T x(t)e dt 659

Eq. (3.32) is referred to as the Synthesis equation, and Eq. (3.33) is referred to as analysis equation.
The set of coefficient {a,} are often called the Fourier series coefficients of the
spectral coefficients of x(t) .

The coefficient a,is the dc or constant component and is given with k=0, that is




1
% =] xdt, (3.34)

Example: consider the signal x(t) = sin &t.

1 i
sin &t=5€" - Lo 2]

Comparing the right-hand sides of this equation and Eqg. (3.32), we have

a= ~
l_2j' —. 2J
a=>0, k#+lor-1

Example : The periodic square wave, sketched in the figure below and define over one period is

1, lt]< T, (3.35)
X(t):io, T.<{|<T/2’ :
The signal has a fundamental period T and fundamental frequency & ,=2v/T.

x(t)
* O o | | | | | e o o
- 2T oT -TT T T 2T
— _ 1 1
2 2

To determine the Fourier series coefficients for x(t) , we use Eq. (3.33). Because of the
symmetry of x(t) about t=0,wechoose -T/2<t<T/2 astheinterval over which the
integration is performed, although any other interval of length T is valid the thus lead to the same result.

Fork=0,

JTT at=""", (3.36)

1
a j_TTx(t)dt o
T/, TJ

For k =0, we obtain




1 T

a= JE o Kt gt —— D'l -kt
! kaoT -Ty
k21 [ e kaonquf kot || (3.37)
o I I

_ 2sin(k& T,) _sin(kE,T,)
k& T kv

. 1 l” “l
L1 et L T 1l

0
()

u---_8"'”||!||II"'8---..

()

The above figure is a bar graph of the Fourier series coefficients for a fixed T , and several values of T .
For this example, the coefficients are real, so they can be depicted with a single graph. For complex

coefficients, two graphs corresponding to the real and imaginary parts or amplitude and phase of each
coefficient, would be required.

3.4 Convergence of the Fourier Series

If a periodic signal X(t) is approximated by a linear combination of finite number of
harmonically related complex exponentials

XM= ae’" . (3.38)

k=-N




Let ey (t) denote the approximation error,
) N
en(®) =x() —xy O =x(t) - Y ae". (3.39)

k=—N

The criterion used to measure quantitatively the approximation error is the energy in the error over one
period:

Ey = [ [en ()] dt. (3.40)

It is shown (problem 3.66) that the particular choice for the coefficients that minimize the energy in the
error is

1
a= - ket
. ?J[ x(t)e o dt . (3.41)

It can be seen that Eq. (3.41) is identical to the expression used to determine the Fourier series
coefficients. Thus, if x(t) has a Fourier series representation, the best approximation using only

a finite number of harmonically related complex exponentials is obtained by truncating the Fourier
series to the desired number of terms.

The limitof Eyas N — oo is zero.

One class of periodic signals that are representable through Fourier series is those signals which have
finite energy over a period,

_T‘x(t)‘zdt <o, (3.42)

When this condition is satisfied, we can guarantee that the coefficients obtained from Eq. (3.33) are
finite. We define

e(t) = x(t) - > a, "', (3.43)

then

[l dt =0, (3.44)




The convergence guaranteed when x(t) has finite energy over a period is very useful. In this
case, we may say that x(t) and its Fourier series representation are indistinguishable.

Alternative set of conditions developed by Dirichlet that guarantees the equivalence of the signal and its
Fourier series representation:

Condition 1: Over any period, x(t) must be absolutely integrable, that is
[ Xt <o, (3.45)

This guarantees each coefficient a, will be finite, since

a|=" x(t)e o'dt = ! d 3.46
) ft=— | ot <eo (3.46)
A periodic function that violates the first Dirichlet condition is

1
X(t)=—,t O<t<l1.

Condition 2: In any finite interval oftime, x(t) is of bounded variation; that is, there are no
more than a finite number of maxima and minima during a single period of the signal. An example of a
function that meets Condition1 but not Condition 2:
. [ 2v
x(t) =sm( \, 0<t<1, (3.47)

t

Condition 3: In any finite interval of time, there are only a finite number of discontinuities.
Furthermore, each of these discontinuities is finite.

An example that violates this condition is a function defined as
X)=1,0<t<4, x(t)=1/2,4<t<6, x(t)=1/4,6<t<7, x(t)=1/8,7<t<75,etc.

The above three examples are shown in the figure below.




X x(t) i

e}

The above are generally pathological in nature and consequently do not typically arise in practical
contexts.

Summary:

e Fora periodic signal that has no discontinuities, the Fourier series representation converges and
equals to the original signal at all the values of t .

e For a periodic signal with a finite number of discontinuities in each period, the Fourier series
representation equals to the original signal at all the values of t except the isolated points of
discontinuity.

Gibbs Phenomenon:

Near a point, where x(t) has a jump discontinuity, the partial sums X, (t) of a Fourier series

exhibit a substantial overshoot near these endpoints, and an increase in N will not diminish the
amplitude of the overshoot, although with increasing N the overshoot occurs over smaller and smaller
intervals. This phenomenon is called Gibbs phenomenon.
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A large enough value of N should be chosen so as to guarantee that the total energy in these ripples is
insignificant.

3.5 Properties of the Continuous-Time Fourier Series

Notation: suppose X(t) is a periodic signal with period T and fundamental frequency ¢&,. Then if
the Fourier series coefficientsof x(t) are denoted by a,, we use the notation

x(t)«E—a,,

to signify the pairing of a periodic signal with its Fourier series coefficients.




3.5.1 Linearity

Let x(t) and y(t) denote two periodic signals with period T and which have Fourier series
coefficients denotedby a,and b, , that is

x(t)«2—a, and y({t)«=—>b,,
then we have

z(t) = Ax(t) + By(t) «——c, = Aa, +Bb,. (3.48)

3.5.2 Time Shifting

When a time shift to a periodic signal x(t) , the period T of the signal is preserved.

If x(t)«=—a,, then we have

X(t—t,) «>—>e ¥, . (3.49)

The magnitudes of its Fourier series coefficients remain unchanged.

3.4.3 Time Reversal
If x(t)«=—a,, then

x(t)«E—a,. (3.50)

Time reversal applied to a continuous-time signal results in a time reversal of the corresponding
sequence of Fourier series coefficients.

If x(t) iseven,that is x(t) =x(-t), the Fourier series coefficients are also even, a, =a.
Similarly, if x(t) isodd,thatis x(-t) = —x(t) , the Fourier series coefficients are also odd,
a K = _ak .

3.5.4 Time Scaling

+00

If x(t) has the Fourier series representation X(t) = Zake ket then the Fourier series
K =-o0

representation of the time -scaled signal X(at) is




X(at) = > a,e’ ), (3.51)
K =—o0

The Fourier series coefficients have not changes, the Fourier series representation has changed because
of the change in the fundamental frequency.

3.5.5 Multiplication

Suppose x(t) and y(t) are two periodic signals with period T and that

x(t)«=—a,,

y(t) «——b,.

Since the product x(t) y(t) is also periodic with period T, its Fourier series coefficients h, is

x(t)y(t)<i>hk = Zalbk_l . (3.52)

| =00

The sum on the right-hand side of Eg. (3.52) may be interpreted as the discrete-time convolution
of the sequence representing the Fourier coefficients of  x(t) and the sequence representing the
Fourier coefficients of y(t) .

3.5.6 Conjugate and Conjugate Symmetry

Taking the complex conjugate of a periodic signal  x(t) has the effect of complex conjugation
and time reversal on the corresponding Fourier series coefficients. That is, if

x(t) «=— g , then
x*(t)«E—a* . (3.53)

If x(t) isreal, thatis, x(t)=x*(t), the Fourier series coefficients will be conjugate symmetric,
that is

a, =a*. (3.54)




From this expression, we may get various symmetry properties for the magnitude, phase, real parts and
imaginary parts of the Fourier series coefficients of real signals. For example:

o From Eq. (3.54), we see thatif x(t) is real, ajis real and |a_, | =f |

e If x(t) isreal and even, we have a=a_,,fromEq.(3.54) a, =a*,soa, =a*=the
Fourier series coefficients are real and even.
e If x(t) is real and odd, the Fourier series coefficients are real andodd.

3.5.7 Parseval’s Relation for Continuous-Time periodic Signals

Parseval’s Relation for Continuous-Time periodic Signals is

EJ X0 dt = iJakr 1 (3.55)
T k=

Since

1 ket _1 2 2
?J;’zif dt= .[|ak|dt_a1lé|

T

so that |ak|2 is the average power in the kth harmonic component.

Thus, Parseval’s Relation states that the total average power in a periodic signal equals the sum of the
average powers in all of its harmonic components.




3.5.8 Summary of Properties of the Continuous-Time Fourier Series

Property Periodic Signal Fourier Series
Coefficients
x(t)]; Periodic with period T and a,
y(t) ] fundamenta | frequency &= 2v/T b,
0
Linearity AXx(t) + By(t) Aa ,+ Bb|
Time Shifting X(t—1t,) e g
Frequency shifting e Max(1) a
Conjugation X *(t) a*,
Time Reversal X(-t) a,
Time Scaling X(ct) , o> 0 (Periodic with period T/ «) Ay
Periodic Convolution J'Tx(/)y(t—%)d% Tab,
Multiplication X(t) y(t v
® y() S ap,.
|=—00
Differentiation dx(t) jkga = jk “Va
dt 0 k Tf_ k
Integration } (t)dt (finite valued and periodic onl ( S P T S
__x(t)dt (finite valued and periodic only & = > ax
if a,=0) ke,J7 VT
Conjugate  Symmetry for x(t) real ( a,=a*,
Real Signals

Re{ak }= Re{z{k}
Im{a, }=-Im{a_,}

[ fo |

L éak: _éafk

Real and Even Signals
Real and Odd Signals

Even-Odd  Decomposition
of Real Signals

X(t) real and even
X(t) real and odd

{ X, ()= Evgx(t)}} &x(t) reaq\

Lx (t) =0Od x(t) X(t) real

a,real and even
a, purely imaginary and
odd
Refa, }
jimfa, }

Parseval’s Relation for Periodic Signals

1 2 2
= [x) dt=X[a]
Kk =—a0




Example : Consider the signal g(t) with a fundamental period of 4.

g(t)

1/2 —

| | | | )
-2 -1 1 ]2
—_ -1/2

The Fourier series representation can be obtained directly using the analysis equation (3.33). We
may also use the relation of g(t) to the symmetric periodic square wave x(t) discussed on page
8. Referring to that example, T=4and T,=1,

g(t) = x(t-1)—1/2. (3.56)

The time-shift property indicates that if the Fourier series coefficients of x(t) are denoted by a,
the Fourier series coefficientsof x(t — 1) can be expressed as

b, =ag . (3.57)

The Fourier coefficients of the dc offset in g(t), that is the term —1/2 on the right-hand side of Eg. (3.56)
are given by

. JO, for k=0
= FE, fork=0. (3.58)
2

Applying the linearity property, we conclude that the coefficients for g(t) can be expressed as

| [a, e /2 fork=0
d= 1
k i)
Tao - fork=0
2
sin(vk/2)ejkv,2
kv

(3.59)

replacing a= , then we have
k
JSin(VK 12) gz fork=0

K : (3.60)
[o, fork=0




Example : The triangular wave signal  x(t) with period T =4, and fundamental frequency
& .= v/ 2 is shown in the figure below.

X (t)

The derivative of this function is the signal ~ g(t) in the previous preceding example. Denoting

the Fourier series coefficients of g(t) by d,, and those of X(t) by e, based on the
differentiation property, we have

d, = jk(v/2)e,. (3.61)
This equation can be expressed in terms of e, except when k=0.From Eq. (3.60),

_2d, _ 2 sin(1k /2) o kv

& == 2
kv jlkv)

(3.62)

k

Fork=0,e, can besimply calculated by calculating the area of the signal under one period and
divide by the length of the period, that is

e, =1/2. (3.63)

Example: The properties of the Fourier series representation of periodic train of impulse,

X®) = > 6(t-kT). (3.64)
K =—o0
We use Eq. (3.33) and select the integration interval to be —-T/2<t<T/2,avoiding the
placement of impulses at the integration limits.
1 4 1
a == (e @M=" (3.65)
kK T lri2 T

All the Fourier series coefficients of this periodic train of impulse are identical, real and even.




The periodic train of impulse has a straightforward relation to square-wave signals such as g(t)
on page 8. The derivative of g(t) is the signal q(t) shown in the figure below,

x(t)
A
=27 -T T 2T
g(t)
| I I I I I
_ 2T -T T-T, T, T T 2T2
2
q(t)

which can also interpreted as the difference of two shifted versions of the impulse train X(t) .
That is,

qt) =x(t+T) —x(t-T,). (3.66)

Based on the time -shifting and linearity properties, we may express the Fourier coefficients b, of
q(t) in terms of the Fourier series coefficient of a,; that is

—keT
b =e jk§(;l'1a — efjkgTal: 1 [ejk"tT o1 — € : 501]1 (367)
k k K T

Finally we use the differentiation property to get
b, = jk&Cy (3.68)

where ¢, isthe Fourier series coefficients of g(t). Thus




c= D 2jsin(kgTy) _2sin(k&T,)

COkE, kT k&T

L k=0, (3.69)

C, can be solve by inspection from the figure:

L (3.70)

Example: Suppose we are given the following facts about a signal x(t)

X(t) is a real signal.

X(t) is periodic with period T =4, and it has Fourier series coefficients a,.
a,=0fork>1.

The signal with Fourier coefficients b, =e "/?a_, is odd.

EJ|x(t)|2dt=£
4°4 2

g~ WP

Show that the information is sufficient to determine the signal x(t) to within a sign factor.

e According to Fact 3, x(t) has at most three nonzero Fourier series coefficients a,:a,, a,
and a, . Since the fundamental frequency & ,=2v/ T=2v/4= v/ 2, it follows that

x(t) =a, +ae’?+a, e, (3.71)
e Since x(t) is real (Fact 1), based on the symmetry property a,isrealand a,=a™*,.
Consequently,
x()=a +ae™?+(ae?)=a +2Re{ae?}. (3.72)
0 1 1 0 1

e Based on the Fact 4 and considering the time-reversal property, we note that a, corresponds
to x(—t) . Also the multiplication property indicates that multiplication of kth Fourier series by e **/
? corresponds to the signal being shifted by 1 to the right. We conclude that the
coefficients b, correspond to the signal  x(—(t — 1)) = x(-t + 1) , which according to Fact 4
must be odd. Since  x(t) isreal, x(-t+1) must also be real. So based the property, the
Fourier series coefficients must be purely imaginary and odd. Thus, b,=0,b_,=-b,.

e Since time reversal and time shift cannot change the average power per period, Fact 5 holds
evenif x(t) is replaced by x(-t+1). Thatis

1 2 1
ZIJXH T 1)[dt =§ : (3.73)




Using Parseval’s relation,
o b =172, (3.74)

Since b_,=—hb,, we obtain |b,=1/2. Since b, is known to be purely imaginary, it must be
eitherb,=j/2orb,=—j/2.

e Finally we translate the conditions on b,and b, into the equivalent statement on a,and
a, . First, since by= 0, Fact 4 implies that a,=0.With k=1, this condition implies that
a=e "'?b  =—jb,= jb,.Thus, ifwetake b,= j/2, a,=-1/2,from Eq. (3.72),
X(t) = —cos(vt / 2) . Alternatively, if we take  b,=-j/2, the a,=1/2, and therefore,
x(t) =cos(vt/2).
3.6 Fourier Series Representation of Discrete-Time Periodic Signals

The Fourier series representation of a discrete-time periodic signal is finite, as opposed to the
infinite series representation required for continuous-time periodic signals

3.6.1 Linear Combination of Harmonically Related Complex Exponentials
A discrete-time signal x[n] is periodic with period N if
X[n] =x[n+ N]J. (3.75)

The fundamental period is the smallest positive N for which Eq. (3.75) holds, and the fundamental
frequency is £,=2v/N.

The set of all discrete-time complex exponential signals that are periodic with period N is given by
F[n] =ekon=gk@MNn Tk =0,+1,+2,...,, (3.76)

All of these signals have fundamental frequencies that are multiples of 2v/ N and thus are
harmonically related.

There are only N distinct signals in the set given by Eq. (3.76); this is because the discrete-time
complex exponentials which differ in frequency by a multiple of 2v are identical, that is,

T [n] =[] 3.77)




The representation of periodic sequences in terms of linear combinations of the sequences 7, [n] is

x[n]=> a 7 [n]=D ae’" =D a ek /M, (3.78)
k k k kk k

k

Since the sequences 3, [n] are distinct over a range of N successive values of k, the summation in Eq.
(3.78) need include terms over this range. We indicate this by expressing the limits of the
summation as k=N . That is, < >

x[n] = Z( a g [n] = Z%ake b ; &ejk(zvm)n . (3.79)
K=(N) k=(N ) K<{N)

Eq. (3.79) is referred to as the discrete-time Fourier series and the coefficients a,  as the Fourier
series coefficients.

6.2 Determination of the Fourier Series Representation of a Periodic Signal

The discrete-time Fourier series pair:

Kk 2 2 , (3.80)
k=(N') k=(N) k=(N)
1 . _ik(2v . 3.81
TN S X[n]e_Jkgon:_lN 3" x[njek@v/N)n (3.81)
=Y =N )

Eq. (3.80) is called synthesis equation and Eqg. (3.81) is called analysis equation.
Example: Consider the signal x[n]=sin&,n, (3.82)

x[n] is periodic only if 2v/ &, is an integer, or a ratio of integer. For the case thewhen 2v/ &,
is an integer N, that is, when

E = (3.83)

x[n] is periodic with the fundamental period N. Expanding the signal as a sum of two complex
exponentials, we get




_ ~i(2viNyn (3.84)

1
=—=
x[n] 2
From Eqg. (3.84), we have
1 1
(3.85)

and the remaining coefficients over the interval of summation are zero. As discussed previously, these
coefficients repeat with period N.

The Fourier series coefficients for this example with N =5 are illustrated in the figure below.

o=

*e e
9

(3.86)

Assuming the M and N do not have any commo n factors, x[n] has a fundamental period of N.

Again expanding x[n] as a sum of two complex exponentials, we have

X[n]:i-ejM(Zv/N)n_ i-eij(Zv/N)n’ (387)
2] 2]

From which we determine by inspection that a,,=(1/2j),a,, =-(1/2j), and the remaining
coefficients over one period of length N are zero. The Fourier coefficients for this example with

M =3 and N =5 are depicted in the figure below.

D=

12

7

N

3456 )| 8910113 k




Example : Consider the signal

2 20 (v )

L_J 3COSK—J cosk— — J '
N N N 2

Expanding this signal in terms of complex exponential, we have

X[n] =1+sin

x[n]=1+(3+ 1 )ej(Zv/N)n+(3_ 1 )e—j(Zle)n_i_(lejv/Z\ j2(2v/N)n+(1e—jv/Z\\e—jZ(Zv/N)n.
_ = _ = o _
2 2j 2 2j 2 LZ

Thus the Fourier series coefficients for this signal are

a,=1,

31 3 1.
a= + = - 1,
Y2 02 2 2

3 13 1.
a = - =+ 1],
T2 02f 2 2
a—li
2 2’

1.
a_z——EJ

with a,=0 for other values of k in the interval of summation in the synthesis equation. The real

and imaginary parts of these coefficients for N =10, and the magnitude and phase of the
coefficients are depicted in the figure below.

Re {a,}

2N -N 0 N 2N k

Im{a}

1
L]
~ |

(@)




lad
vio
2

M=

—2N -N 0 N 2N k

b

Example : Consider the square wave shown in the figure below.

01111

“Ny 0 N, N n

Because x[n] =1 for — N,<n <N,, we choose the length-N interval of summation to include
the range — N, <n <N, . The coefficients are given

1 ™M —jk(2viN)n

A= = Y , (3.88)

Let m=n+ N,, we observe that Eq. (3.88) becomes




1 K (2v/NYm-N) L jk@viNN & ik@vIN)
- -j v m-N; :_eJ v 1 e_J v m’ 3.89
8= ;e s nz(; (3.89)
1 .
a= jk(ZV/N)qul_ejk2v(2N1+1)/N\ 1 sm[2‘4<(N1 +1/2)/ N]’ K20 +N,+2N, ... (3.90)
o T L 1_ e k2N | N sin(k/N)
and
2N, +1
= lN k=0,+N,+2N, .... (3.92)

The coefficients a, for 2N,+ 1 =5 are sketched for N =10, 20, and 40 in the figure below.

The partial sums for the discrete-time square wave for M =1, 2, 3, and 4 are depicted in the
figure below, where N=9,2N,+1=5.

We see for M =4, the partial sum exactly equals to  x[n]. In contrast to the continuous-time
case, there are no convergence issues and there is no Gibbs phenomenon.




X[l M=1
4
..ol
—18 -9 0 9 18 n
(@
X[n] M=2
—18 -9 0 9 18 n
(b)
xIn] M=3
-8 -9 0 9 18 n
)]
Xl M=4
—18 -9 0 9 18 n
()

3.7 Properties of Discrete-Time Fourier Series

Property Periodic Signal Fourier Series Coefficients
x[n]1 Periodic with period N and T .
y[n] | fundamenta | frequency & =2v b Periodic with period N
0 k
Linearity AXx[n] + By[n] Aa, + Bb,
Time Shifting x[n - n, ] g K@vNtg
Frequency shifting g M(2v/NInyTn] Ay
Conjugation X *[n] a*,




Time Reversal

a

Time Scaling

X[-n]
[x[n/m], if n is a multipleof n
] = A/, Af s a multip
10, if n is a multipleofn

(Periodic with period mN )

. (' viewed as periodic) m
With period mN )

Periodic Convolution Z‘X[r]y[n —1] Na, b,
r=[N]
Multiplication X[n]y[n]
Z aI bk —1=<N >
Differentiation x[n] = x[n-1] (1 _ e—jk(Zv/N))a )

Real Signals

Integration n 1
X[k ] (finite valued and periodic v
k;m[ 1( p = e;k(Z/N))k
onlyifa,=0)
Conjugate  Symmetry for x[n] real

[ ak: a*_k

Re{ak}: Re{a_k}

Real and Even Signals
Real and Odd Signals
Even-Odd  Decomposition

x[n] real and even
x[n] real and odd

a,real and even
a, purely imaginary and odd

of Real Signals { xe[n]_: Evixinl} [xIn] real Refa }

% [n]=0d {x[n] } Ex[n] real} i Imfa,

Parseval’s Relation for Periodic
Signals
2l =2 |
3.7.1 Multiplication
FS

x[n]y[n]«—"— Zalbk—l 292

|=<N>

Eq. (3.92) is analogous to the convolution, except that the summation variable is now restricted to in
interval of N consecutive samples. This type of operation is referred to as a Periodic Convolution
between the two periodic sequences of Fourier coefficients.

The usual form of the convolution sum, where the summation variable ranges from —ooto + o,
is sometimes referred to as Aperiodic Convolution.




3.7.2 First Difference

X[n]—x[n—1]«(1—e ¥ /N g |

3.7.3 Parseval’s Relation

1
Tyl X

k=<N >

(3.94)

3.7.4 Examples

Example : Consider the signal shown in the figure below.

SRR
”J lHoT W

(3.93)

X2[N]




The signal x[n] may be viewed as the sum of the square wave X, [n] with Fourier series
coefficients b, and x,[n] with Fourier series coefficients c,.

a.k = bk +Ck y (3.95)
The Fourier series coefficientsfor x, [n] is

{1 sin(31k/5)  fork #0, =5, + 10, ....

5 sin(1k/5)
b =y> SiN(K/S) . (3.96)
i, fork=0,£5,+ 10, ....
The sequence x,[n] has only a dc value, which is captured by its zeroth Fourier series
coefficient:
1 4
¢ =g 2% =1, (3.97)
n=0

Since the discrete-time Fourier series coefficients are periodic, it follows that ¢, = 1 whenever k
is an integer multiple of 5.

(1 sin(31k/5) fork=0,+5, + 10, ....

5 sin(1k /5) (3.98)

a = .
E, fork=0,+5, +10, ...

Example : Suppose we are given the following facts about a sequence x[n]:

1. x[n] is periodic with period N=6 .
2. 3" xnl=2.

3. 3 (-1)"x[n]=1.

4

x[n] has minimum power per period among the set of signals satisfying the preceding three
conditions.

1 5
e From Fact 2, we have a, = Ej x[n] Zg-
e Notethat (-1)"=e "= e 2830 \we see from Fact 3that a  — * "X[n]e 12 Mn_ 1
P gL 6
e From Parseval’s relation, the average powerin X[n] is




5
P:;‘akz"

Since each nonzero coefficient contributes a positive amount to P, and since the values of a,and
a, are specified, the value of P is minimized by choosing a,=a,=a,=a,=0. It follows that

o101
x[N]=a+ae'"= 1",
0 3 g

w4+

which is shown in the figure below.

1/2
X[n]

1/6

CITIT

3.8 Fourier Series and LTI Systems

We have seen that the response of a continuous-time LTI system with impulse response h(t) to a
complex exponential signal e”is the same complex exponential multiplied by a complex gain:

y(t) = H (s)e”, where

H()= [ h(/)e'd/, (3.99)

In particular, for s=j&, the outputis  y(t) =H (j&e’®. The complex functions  H(s) and
H(j&) are called the system function (or transfer function) and the frequency response,
respectively.

By superposition, the output of an LTI system to a periodic signal represented by a Fourier series

—+00 +00
X0 = Y ae"t = Yae"®™" isgivenby
Kk =—o0 k =—o0




y(t) = fak H (jk&o)e ™ (3.99)

That is, the Fourier series coefficients b, of the periodicoutput y(t) are given by
b, =a.H (jk&,), (3.100)

Similarly, for discrete-time signals and systems, response h[n] to a complex exponential signal
e’ is the same complex exponential multiplied by a complex gain:

y[n] =H (jk&e =", (3.101)
where
H(e’)= Yhnle . (3.102)
+3 . 1
Example: Suppose that the periodic signal x(t) = >_a,e**" with & = 1,a=a, ZZ’
k=-3

1. . . -
a,=a, = E and a;=a,= 3 is the input signal to an LTI system with impulse response

h(t) = eu(t)

To calculate the Fourier series coefficients of theoutput y(t) , we first compute the frequency
response:

H(j&)=["eTed/= S (3.103)
0 1+ j& . 1+j¢

The output is

+3
y@t) = > bie ™", (3.104)
k=—3

where b,=a,H (jk&,)=aH (jk2v), so that

b0:0, b1=_]T L D b1= }( ! D

4\1+j2v ) 4\1-j2v)




]T( 1 |\ b, -

4\1+jav) 41— j4v)

b, =

O e T |

4\1+j6v) 41-j6v)

Example: Consider an LTI system with impulse response h[n] = «"u[n] , - 1 < a< 1, and with
the input
(2w
X[n] = cosL J (3.105)
N

Write the signal x[n] in Fourier series form as

1 . 1 .
X[n] :_ej(ZV/N)n+_e—j(2V/N)n.
2 2

Also the transfer function is

e\ 1

00 0 Jf:

(19 S g io_ 5 (@ &) = y (3.106)
( nZ::o Zn‘io 1-ae™

The Fourier series for the output

y[n] = ; H(ejZV/N )ai(Zv/N)n N ; H(e—jZV/N )e—j(ZV/N)n
: (3.107)
:é[ _ 1 i jel(Zv/N)n +é[ ~ 1 _ie %](ZV/N)H




3.9 Filtering

Filtering — to change the relative amplitude of the frequency components in a signal or eliminate some
frequency components entirely.

Filtering can be conveniently accomplished through the use of LTI systems with an appropriately
chosen frequency response.

LTI systems that change the shape of the spectrum of the input signal are referred to as
frequency-shaping filters.

LTI systems that are designed to pass some frequencies essentially undistorted and significantly
attenuate or eliminate others are referred to as frequency-selective filters.

Example : A first-order low-pass filter with impulse response  h(t) = e " u(t) cuts off the high
frequencies in a periodic input signal, while low frequency harmonics are mostly left intact. The
frequency response of this filter

H(j&)=["e"ed/= ' (3.107)

1+j&
We can see that as the frequency & increase, the magnitude of the frequency response of the
filter |H (j§)| decreases. If the periodic input signal is a rectangular wave, then the output signal
will have its Fourier series coefficients b, given by

sin(k&T,)

R k0 (3.108)
kv(L+ jKE)

b=a, H(Jk&,)=

2T,

bo=a, H(0)= (3.109)

The reduced power at high frequencies produced an output signal that is smother than the input signal.

Y
~—




3.10 Examples of continuous-Time Filters Described By Differential Equations

In many applications, frequency-selective filtering is accomplished through the use of LTI systems
described by linear constant-coefficient differential or difference equations. In fact, many physical
systems that can be interpreted as performing filtering operations are characterized by differential or
difference equation.

3.10.1 A simple RC Lowpass Filter

The first-order RC circuit is one of the electrical circuits used to perform continuous-time filtering. The
circuit can perform either Lowpass or highpass filtering depending on what we take as the output
signal.

ASRA

v (t )C) Vv (t)

If we take the voltage cross the capacitor as the output, then the output voltage is related to the input
through the linear constant-coefficient differential equation:

RC %4‘ v, (1) = v (t). (3.111)
Assuming initial rest, the system described by Eq. (3.111) is LTI. If the inputis v(t)=e 1 we
must have voltage output v (t) = H (j&)e'®. Substituting these expressions into Eq. (3.111), we
have

d o i _
RC#H (i&)e’ |+ H (i) —is (3112)
or

RCjEH(j&)e’™ + H (jé)e =e'™, (3.113)




1

Then we have H(jé) =——F—. 3.114
(i%) 1TRGiZ (3.114)
Te amplitude and frequency response H(j&) is shown in the figure below.
{H(jw)l
RC 0 kG ®
(@)
I H(jw)
-+ /2
—— - /4
] 1/RC
~1RC 0 I ®
—m/4———
- —m/2
We can also get the impulse response
1 _
ht) = —e ' “u(t), (3.115)
RC
and the step response is
h(t) = (1-e")u(t), (3.116)
The fundamental trade-off can be found by comparjng the fi
e To pass only very low frequencies,
1/ RC should be small, or RC should
be large.
(@)
e To have fast step response, we need a smallgr RC.
st}
e The type of trade-off between behaviors injthe frequ 1 ----- e e cal of the
issues arising in the design analysis of LTI $ystems. il
= |
|
|
|
: t
(b)




3.10.2 A Simple RC Highpass Filter

If we choose the output from the resistor, then we get an RC highpass filter.

3.11 Examples of Discrete-Time Filter Described by Difference Equations
A discrete-time LTI system described by the first-order difference equation
y[n] —ay[n-1]=x[n] . (3.116)

Form the eigenfunction property of complex exponential signals, if x[n] =e’" | then
y[n] =H (e*)e’", where H (e ) is the frequency response of the system.

- 1
H(eié) = _ 3.117
€)= (3.117)

The impulse response of the system is
x[n] = a"u[n]. (3.118)
The step response is

_ a‘n+l
s[n] = ufn]. (3.119)

l1-a

(e)

® a=-06

From the above plots we can see that for a=0.6 the system acts as a Lowpass filter and
a=-0.6, the system is a highpass filter. In fact, for any positive value of a <1, the system
approximates a highpass filter, and for any negative value of a > -1, the system approximates a




highpass filter, where a | | controls the size of bandpass, with broader pass bands as |ajin
decreased.

The trade-off between time domain and frequency domain characteristics, as discussed in continuous
time, also exists in the discrete-time systems.

3.11.2.2 Nonrecursive Discrete-Time Filters

The general form of an FIR norecursive difference equation is

y[n] = Zbkx[n—k]. (3.120)

It is a weighted average of the (N+M+1) values of x[n], with the weights given by the
coefficients b, .

One frequently used example is a moving-average filter, where the output of y[n] is an average
of values of x[n] in the vicinity of n,- the result corresponding a smooth operation or lowpass
filtering.
1

An example: YIn] = 5(x[n 1]+ x[n]+x[n +1]). (3.121)
The impulse response is
h[n] = E(a[n —1]+ 6[n] + 6[n +1]), (3.122)

3
and the frequency response

H(e)= 1_(eif +1re¥), (3.123)
3

[H(e!*)|

Magnitude of the fre-
- om o  quency response of a three-point
moving-average lowpass filter.




A generalized moving average filter can be expressed as

1

Ml =g 12 Zb x[n—K]. (3.124)
The frequency response is
el M 1 iefovwy 2] SIN[E(M + N +1)/2]
Uik _ e
He ):—M+N+1k2§ MFN+T Sn(c72) (3.125)

The frequency responses with different average window lengths are plotted in the figure below.

[HE")|
]
—r — /2 0 w2 T
w
(a)
IHE")|
]
:_ "3 N L. p|
—Tr —1r/l2 0 11/12 'rlr
w
(b)

Magnitude of the frequency response for the lowpass moving-
average filter of eq. (3.162): () M = N = 16; (L) M = N = 32.

FIR norecursive highpass filter

An example of FIR norecursive highpass filter is




X[n] = x[n-1]

y[n] = (3.126)
2
The frequency response is
_ 1 B _
H(e") = Zil—e )= je k% sin(l 2). (3.127)

| Helv) |

R e Ll T TP

: o Frequency response of
™ a simple highpass filter.




Continuous-Time Fourier Transform

4.0 Introduction

e A periodic signal can be represented as linear combination of complex exponentials which are
harmonically related.

e An aperiodic signal can be represented as linear combination of complex exponentials, which are
infinitesimally close in frequency. So the representation take the form of an integral rather than a
sum

e In the Fourier series representation, as the period increases the fundamental frequency decreases
and the harmonically related components become closer in frequency. As the period becomes
infinite, the frequency components form a continuum and the Fourier series becomes an integral.

4.1 Representation of Aperiodic Signals: The Continuous-Time Fourier Transform

4.1.1 Development of the Fourier Transform Representation of an Aperiodic Signal

Starting from the Fourier series representation for the continuous-time periodic square wave:

1, lt]< T, @.1)
X(t)zio, Ti<t|<T/2’ '
x (t)
4 O O | | | | | | * @ o
- 2T -T T-T T T T 2T
— _ 1 1
2 2
The Fourier coefficients a, for this square wave are
2sin(k& T
_2sink&T) 42)

k&, T

or alternatively

81




a - 2SNCETI| 4.3)
5 E=k&

where 2sin(&T,) /& represent the envelopeof Ta,

e When T increases or the fundamental frequency E,=2vIT decreases, the envelope is

sampled with a closer and closer spacing. As T becomes arbitrarily large, the original periodic
square wave approaches a rectangular pulse.

e Ta, becomes more and more closely spaced samples of the envelope, as T — « , the Fourier
series coefficients approaches the envelope function.

This example illustrates the basic idea behind Fourier’s development of a representation for aperiodic
signals.

Based on this idea, we can derive the Fourier transform for aperiodic signals.

Suppose a signal  x(t) with a finite duration, thatis, ~x(t)=0 for [t|>T,, as illustrated in the
figure below.

e From this aperiodic signal, we construct a periodic signal X(t), shown in the figure below.
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x(t)

A

-T T t
(@
(1)
~2T -T -T, 0 T T oT t

(b)

e AsT—ow, X(t)=x(t), forany infinite value of t.

e The Fourier series representationof X(t) is

X)) =Y ae’, (4.4)
Kk =—o0
1 - )
a == P R@)e ke, (4.5)
ko T )12

e Since X(t)= x(t) for |t|<T/2,andalso, since x(t)=0 outside this interval, so we have

1 | 1.
a="""x(t)e *otdt=""x(t)e "t .

ko Tl T )=

e Define the envelope X (j&) of Ta,as

X (jé) = fwx(t)e’ja dt . (4.6)
we have for the coefficients a,,

A= "X (),

Then X(t) can be expressed interms of X (j&), that is

X()= 5L X (jk&)ekar_ 1 X (jkeE e e 4.7
ZT (Jé)elké_zwz (Jké,)e 50 4.7)

k=—o0
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e AsT -, X(t)=x(t) and consequently, Eq. (4.7) becomes a representation of x(t) .
e Inaddition, £ ,—0 as T — o, and the right-hand side of Eq. (4.7) becomes an integral.

We have the following Fourier transform:

1 ¢ _ _
X(t) = ZLO X (j&)e’*d¢& Inverse Fourier Transform (4.8)
and
X (j&=| xte#dt Fourier Transform (4.9)

4.1.2 Convergence of Fourier Transform
If the signal x(t) has finite energy, that is, it is square integrable,
© 2
[ x| dt<oo, (4.10)
Then we guaranteedthat X (j&) is finite or Eq. (4.9) converges. If e(t) = X(t) - x(t) , we have
" 2
[ k)| dt=0. (4.12)

An alterative set of conditions that are sufficient to ensure the convergence:

Contitionl: Over any period, x(t) must be absolutely integrable, that is

[ k@t <o, (4.12)

Condition 2: In any finite interval oftime, x(t) have a finite number of maxima and mi nima.

Condition 3: In any finite interval of time, there are only a finite number of discontinuities.
Furthermore, each of these discontinuities is finite.
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4.1.3 Examples of Continuous-Time Fourier Transform

Example : considersignal x(t) =e *u(t),a>0.

From Eqg. (4.9),

0

X(j&) = r’e—at e iédt = — 1_ p-(aridit|  _ Di’ _ a>0 (4.12)
0 a+ j& , atié
If a is complex rather then real, we get the same result if Re{a}>0

The Fourier transform can be plotted in terms of the magnitude and phase, as shown in the figure
below.

X(jo = 1 , 4X(j§)=—tan-{i. (4.13)
a’+ E?
I X(jo)! I X(jw)
w2
——- w/4
I a
—a : °
—m/4 F——
W2 TT—
(a) -
Example :Let xt)=e?f, a>0
X(j&) = Iwe_a|‘|e‘j‘§tdt = Ioea‘e“"f‘dt + r eef¥dt=_1 1 _ 2
o o 0 a-j&é a+jé a*+ &’

The signal and the Fourier transform are sketched in the figure below.

x(t) X(io)

1 2/a

1/a

-a a [
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Example: x(t) = 6(t). (4.14)

X (jé) :f_: 6(te ¥dt=1. (4.15)

x(t) = 6 (1)

X(j9)=1

That is, the impulse has a Fourier transform consisting of equal contributions at all frequencies.

Example : Calculate the Fourier transform of the rectangular pulse signal

1, |t| <T, |
0=10, >,

X(t)

(4.16)

-T, T

1

X(j&) = [ e et =["1e 4 dt =

1

The Inverse Fourier transform is

f(t) = L

o Zsinleejadg’
2v

S

Since the signal x(t) is square integrable,

e®) = [ |x(t)- k(t)|2dt - 0.

sin &T, ©

(4.17)

X(t) converges to x(t) everywhere except at the discontinuity, t =+T,, where
Y, which is the average value of x(t) on both sides of the discontinuity.

(4.18)

(4.19)

X(t) converges to

In addition, the convergence of X(t) to x(t) also exhibits Gibbs phenomenon. Specifically, the
integral over a finite-length interval of frequencies

1w zsinéTlejad(S
2veW &
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As W — oo, this signal convergesto  x(t) everywhere, except at the discontinuities. More over,

the signal exhibits ripples near the discontinuities. The peak values of these ripples do not decrease as
W increases, although the ripples do become compressed toward the discontinuity, and the energy in
the ripples converges to zero.

Example : Consider the signal whose Fourier transform is

x(@_h, HIW
970,
X(jw) x(t)
l W/m
-W w ® t
—-a/W  w/W
(@) b)

The Inverse Fourier transform is

x(ty=_1 [Voiage - SINWL
ZVJ.’W s U

Comparing the results in the preceding example and this example, we have

FT

—> . .
Square wave Sinc function
FT!
This means a square wave in the time domain, its Fourier transform is a sinc function. However, if the

signal in the time domain is a sinc function, then its Fourier transform is a square wave. This property
is referred to as Duality Property.

We also note that when the width of X (j&) increases, its inverse Fourier transform x(t) will be

compressed. When W — o0, X(j&) converges to an impulse. The transform pair with several
different values of W is shown in the figure below.
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x(t)

@y
Xa(t)

Wy/m

—7/Wy W, —a/Wy w/Wa t
Xi{jw) Xa(jw) X3(jw)
1 1 1
4.2 The Fourier Transform for Periodic Signals
The Fourier series representation of the signal x(t) is
XM= Y ae"". (4.20)
Kk =—o0
It’s Fourier transform is
X(j&) = > 2wa 6(E-kE,) .
k =0
(4.21)
Example : If the Fourier series coefficients for the square wave below are given
x(t)
MR B | | | | R
- 2T -T T-T T T T 2T
_ _ 1
2
ink& T
g =SINke Ty (4.22)
‘ vk
The Fourier transform of this signal is
. » 2sinké T
X(1g= 26 k). (4.23)
k= -0
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Figure 4.12 Fourier transform of a symmetric periodic square wave.

Example: The Fourier transforms for x(t) =sin &t and x(t) = cos&,t are shown in the figure

below.

X(jw)
)
A
—wyp
l 0 wg ®
—xlj (@)
X(je)

— =]

(b)

Fourier transforms of (a) x(t} = sin wyt; (b) X(t) = c0S wyt.
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Example: Calculate the Fourier transform for signal x(t) = Zg(t —kT).
k

=0

The Fourier series of this signal is

1+ : 1
a= T/26(t)e et =

kK T lri2 T

The Fourier transform is

The Fourier transform of a periodic impulse train in the time domain with period T is a periodic
impulse train in the frequency domain with period 2v/ T, as sketched din the figure below.

x(®)
I T | T t
-2T -7 0 T 2T t
@
X{joo)
2m
‘ T ‘ |
_4z _2m 0 2w 4n w
T T T T
(b)
Figure 4.14 (a) Periodic impulse train; (b) its Fourier transform.

4.3 Properties of The Continuous-Time Fourier Transform

4.3.1 Linearity

If x(t)«—F— X (j&) and y(t)«——Y(j&)

Then
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ax(t) +by (t) «——aX (j&) +bY (j&) . (4. 20)

4.3.2 Time Shifting

If X(t) <F—s X (j &)

Then

X(t—t,) «F—e X (j&). (4. 20)

Or

F{x(t—t,) }=e "X (j&) =X (j&) ¢ '* o=l . 20)

Thus, the effect of a time shift on a signal is to introduce into its transform a phase shift, namely,

—Sot.

Example: To evaluate the Fourier transform of the signal x(t) shown in the figure below.

X(t)

15

X, (t) X, (t)

N w

3
2

N |-
N |-

The signal x(t) can be expressed as the linear combination

X(1) = L X (t—2.5)+ X (t—25). (4. 20)
2 1 2

X, (t) and x, (t) are rectangular pulse signals and their Fourier transforms are
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2sin(&/2) and xz(jg)ZZSin(:%é/Z)
S S

Using the linearity and time -shifting properties of the Fourier transform yields

X&) =

X(j&) = e 1512 {sin(ﬁ/Z) +§sin(3§/2)]Jg

4.3.3 Conjugation and Conjugate Symmetry

If x(t)«——>X(j&)

X*(t)«——>X*(=]<).

Since X*(j&) = |_J‘+mX(t)e‘j§‘dt—|* = rmx*(t)ejadt ,
L-- I

Replacing &by — &, we see that
X*(=jg) = [ x> (ve ¥,
The right-hand side is the Fourier transform of x * (t) .

If x(t) is real, from Eq. (4.20) we can get

X (=i&)=X*(j&).

(4. 20)

(4. 20)

(4. 20)

We can also prove that if  x(t) is both real and even, then X (j&) will also be real and even.
Similarly, if x(t) is both real and odd, then X ( j&) will also be purely imaginary and odd.

A real function x(t) can be expressed in terms of the sum of an even function

X, (t) = Ev{x(t) } and an odd function x,(t) = Od {x(t)}. That is

X(1) = X, (£) + %, (1)

Form the Linearity property,
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F{x(t)} = F {x. (t)}+ F{x, (1)},

From the preceding discussion, F{x,(t)} is real function and F{x, (t)} is purely imaginary. Thus
we conclude with x(t) real,

X(t)«——> X(j&)
Ev{x(t) <« Re{X (j&)}

0d {x(t) }¢«F— jIm{X (j&)}

Example: Using the symmetry properties of the Fourier transform and the result

e u(t)«—— to evaluate the Fourier transform of the signal x(t) =e™ il where a>0.

a+jé

Since _ _at —at at B |_e‘atu(t) +ea‘u(—t)—|_ “at
| x(t) e e u(t)+e u(_t)_2|L 5 f 2Evt u(t),}

So X(mZRe[a_ij_iJ:aer ,

4.3.4 Differentiation and Integration

If x(t) < X(j&)

Then

MO e jexdio)
dt (4. 20)

[ X()d/Es == X (j&) +1X (06

j& . (4. 20)

Example : Consider the Fourier transform of the unit step x(t) = u(t) .

It is know that
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g(t) = 6(t) «+—>1

Also note that

Xt =] g(hd/

The Fourier transform of this function is

1
(8= —+160)6(E)= 4 ve(E).
09=72 je

where G(0) = 1.

Example: Consider the Fourier transform of the function x(t) shown in the figure below.

X(t) 1
1r ! -1 1

-1 t | | t v
! = -1 1 + -1 -1

dx(t)

9=

From the above figure we can seethat g(t) is the sum of a rectangular pulse and two impulses.

(2sing) NE
-

Note that G(0) =0, using the integration property, we obtain
2 sin g 2 cos§

G(j¢) =

x(j9 =" leo)6(e) =
15 jE? 15

It can be found X (j&) is purely imaginary and odd, which is consistent with the factthat x(t) is
real and odd.

4.3.5 Time and Frequency Scaling
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X(t) > X(j&),

Then ]
x(at)@ix (E). (4. 20)
o a

From the equation we see that the signal is compressed in the time domain, the spectrum will be
extended in the frequency domain. Conversely, if the signal is extended, the corresponding spectrum
will be compressed.

If a=-1, we get from the above equation,

X(-)«Fo X (-j&). (4. 20)

That is, reversing a signal in time also reverses its Fourier transform.

4.3.6 Duality

The duality of the Fourier transform can be demonstrated using the following example.

( t<T, ¢ X 5 si
Xl(t)=<1' “—> (jd) = sinéT,
0, t>T, ' &
sSinWT
X (t) = e P X (i )_4[1’ Sl w
ST U9=10, Jebw
X1 (jos)
X4(t) -
1
1 m m
g "?\ T
o N\ 7N\,
S G VAR S
Xo(jc)
1
-W w )
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The symmetry exhibited by these two examples extends to Fourier transform in general. For any
transform pair, there is a dual pair with the time and frequency variables interchanged.

Example : Consider using duality and the result et F X (j&) = to find the Fourier

2

transform G ( j&) of the signal

2
1+t2

g ()=
Since e HeF X (j&) = ngz that is,
efl = zlvorlfgz we’adé,

\ )

Multiplying this equation by 2v and replacing tby —t, wehave

216l _ fwﬁléz )ejadg

Interchanging the names of the variables t and &, we find that

—00

211 =] [1iZBe“f‘d§ = Fl{lftz\erelél.

Based on the duality property we can get some other properties of Fourier transform:

dX (j&)
do

— jtX(t)«—>

&= x(t) <> X (j(§ — &))

_ Tlt X(t) + w(0)6(t) «—— ji X(y)dy
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4.3.7 Parseval’s Relation

If x(t)«F—X(j&),

We have

w 5 1 = - N2
| Ixofdt="% " X (i9)f dé

Parseval’s relation states that the total energy may be determined either by computing the energy
per unit time |x(t)|2 and integrating over all time or by computing the energy per unit frequency

X (j&) |2/2v and integrating over all frequencies. For this reason, |X (j(§)|2 is often referred to
as the energy-density spectrum.

4.4 The convolution properties

y(t) = h(t) *x(t) <Y (i&) = H(IE) X (i&)

The equation shows that the Fourier transform maps the convolution of two signals into product of
their Fourier transforms.

H (j&), the transform of the impulse response, is the frequency response of the LTI system, which
also completely characterizes an LTI system.

Example : The frequency response of a differentiator.

dx(®)
dt

y( =

From the differentiation property,

Y (18)=18X (i),
The frequency response of the differentiator is

(e,
H(J§)=W)— i<

Example : Consider an integrator specified by the equation:
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y©) =] x(Hd/.

The impulse response of an integrator is the unit step, and therefore the frequency response of the
system:

1
H(j&) =—+ vo(d).
ié

So we have

Y(j&) = H(j&)X(jd :%X(chh vX(0)6(9) ,
]

which is consistent with the integration property.

Example : Consider the response of an LTI system with impulse response
h(t) =e™u(t), a>0

to the input signal

x(t) = e u(t), b>0

To calculate the Fourier transforms of the two functions:

1
X(jé) = , and
(i) bt ic
) 1
HG)= .
a+j¢&
Therefore,

Y(jé) = 1 ,
(i$) ari -

using partial fraction expansion(assuming a = b ), we have

Y(jg):1F1_11

b—a||_a+j§ b+ ng

The inverse transform for each of the two terms can be written directly. Using the linearity property,
we have

98




y(t) = ﬁ[eatu(t) —eu(t))].

We should note that when a =b , the above partial fraction expansion is not valid. However,
witha=Db, we have

1

YU9= o

Considering (a+]j§)2: jng%grjjg 1J,and

1

a+)é

e u(t) «— , and

so we have

Y (t) =te u(t) .

4.5 The Multiplication Property

r(t) = () pt) «—R(j &) = Zi [“s(io)P(i(£-0))do

Multiplication of one signal by another can be thought of as one signal to scale or modulate the
amplitude of the other, and consequently, the multiplication of two signals is often referred to as
amplitude modulation.

Example :Let s(t) be a signal whose spectrum S (j¢&) is depicted in the figure below.
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S(jw)
A

0y (O8] ®

Also consider the signal

p(t) = cosé,t, then

P(1§)=Vv6(E— &)+ vo(S+ &)

The spectrum of r(t) = s(t) p(t) is obtained by using the multiplication property,

R(jE)= 1 [7s(iP(i(E-0)do

2V
1_. . 1
=5SUE-6)s(jgre)2

which is sketched in the figure below.

™ P(j) . i) = o [S(io) Pl
A/2<‘~
A A
—wg wg ®
—wg oy ® (—wp— ) (—wp+ wy) (wg— ®1) (wp+ 0y)
(b) ©

From the figure we can see that the signal is preserved although the information has been shifted
to higher frequencies. This forms the basic for sinusoidal amplitude modulation systems for
communications.

Example: If we perform the following multiplication using the signal r(t) obtained in the
preceding example and p(t) = cosé,t, that is,

g (t) = r(® p(t)

The spectrum of P(jé&), R(j&) and G (j&) are plotted in the figure below.
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T P(jw) ™
WL "
A /;\
’ (@ °0 © —®o ®) wy @
Gjw)
A/4 . A/a
//N A
_ 2 wo — (,_)1 (.l)1 2 (1)0
(c}

If we use a lowpass filter with frequencyresponse H(j&) that is constant at low frequencies and

zero at high frequencies, then the output will be a scaled replica of
be scaled version of s(t) - the modulated signal is recovered.
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4.6 Summary of Fourier Transform Properties and Basic Fourier Transform Pairs

TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x(1) X(jw)
y(® Y(jw)
43.1 Linearity ax(t) + by(o) aX(jw) + bY(jw)
432 Time Shifting x(t — ty) e T X jw)
436 Frequency Shifting e/ x() X(j{w — wo))
433 Conjugation x'(t) X'(—jw)
4.3.5 Time Reversal x(—1) X(—jw)
435 Time and Frequency x(at) ﬁX (ﬂ)
Scaling a a
44 Convolution x(2) * y(t) X(jw)Y(jw)
. . . +eo .
45 Multiplication x(Dy® 2%1_[ XGOY(j(w — 6)d6
434 Differentiation in Time % x(t) JoX(jw)
434 Integration J x(t)dt J_—L—X( Jjw) + mX(0)6(w)
43.6 Differentiation in £x(t) J iX (jo)
F dw
requency
X(jw) = X'(— jw)
RefX(jo)t = RefX (- jo)}
433 Conjugate Symmetry x(¢) real Im{X(jw)} = —9Im{X(— jo)}
for Real Signals X(jw)| = [X(— jw)
X(jo) = —LX(~ jw)
433 Symmetry for Realand  x(¢) real and even X(jow) real and even
Even Signals
433 Symmetry for Realand  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
=§& 7
433 Even-Odd Decompo- %e(?) Ov{x(t)} [x(2) real] f};e{X(]fu)}
sition for Real Sig. () = Od{x(®} [x®reall  jIm{X(jo)}
nals
437 Parseval’s Relation for Aperiodic Signals

JW |x(O)dt =

+to

1 o
| XGPde
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Sec. 4.6

TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Tables of Fourier Properties and of Basic Fourier Transform Pairs 329

Fourier series coefficients

Signal Fourier transform (if periodic)
4o ) +o
Z age/keot 2 Z a;8(w — kwo) a
=—w k=—c
. a = 1
el 278w —
( @) a; =0, otherwise
a =a-1 = %
oS wo? 7[8(w — wo) + 8(w + wo)] )
a, = 0, otherwise
1
. o a = —a-) =
t —[8(w — @) — S(w + 2
sinwo i [8(w — wg) —~ 8(w + wo)] 4 =0, otherwise
a=1 a=0 k#0
x0) =1 27 8(w) this is the Fourier series representation for
any choice of T > 0
Periodic square wave
@) [1’ =T &= 2sin kool T kooT)\ _ sinkaooT
x(t) = sin ) ) sin kw,
0 T,<l="C ol _ ol . ol ) _ o7
1<l =3 kzw —% 8(w — kwo) - S | —— o

and
x(t+T) = x(t)

s 27 2mk 1
”;»3(: — nT) i Zﬁa(w - T) ay = 7 forallk
x(t)[ L |<T 2sinwT; .

0 |f>T ®

i <

sin Wt X(jw) = { I, |ol<Ww i
mt 0, |w|>W
8(r) 1 —
u(e) L s —
P 78w
8(t — 1) Pl _
e "u(t), Refa} > 0 L —
’ a+ jo

—at ; J—
te " u(?), Refa} > 0 @t jay
Z e (), 1 B
Refat > 0 (a+ jo)
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4.7 System Characterized by Linear Constant-Coefficient Differential Equations
An LTI system described by the following differential equation:

NCodfyr) M dfx@)
— = ’ 4.67
22 g & ar (467

which is commonly referred to as an Nth-order differential equation. The frequency response of this

LTI system
H(jé) = Y(jff) , (4. 68)
X(j&)

where X(j&), Y(j& and H (j&) are the Fourier transforms of the input x(t) , output y(t) and
the impulse response h(t) , respectively.

Applying Fourier transform to both sides, we have

(N dfy)] (M d*x())
Fid a_ gk t=F bk_dtk_j, (4. 69)

k=0 k=0

From the linearity property, the expression can be written as

N [dy@)] M [d*x()]
ZakF%_dtk_FZbkF%_dtk_f. (4. 70)

k=0

From the differentiation property,

N M

Y(j&) §Mbuﬂ
Ya (9 Y(i9=2b, (19X (J&) = H(9= ‘o b

X9 7Y a (i)

H (j¢&) is arational function, that is, it is a ratio of polynomials in (j¢&) .

(4.71)

Example : Consider a stable LTI system characterized by the differential equation

dy(t)
dt

+ay(t) =x(t), with 550 .

The frequency response is
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Te impulse response of this system is then recognized as
h(t) =e ™u(t) .
Example : Consider a stable LTI system that is characterized by the differential equation

+ 3y(t) = % + 2x(t) .

d 2
y() 290
dt 2 dt

The frequency response of this system is

(jd +2 | g2
(i€)P+4(je)+3 (ie+1)(je+3)

H(j&) =

Then, using the method of partial-fraction expansion, we find that

1/ 2 1/2

H<j§):j§+1' iEv3

The inverse Fourier transform of each term can be recognized as

h(t) = 1_e‘t u(t) + 1_e‘3t u(t) .
2 2

jE+2
1(j&+3)

and suppose

Example: Consider a system with frequency response of H (j&) :( iz
JE+

that the input to the system is

x(t) =eu(t) ,

find the output response.

The output in the frequency domain is give as
||_Dj§+2 W 1 —‘=Dj§+2
L(jf+1)(jf+3)J is+1 (& +1°(i+3)

i
Using partial-fraction expansion, we have

Y1) =H)X(je) =
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/4, _y2 U4
ic+1 (je+1y (ic+3)’

Y(Jé) =

By inspection, we get directly the inverse Fourier transform:

1 1 1
|_ ety et e—3t—|

| e u(t).

h(t) =
z 2 7 |
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MODULE - 11
SIGNAL TRANSMISSION THROUGH LINEAR SYSTEMS

Linear System, Impulse response, Response of a Linear System, Linear Time Invariant(LTI) System,
Linear Time Variant (LTV) System, Transfer function of a LTI System, Filter characteristic of Linear
System, Distortion less transmission through a system, Signal bandwidth, System Bandwidth, Ideal
LPF, HPF, and BPF characteristics.

Causality and Paley-Wiener criterion for physical realization, Relationship between Bandwidth and
rise time, Convolution and Correlation of Signals, Concept of convolution in Time domain and
Frequency domain, Graphical representation of Convolution.

Linear systems

A system is said to be a linear if it obeys homogeneity and additivity properties. This implies that the
response of a linear system to weighted sum of input signals is equal to the same weighted sum of
responses of the system to each of those signals.

Homogeneity property: This property says if input signal weighted by any arbitrary constant then
output signal also weighted by same arbitrary constant

v(t) is response of input signal x(t)

x(t) = y(t) = T [x(t)]

ax(t) = T [ax(t)]=aT [x(t)] = ay(t) wher aisany arbitary constant

Additive property: Response of system to sum of two input signals is equal to sum of individual
response of the system.

xy(t) =y (t) = T [x,(t)]

x,(t) = ¥5(t) = T [x,5(t)]

x, () +x5(8) = T [xy(8) +x,(0) 1= T [, ()] + T [x,(2) ] = w, (8) + 3, (2)

Combining above two properties

x(t) = ZX, a; x; (t) be the sum of N number of inpit signals wher a,isArbitrary constant

Response
N

v(t) =T [i @; X; [I‘]] = i a; T[x; (£)]= Z a; y; (t)

i=1

Where y;(t) is the output of the system in response to the in puts x,(t)
Classification of linear systems

Lumped and Distributed system

Time — Invariant and Time Variant system
Lumped and Distributed system: A Lumped System consists of lumped elements which are
interconnected in particular way. The energy in the system is considered to be stored or dissipated in
distinct isolated elements. The disturbance initiated at any point is propagated instantaneously at every
point in the system. The dimension of elements is very small compared to wave length of the signals to
be transmitted. Lumped system obeys Ohms law and Kirchhoff laws. They can be expressed with
ordinary differential equations. Examples are TVS, motors, computers, any packed sytems
Distributed systems are those in which elements are distributed over a long distances and dimensions
of the circuits are small compared to the wave length of signals to be transmitted. More over such
system takes finite amount of time for disturbance at one point to be propagated to the other point.
They can be expressed with partial differential equations. Example are wave guides, optical fiber,
transmission lines, antennas.

107




Linear Time Invariant (LTI) System: A system said to be LTI if it satisfies linear and invariance
properties. Stated in another way, A LTI system whose parameters do not change with time. LTI
system is characterized by linear equations such as algebraic, differential, or difference equations with
constant coefficients.

Example: Circuits using passive elements are LTI systems

For LTI system, if input is delayed by t, seconds the system satisfies superposition and homogeneity
principles. Also, the output delayed by the same time t, seconds.

x(t) = y(t) = T [x(2)]

x(t — ty) = T [x(t — t,)]

if ¥(t, ty )=y(t— t,) =T [x(t — t,)] then system said to be time invariant sytem

Linear Time Variant (LTV) System: A system said to be LTV if it satisfies the linear property but
not the time invariant. For LTV system, if input delayed by t, seconds, the system satisfies
superposition and homogeneity properties but output varies with time t,. A LTV system whose
parameters change with time. The coefficients in the differential equations are time variant.

x(t) = y(t) = T [x(t)]
x(t— ty) = T [x(t — t,)]
if v(t,ty )= v(t — t,) # T [x(t — t,)] then system said to be time variant sytem

Impulse response and response of LTI system
Let us consider x(t) any arbitary signal

x(t) is an approximation of x(t)and it can be expressed as liniear combination of shifted impuls

X(E) = vt 2(—2A)6, (£ +2A) + x(—A)6, (t+4) +x(0)6, (£) + x(A)8, (t— A)
+ x(248)8, (t —2A) + oo+ x(kA)S, (2 — KA)

1

- 0=t <A
6, (1) = {& -

0 othrt wise

(=)

() = Z <(kA)S, (t — kA)A

k—oo

x(t) = ,lg,iE‘E. ;[_E]_

e

A |0 A 2A J

Signal approximation
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as A— 0 ,summation becomes integral,§, (t) = 6 (t), kA = 1,A—=dr

x(t) = J-Wx(r)nﬁ' (t —1)dr

v(t) isresponse of x(t)

y(t) = T [x(1)]

yv(t)=T f x(1)8 (t— 1)dr

y(t) = j x(t) T [6(t—1)]dr

h(t —1) = T[T [ (t —1)] this satisfies time invariant property
v(t) = h(t) = T [§ (t) ] this shows impulse response of sytem

S LTI h(t)
—|  system —
x(7) (1) = x() * h(p)

Impulse response of LTI system due to an impulse input applied at t=0 is h (t)
Hence v(t) = fj; x(t)h (t — )dt = x(t) = h(t)

This is known as convolution integral and it gives relationship among input signal, output signal and
impulse response of system.LTI system completely characterized by impulse response

Input LTI SYSTEM Output
h(t)
x(t) y(t) =x(t) * h(t)

Frequency response of LTI system:
Let us consider LTI system with impulse response h(t) and y(t) is response of input signal x(t) . Input
and output relationship of system given by convolution integral.

y(t) = J. x(t) T [6(t—1)]dr

Fourier transform of input x(t) , output y(t) and impulse response h(t) are X(®) , Y(®) and H(w)
respectively.

v = [ :y(r) dt

Y(w)= [T [J7 x(Dh (t—D)drle " dt
Y(w) = _I"f;x(rj[f; h(t—1)dt]e™/“dr
t—r=At=A+1,dt =dA

[=a)

Yiw) = J-_:x(r)e_*"“drf h (A)e 7%4dA

— o0
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Y(w) = X(w)H(w)

H(w)is a complex valued function and can be expressed as

H(w)= |H(w)| £H(w)

|H(w)| is magnetude response of sytem and £H(w) phase response of sytem

Magnetude response is symmetric and phase response is anti symmetric.
Response to Eigen functions
If input to the system is an exponential function x(t) = e/“* then output y(t)

v(t) = x(t) = h(t)
yv(t) = f x(t— 1) hit)dr

y(t) = J. el@(t=7) p(D)dr = e*"”rJ. e %" h(1r)dr = e’“"H(w)
Output is a complex exponential of the same frequency as input multiplied by the complex constant
H{w). An inputs signal is called Eigen functions of the system if the corresponding output is a constant

multiple of the input signal. Thus the functions e’“%, sinwt, and coswt all Eigen functions as we get

the same function the output as in input.
Properties of LTI system
Commutative Property

y(t) = x(t) = h(z) = h(t) = x(¢)

[=a)

vit) = J_:x(t — 1) h(t)dr = J h(t — 1) x(1)dr

— o

Associate property
This implies that a cascading of two or more LTI system will results to single system with impulse
response equal to the convolution of the impulse response of the cascading systems.

{x (0= hy(D)}* hy(t) = x(0) * { hy(£) * Ry (D)}

t t
< ho(t) ha(t) AL

Y

A 4

x(t)

h 4

hy (£)*h, (1) vit)

Distributive Property
This property gives that addition of two or more LTI system subjected to same input will results single
system with impulse response equal to the sum of impulse response of two or more individual systems.
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el A4 (D)

x() +é—__>y (O
-1 4+

L o 2,

il 1721 (8 + (D) ‘o T2

x(t) = { hy(t) + hy(£)} = x(2) = hy(t) + x(t) = hy(t)

Static and dynamic system

A system is static or memory less if its output at any time depends only on the value of its input at that
instant of time. For LTI systems, this property can hold if its impulse response is itself an impulse. But
convolution property, we know that the output depends on the previous samples of the input, therefore
an LTI system has memory and hence it is dynamic system.

Causality

A continuous time LTI system is said to causal if and only if it impulse response is h(t) = 0 for
t<0, then integral becomes

y(t) = J. h(t)x(t—1) dr

h(t) = {uﬂu Zero fﬂ:t“ t E 0
0 other wise
Stability: a continuous time system is bounded input , bounded output stable if and only if the impulse
response is absolutely Integrable.
Consider LTI system with impulse response h(t) . the output y(t) is

v(t) = J. h(t)x(t—1) dr

ly(t)| =

J_:h(r)x(t —1) dr

y©1 = [ I@IIx -9l de

If x(t) is bo_ljanded and |x(t)| < M, < oothen

yols [ mm@ide=m, [ held

For bound;(c;output y(t) < o, the ir_T:;JuIse response should be absolutely integrable. Hence
J.W h(7)| dr < @

Above equation gives necessary and sufficient condition for BIBO stability.
Inevitability:
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A system T said to be invertible if and only if there exits an inverse system T for such that T T is an
identical system . For an LTI system with impulse response h;(t), this is equivalent to the existence of
another system with impulse response hy(t) such that hy(t)* ha(t) = 8(t).

Transfer Function of LTI System:
Transfer function of LTI system defined as the ratio of Fourier transform of the output signal ¥{) to

Fourier transform of the input signalX{w).It is expressed as
¥(w)
H(w) =
X(w)
Inverse Fourier transforms of H(w) gives the impulse response of the system. That is h(t) = IFT of
H(w).

In general Input and output relationship of continuous time causal LTI system described by linear
constant coefficient differential equations with zero initial conditions is given by

; d® y(t) d¥ x(t)

N )
Ek:ﬂ a k dt"‘ Zk 0 III: dt"‘
Where a, and b, are constant coefficients the order N refer to the highest derivative of y(t) in above
equation.

Apply Fourier Transform on both sides of above equation

Z () V(@) = Z bi () X(®)

k=0
Y(w) _ S, b (o)
X@) ™ 5 a,Ge)

Y(w) _Zi b (o)
X@) 58 a, (o)

System function = Transfer function = H(w) =

Distortion less Transmission System:

Distortion less transmission through the LTI system requires that the response be exact replica of input
signal. The replica may have different magnetude and delayed in time.

Therefore, any arbitary input signal x(t), if the output y(t) = k x(t — t,)

Apply the Fourier transform

YV(w)= kX(w)e 7«0

¥(w)

m:H(mj:kE_}un
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01 < w
T~ LH(w) = ax

-
-

|H(w )l =k,  £H(w )= —wtyor £H( w) = nm— wt, Where n is integer number
Therefore, to achieve distortion less transmission through LTI system, magnetude response of system
|H( @ )I must be constant over entire frequency range and phase response of the system £H( @ ) must

be linear with frequency.

Band width of signals and System

Band width of signals: it is the range of significant frequency components present in the signal. A
signal may have frequency components in the entire frequency range from -co to co. For any practical
signals, the energy content decreases with frequency, only some of frequency components of signals
have significant amplitude within a certain frequency band; outside this band have negligible

amplitude. The amplitude of significant frequency component is within the \fi_ times (3dB) of

=

maximum signal amplitude.
System Band width:
The band width of system is defined as the interval of frequencies over which the magnitude spectrum

of H( w ) remains within %_ times (3dB) its value at the mid band. The band width of system is

. 1 i
w, = lower cutoff frequency = lowerfrequency at which magnetude of H{ w ) — times
L

(3dB) its value at the midband
w, = lower cutoff frequency = highest frequency at which magnetude of H( w ) % Times
V2

(3dB) of its value at the midband.

Band width = w, — w,

For distortion less transmission, a system should have infinite bandwidth. But due to physical
limitations it is impossible to design an ideal filters having infinite bandwidth.

For satisfactory distortion less transmission, therefore, an LTI system should have high bandwidth
compared to the signal bandwidth.

The filter characteristics of linear system:

The system processes the input signal in a way that is characteristics of the system. The system
modifies the spectral density function of input signal according to transfer function. It is observed that
the system act as some kind of filter to various frequency components. Some frequency components
are boosted in strength, some are attenuated, and some may remain unaffected. Similarly, each
frequency component suffers a different amount of phase shift in the process of transmission. LTI
system acts as filter depending on the transfer function of system. The transfer function acts as
weighting function to different frequency components of input signal.
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LTI system may be classified into five types of filters

Low pass filter

High pass filter

Band pass filter

Band reject filter

All pass filter.

The pass band of a filter the range of frequencies that allowed by the system without distortion. The

stop band of filter is the range of frequencies that attenuated by the system.

Ideal filters:

An Ideal filter passes all frequency components in its pass band without distortion and completely
blocks frequency components outside of pass band. There is discontinuity between pass band and stop
band in frequency spectrum. But practical filters, there is gradual transition gap between pass band and
stop band, The range of frequencies over which there is a gradual attenuation between pass band and
stop band is called transition band. Filters with small gap are very difficult to design.

Ideal Low Pass Filter:

An ideal low pass filter transmits all frequency components below the certain frequency w,. rad/sec

called cutoff frequency, without distortion. The signal above these frequencies is filtered completely.
The transfer function of Idel Low pass filter given by

H(w)= {E_}MD S
0 lw| = w,
1 = W,
Magnetude response of Ideal LPF|H(W)|:{ 0 ol |C,_,|l;;= W
1

Phase response of Ideal LPF /H(w )= —jwt, for ol < o,

A

1 G LH(m) = ~jo

(a) (b)
Ideal High Pass Filter:
An ideal high pass filter transmits all frequency components above the certain frequency . rad/sec

called cutoff frequency, without distortion. The signal below these frequencies is filtered completely.
The transfer function of Idel high pass filter given by
Hw) = { 0 lwl < W,
®r= g 1wt lw| = W,
0 lwl< w,
1 lw| = .

Phase response of Ideal LPF +/H(w )= —jwt, for |w|l > .

Magnetude response of Ideal LPF |H( w )| = {
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|H(w)|

(a)

Ideal Band Pass Filter:
An ideal band pass filter transmits all frequency components within certain frequency band w¢ to

w_rad/sec, without distortion. The signal with frequency outside this band is stopped completely.
The transfer function of Idel band pass filter given by

—Jjuwity
0 otherwise
Magnetude response of Ideal BEF|H( w )| = { 1 W <lal< .Wf
0 Otherwise
Phase response of Ideal BPF ZH(w )= —jwty for w. < |w| < w,
A
|H(w)|
1
A :
ZH(w)=—jw
—% —Wl 0 Wl W2 () 0 0]
(a) (b)

Ideal Band Reject Filter:
An ideal band reject filter rejects all frequency components within certain frequency band w to

w_rad/sec. The signal outside this band is transmitted without distortion.

The transfer function of Idle band reject filter given by
0 W, < =< W,

H(w)={ < lwl < W,

g 1%t otherwise

0 W, <l|wl< W,

1 Otherwise

Phase response of Ideal BPF /H(w )= —jwt, for |lw| < W, and |w|> W,

Magnetude response of Ideal BPF|H( w )| = {
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ARTRREE - K LH(w)y = ~j6

(¥

-W, - 0 W W @

\1
s
|
1

§

(3} (Tf}}
Causality and Physical Realizability: Paley — Wiener Criterion
For physically realizable systems, that cannot have response before the input signal applied. In time
domain approach the impulse response of physically realizable systems must be causal that is h(t) =0
for t< 0, this is condition known as causal condition. In frequency domain, this criterion implies that a
necessary and sufficient condition for magnetude response |H( je )| to be physically realizable is

Zln [H( je)ll
J_ 14+ w?
This condition known as the Paley — Wiener criterion. To satisfy this condition the function [H( je )l
must be square integrable that is

J |H( jw)|I* do < o

All causal systems that satisfy the Paley — Wiener criterion are physically realizable.

Magnetude function |H( jw )| may be zero at some discrete frequencies but it cannot be zero over
finite band of frequencies since this will cause the integral to become infinite. Therefore Idle filters are
not physically realizable. It can be concluding that magnetude function cannot fall off to zero faster
than exponential order.

|H( jew )| = k el s permissible
|[H( jw)|=k e~%«" this Gaussian error curve is not permissible.
But it possible to construct physically realizable filters close to the ideal filter characteristics. Low pass
filter having transfer function
g 1%t lw| < w,
Hlw)= £ lw| = w,

fdey < 00

(=)

Where = an arbitrary small value, produces nearly ideal characteristics shown in fig below

Band Width and Rise Time:

The system band width can be obtained from rise time , which can be derived from output response of
the system.

Rise time : the rise time t; of the output response is defined as the time the response takes to reach from
10% to 90% of the maximum value of the signal or in general it is the time of response to reach from

zero to the final value of the signal.
dy(t)) 1

dt 1.t
Relationship between Band width and rise time
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g ivto lw| < w,

Consider ideal LPF , its transfer function is given by H( « ) = 0 |lwl> w,

Where w, cut off frequency or 3 dB band width of filter
Apply Inverse Fourier transform

1 [vc .
h(t) = — g W Wiy,
2 —ap
N el 1 sinew-(t—1t
Il[tj —_— _f e}ulxr_rn}dm —_— M
2w e T (t —t;)

if input is impulse then output is ¥(t) = h(t) = &(t) = h(t)
y(t) = _Ir_mm h(t)dr = _Ir_mm =C sinc w, (t — t,) dt

T

dy(t
T{Ej=%51ncmc(t—tu)
dy (t) _we 1

dt I, m ¢,

Product of rise time and bandwidth is constant

Rise time inversely proportional to the system band width.

Concept of convolution in time domain:

The process of expressing the output signal in terms of the superposition of weighted and time shifted
impulse response is called convolution. Convolution is a particularly powerful way of characterizing
the input — output relationship of LTI systems. The mathematical tool for evaluating the convolution of
continuous time signals is called convolution integral; for discrete time signals, it is called convolution
sum . the convolution integral plays an important role in system analysis in time and frequency
domains. It is important process for signal processing and detection in communication systems.

The convolution integral

Let x; (¢) and x,(t) be two continuous time signals. Then convolution ef x, (t) and x,(t) can

be expressed as

y(t)= x,(8) = x,(t) = y(t) = _I"_mm x,(1) 2, (t — 1) dr wheretis dummy variable

Thus the output of any continuous LTI system is the convolution of the input x(t) with impulse
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response h(t) of the system.
Case | : if input signal is causal that is x(t) = 0 for t<0

v(t) =f x(t)h(t— 1) dr

Case Il
System is causal that is h(t) =0 for t<0 then
(1

v(t) = f x(t)h(t —1) dr

Case I
Both input signal and system are causal then

v(t) =f hit)x(t— 1) dr

Properties of convolution integral
Commutative property
Let x, (t) and x,(t) be two continuous time signals

xy(£)* x5 (8) = x5 (t) % x4(t)

GO 2©O= [ 0@ xne-0a

t—1rt= 4

x, ()= x,(t) = _r_cam x,(t—A) 25 (A) dA =2, () = x,(2)
Distributive Property

2, (8) # [ 2, (8) + 23 (8)] = 2, () = 25 (8) + x, () = x5(2)
Associate property

x(8) = [xp (8) * x5 (8)] = [y (8) = 2p(8)] % 25 (8) =2, (8) * 2, (8) = x5(2)
Shift property

If the signal x, () shifted by &, sec then convolution of
x,(t) = x,(t— ty) = x (t— t,) and

If x,(t) and x,(t) shifted by t, and t, respectively

xy)(t— ) * xp(t— t) =x(t—t; —t;)

Convolution of function with impulse

x(t) = 6(t) = x(t)

x(t) = §(t— t,) =x(t—t, )

x(t— ty) = S(t)=x(t—t,)

Convolution of function with unit step

Any arbitrary function x(t) with unit step function u(t)

x(t) =ult) = J. x(t)dr
Proof

ul(t) = f_; §(t)dr

x(t) = u(t) = x(t) = J. §(r)dr
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r

x(t) = u(t) = x(t) = j x(1) = 8(7) dr = J- x(1) dr

(=]

Width property

Let us consider finite duration of two signals x,(t) and x,(t) are T; and T, respectively then
duration of y(t) = x, (t) = x,(t) is equal to the sum of duration of x,(t) and x,(t).

T =T:+T,

Also its area under finite signals x,(t) and x,(t) are A; and A; respectively then the area under y

(t) is product of both areas
A =area under y (t) = area under x, (t) and area under x,(t) = A; A

Convolution property of Fourier Transform
Fourier transforms pair of two signals given by
x(t) & X(w) h(t) & H(w)

FTof [x(t)* h(t)] = FT of fmx(r)h(t —1)dr

= [ " [x(Dh(t - T)dr] et dt
t—1t= 4
t=1+ 4

oo

FTof [x(t) = h(t)] = J. x[r]er. h(A) e i«lr+d g3

=ta ]

- Ex(r)e‘*‘“df f :‘Tlu) ™/ di = X(w)H(w)

Convolution in frequency domain:
Fourier Transform of X («w) = H(w) = 211 Fourier transform of [ x(t) h(t) ]

Fourier transform of [ x(t) h(t) 1= J__ x()h(t)e /“*dt
= r [ﬁfmxu) el di] h(t)e Itdt
::i = X[ h(t) e7w"Drde] da

1 =
= ELMX[A]H[M —A)di

=§X{m] *H(w)

FT of [x(§h(9] == = X(w) * H (@)

Thus convolution in one domain is transformed a product operation in the other domain

Graphical representation of Convolution

When two signals are provided in graphical form, the convolution can be performed by graphical

method. It involves the following steps.

, draw the

1 For given signals x,(t) and x,(t)

signals x, (t) and x, (1) as function of independent variable.
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Draw the function of x,(—t) which is time
reversal of x, () .then shift function by time t to form x,(t — 7).

Draw the both signals x, () and x,(t — ) on the
T axis with large time shift t along the negative axis.

Increase the time t along positive axis . Multiply
the signals x,(t) and x,(t —7) and integrate over the period of two signals to obtain

convolution at t.

Increase the time shift step by step and obtain
convolution using step 4.

Draw the convolution x (t) with the values
obtained in steps 4 and 5 as function of t.
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MODULE - IV
LAPLACE TRANSFORM AND Z-TRANSFORM

Laplace Transforms: Laplace Transforms (L.T), Inverse Laplace Transform, Concept of Region of
Convergence (ROC) for Laplace Transforms, Properties of L.T, Relation between L.T and F.T of a
signal, Laplace Transform of certain signals using waveform synthesis. Z-Transforms Concept of Z-
Transform of a Discrete Sequence, Distinction between Laplace, Fourier and Z Transforms, Region of
Convergence in Z-Transform, Constraints on ROC for various classes of signals, Inverse Z-transform,
Properties of Z- transforms.

Complex Fourier Transform

Fourier transform is a tool which allows representing an arbitrary function f(t) by continuous sum of

exponential function of form of e’“f These frequencies are restricted to the je axis in the complex plane.

ft) & Flw)

Flw) = f flt) e~ 7=t dt
(t) = ijmf' elwt
flt) = 2l (w) w

The variable @ always appears with j and hence the integral can also be written as function of je

Fljw)= f f(t) e7i=t dt
Let a function @(t) = fl(t)e ot

fouriertransform of 0(t) = j f(t)e ot emiwt d¢

— j f{:t} g lotjwlt ¢
FTof o(t) = F(o + jw)

i 1 = .
— i ' ot
o(t) = ZHI_MF{'E + jw) et dw

. 1= )
flt)e ot = ﬂj Flo+jw) et dw

: 1= s
flt) = ﬂj_m“'g + je) elTH@E dg

og+jw=s5, ds =jdw, I—_:dw

Limit of integration for @ = —co to o become o — j « too + j « for variable s
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1 g+joe
(t) = —j F(s)estds
f 2]1_} - \ ::I

Represent f(¢) as continuous sum of exponential of complex frequency s = &+ jw. This is special kind

of Fourier Transform called as complex Fourier transform or Bilateral Laplace Transform.
F(s)= j f(t) et dt

f(t) & F(s)
Unilateral Laplace transforms
Functions of interest are causal that is f(t) = 0 for t<0 , the Laplace transform of such functions are termed

as unilateral or one sided Laplace Transforms.

F(s)= | flt)e=*dt
o-
Lower limit indicates inclusions of initial conditions, impulse functions and its derivatives att = 0~

Convergence of Laplace Transform
The Fourier Transform of f(t) converge if f(t) is absolutely integrable , similarly the necessary condition
for convergence of Laplace Transform is absolute integrability of f{t)e™"*

j F(E)e=ot | dt < o

Existence of the Laplace Transform
Laplace Transform exists if it converge in the given interval . These fore , the condition for its existence is

that the function f{t)e~?* should be absolutely integrable.
j FBle=ot | dt < oo

Proof: Let f(t) be causal and an exponential order function then it always satisfies the following

inequality
|f(t)] = M e™ forall t>0

Where M and & are real constants

j |f'[:f}€_”|dt=j M et e~ %tdt = j M e lo-altdy
- 0 A

=M A .
=—if o > a isfinite value.thus Laplace Trnasform exists

o -

e g —at _ M — -t
L lf®etdt= —e

o< < oo
Region of convergence (ROC)

Region of convergence (ROC) defines the region where Laplace Transform exists. The range of values of s

for which Laplace Transform converge is called as ROC .The variable s= & + jwis a complex number and
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display the complex plane referred to as s — plane where real part of s along the X — axis and imaginary
part of s along the Y — axis. The ROC is a shaded region on the pole — zero plot, Laplace transform exists
for values of s in the shaded region.Type equation here.

Poles and zeros X(s)
_ Nis)
~ D(s)

X(s)

N(s) :Numarator polynomial in complex variable s
D(s) : denominator Polynomial in complex variable s
X(s) will be the rational functionin sthen

N(s) aps™+a;s" ' +ays™?+-...+a,
T D(s) bys"+b;s" 1+ b5 2+ + b,

a,,and b, are real constants and m and n are positive integers.The X(s) is called proper rational

Function if n = m and an improper raional functionifn =m,

_ ag (s—z;)(s— 2z )(s—23) v v v (5 — 2,
X = 3 G PG PG P i G

z;, roots of N(s)wherek=1,2,3.....m
pproots of D(s)wherek=1,2,3.....n

Roots of of numerator polynomial are called zero of X(s) because X(s) = 0 for those values s in the
same way roots of denominator polynomialt are called poles of X(s) because X(s) = oo for those values
of s. Therefore poles of X(s) lie outside of ROC since X(s) does not converge at poles. The zeros, on
the other hand may lie inside or outside of ROC. The poles and zeros of X(s) in finite s plane
characterised the algebraic expression for X(s) to within scale factor. The representation of poles and

zeros in the s plane is referred to as the pole-zero plots.

Properties of ROC

A complete specification of Laplace Transform requires not only the algebraic expression for X(s) but
also the associated ROC. Different signals have identical algebraic expression for X(s) , so that their
Laplace transform are distinguishable only by ROC. It has been explained some specific constraint on
ROC for various class of signals.

Property 1: the ROC of X(s) consists of strips parallel to jc axis in the s plane.
The ROC of Laplace Transform of x(t) consists of those values of s for which x(t)e ™" is absolutely

integrable.
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f x(t)e™dt < o

This condition depends only on & values

Property 2: For rational Laplace Transforms, the ROC does not contain any poles.

X(s) = co at poles , Laplace Transform does not converge at poles and thus the ROC cannot contain

values of s that are pole.

Property3: If x(t) is a finite duration signal and is absolutely integrable then the ROC is the entire

plane.

x(t) = {non zeroT, =t < T,
0 other wise

x(t)is absolutely integrable f;‘lx[tjl <

For s to be in the ROC, the requirement is f;‘lx(tjl e < o
For & = 0, the Maximum value of e ™°* over interval on which x(t) is non zero is e 77
f;‘l;r(tjl g™ < e Jf‘lx[tjl bounded

For < 0, the Minimum value of e ~°* over interval on which x(t) is non zero is e ™™=

L2 lx(8)l €7t < €7 [Z]x(t)| bounded

x(t)e ™" is absolutely integrable thus ROC includes entire s plane .

Property4: If x(t) is right sided and if line Re { s } = @ is in the ROC then all values of s for which
Re { s } >g, will also be in the ROC.

0 —oo <t<T
nonzeroly =t < o

() = {

x(t) is right sided signal then For s to be in the ROC, the requirement is
J. lx(t)| e dt < w0
T

if o, = o, e “*Tdecays faster than e” %" ast« w
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J |:X’[:I‘:]|e—:?-_f'dt = f |:X’[:I‘:]| e—:?nre—u:an—g__“-dt
T T,

< et | (et
T

if o, = o, e “*'diverges faster than ™" aste —ow

X(t) cannot grow with out bound in —ve direction since x(t) =0 fort < T;

If a point s is in the ROC then all the points to the right of s that is all points larger real parts are in
ROC, For this reason in this case is commonly referred to as right half s-plane.

Property 5 : if x(t) is left sided and if line Re{ s } = g, is in the ROC then the all values of s for
which Re{ s } <, will also in the ROC.

Property 6: if x(t) is two sided and if line Re{ s } = g, is in the ROC then the ROC consists of a strip
in the s- plane that includes line Re{s } = o.

If x(¢) is infinite duration signal then ROC is of the form o, < Re{s} < &, where g, and &, are real
parts of two poles of X(s) , thus ROC is a vertical strip in the s plane between the vertical line Re {s} =
a, and Re { s} = g, . all poles lies outside the ROC.

Property 7: if the Laplace X(s) of x(t) is rational then its ROC is bounded by poles or extended to
infinity . in addition , no poles of X(s) contained in the ROC.

Property 7 : if Laplace transform of x(t) is X(s) is rational.

If Laplace Transform X(s) contain more than one poles in the right side of S-plane , the ROC is the
region in the plane to the right of right most pole.

If Laplace Transform X(s) contain more than one pole in the left side of s-plane , the ROC is the region
in the plane to the left of left most pole.

Properties of Laplace Transform

Linearity Property

f(t) & F(s), f,(t) = F,(s)

Linear combination of signals

Liaf,(t)+ ayf,(t) + a3f3(t) + oo o ta, f,(0)}
= ﬂiFi[sj + ﬂZFZ (5) + ﬂSFS(S) + ﬂIIFII(Sj

Where a,.a, ... ...a,are any arbitrary constants

Proof
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Lia,fi(t)+ axf,(8) + asfs(8)+ e Fa, (1)} = _rju:£“1f1[t]+ a,f,(t) +
azfi(t)+ e ta, f, () e dt

= fm a, f,(t)e™" dt + fm a,f,(t)e™™ dt + ... +_|":u a, f, (t)e " dt

=a,F,(s)+a,F,(s)+ a;Fy(s).........+ a,F,(s)

Time Shifting Property
If signal f(t) = {
L{f(t)}= F(s)

non zero fort=10
0 otherwise

L{f(t—t,)}=e *0F(s)

Proof
L{ft:—tuj}=f Ft—tg) ™™ dt

-4, =1, t=t+1t,, dt =dr, whent=20,
T= —t;,whent= 0,1 =00

LUe—t))= | f)e 0 dr

]

= e™5t0 f T fx) e dr

—tp

e[ roeaes e al

L{f(t—t,)}=e""" {J- flr)e™™" dr} = e *'0 F(s)
o

Frequency shifting Property

If signal £(£) = {

L{e™™f(t)} = F(s+a)
Proof

non zero fort=10
0 otherwise
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L{e™*f(D)} = [ e ® f(t) e~ at
= [y (1) e+ dt= F(sta)
e f(t) & F(s+a)

Scaling Property
f(t) < F(s)

flat) > ~FC)

Proof

L{f(at)}= J. flat)e ™" dt

at= 1, t= 1/a

st
a

L= [ e

1 5
L{f(at)}=— F(-)

a a
Time differentiation Property
If signal f(t) = {

f(t) < F(s)

non zero fort=10
0 otherwise

%f{t] is absouletely interable
() < sE(s)— £(0-)
d R |
LI—Ff(B)l= — f(t)le™™ dt
[/ ©)=] Grene

=f(t)e ™ 5. + sf flt)le™* dt

sF(s) — f(0-)
d’f(t) _ dy(t)
dt2 dt
d*f(1)) _  (dy(e)) _
L{ e }—L{ I }—sl’(s]— v(0—)
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p {d”f(t]

n } =s"F(s) — s"7H(0-) = s"TA(0-) — e sF™2 (0-)
— f”_l(ﬂ_j

For causal function , all initial conditions are zero

d*f(0] _
£{ e }—s F(s)

Differentiation in s — Domain
L{f(t)} = F(s)

d"F (5)
L{(-" (B} = —

Proof
F = t) e “tdt
(5) f F() e

Differentiation with respect of s

2= [ erwyea

£tfey =

2" derivative with respect s

2 - [Cerroyear

- =F

£y = T

Similarly, nth derivative with respect s
d” F(s)

LOE O} = —,

Time integration Property

L{f(1)} = F(s)

F(s) , 2 f(r) de

5

L{j f(r)dr} = F[:]mad{,{f_ flrydr} =

Proof

£ f F() de = f K f F(x) de} et
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-5t = oo i .

= — [ f(D ﬂ‘I‘ + %fu f(t) et dt= FTﬂ for causal signal
g 0

For non-causal signal

fmf(r) dr = f:f(r) dr + L:f(r) dr

£{fmf(rj dr } = L{Eﬂr) dr}+ £ J;:ftr) dr)

°" £ dr 5
_ L@ , F(s)

5 5

Integration in S domain
f(t) & F(s)

J.WF[u] du o 1O

t

Proof

L T Fw du = f B f @) et ydu =
= f MOk f "o du Yt

- f Cr

(=]

dt

—t

= j @e‘“dt
g ¢

Time Convolution
fi(t) & F(s),f2(t) & Fi(s)

AO 50O = [ AORE-Da

L{fi(t) = f2(t)} =F(s) F(s)

Proof
LA * H@) = fﬁ ([ A@RE - Darlewar

t—1T=A=t=17+ 4
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L{A(t) = f(1)} =—L fl{:T]L fo(d) e~ =7+ g ddr

= [ A@e=ar[ ne) etaz
o o

F (s) F(s)

Multiplication in time domain or convolution in frequency domain

F1(t) & Fy(s),f2(t) © Fa(s)

. . 1 .
L{f(t) f2(0)} = pyen (Fy(s) = Fy(s))

mj
Proof

Lif1(0) f2(03 = J; f1(t) f2(D)e = dt
) . 1 } j t —st
=L fi(®) [Z_:itj,[, Fo(A) et dA]e~=t dt
=§jfﬂm Fa(2) [jum f1(0)e="2t dtda

1= |
=2—Hjju Fy(X)Fy (s — 4) dA

= 2_3-”- { Fi{.s} * FE{S}}

Initial value theorem

The initial value theorem is used to calculate f(0) from Laplace Transform of F(s) without the need of
inverse Laplace Transform.It state that f(t) and it first derivative are Laplace transformable , then the initial

value of f(t) is given by

f(0+) = limf(t) = lim[sF(s)]

g—oa
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==l

d d_ .
Eaﬂ_thju et ar

0+ d

=fo- S f)e~=tdt + [,. = f(D)e™" dt

The discontinuity in f(t) at t=0, the derivative of f(t) is an impulse function af amplitude equal in the value

of discontinuity.

i f{zf}t _, = {f(0)-£(0-)}5 (&)

0+ 4 0+
[ Sr@e=at = [ [7(04)- 0-)s (Wetat = 70+~ 7(0-)

LEF(D) = sF(s)- f(0-) = F(0+)- f(0-) + [y. % FlD)e™="dt

[=a)

sF(s)=fl0+) + j if{ﬁt}e‘“ dt
o+ dt

lim[sF(s)] = f(0+) = Limf(t)

F—oa

Final Value theorem

lim[sF(s)] = f(c)

g—oa

Proof

=]

sF(s)=fl0+) + j if{:t]e‘“ dt
o+ dt

lim[sF(s)] = F(0+) + j 2 0 ar
0+

g—0

lim[sF(s)] = f(0+) + f(2) — f(0+) = f(o0)

g—

Inverse Laplace Transforms

A
F0) = 5| F@emas
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Method of finding Inverse Laplace Transform

1. Residue Method
2. Partial fraction method
1. Residue Method:

The inverse formula can be expressed as a contour integral by the residue theorem

. 1 .
f(t) =j2—n§£ﬂ_5]€“ ds

= Z Residue of F(s) e*t at pole 5; inside of closed contour
i=1

whereResidue[s;],i =1,2,3 .......aretheresidueo fF(s)e*andisaclsoedcurve

. 1 o+ o3 .
ILT given by f(t) = E_WJ‘ _ F(s)e " ds
o—joo

It given by a line integral along a vertical line Re {s} in the region of existence of F(s) . in this integral the

real @ is to be selected such that if ROC of F(s) is Re {s} > then
gy <= g <o

Finding residues

If F(s)e* is a rational function of s it may be expressed as

@ (5)

i o _
F(s)e = (s — sp)"

Where F(s)e** has n poles ats =5y and @ (5) has no poles at s =5 the residue of F(s)e** at

s =5, is given by

n-1 _
Res{F(s)e*ats =s,} == .'“—11;' [d dsnm_f”]
. ' 5=z

I[f n=1 function has only one first order pole
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Res{F(s)e**ats =55} = (5p)

Partial fraction Expansion Method

(&) X(s) is proper rational function

The Partial fraction expansion of X(s) requires the following two conditions

(i) X(s)must be proper rational function that is degree of denominator polynomial in s is greater

than the degree of numerator polynomial in s.

N(s) aps™+ a;5™ 1 +a;s™ 2+ ...+ Q15+ a,

n>=m

X(s) = DGs)

bps"+ bys®™ 1+ b5 2+ .. ..+ b, 45+ b,

(ii) A denominator in factored form.The structure of expansion depends on the nature of the factors

in Q(s). the constants in the numerator of partial fraction expansion are called residues.

X(s) = N(s)  (s—z;)(s—2,)(s—z3).......(s — z,,
' D(s) (s —pi)s—p)s—p3) . ..ls —p,)
Z4 Z3 Z3 e Zyy areroots of N(s) and py po p3, ... p, are roots of D(s)
Case 1: If D(s) contain real and distinct roots.
. N(s)
X{.‘j‘} == - — -
(s—p s —p2)s—p3) o (5 —py)
: K K K K
X(s)= —>+ —2 4+ % 4.+
S—P1 S—P2 S5—P3 5~ Pn
The coefficientK'; can be obtained as
K; = X{S}{S _pi}lg:pf
If D(s) contain some complex conjugate roots
: K K K A A A A
X(s)= ——+ — 4 —— e — 2_ 2 2_
S—pPy S—px S—p3 s—C; s—C s5s-C s—06

Az = A;JJ"']._.‘_ = A;

€;,C; are complex conjugate roots

Case 2: if Denominator contain multiple roots in the form of (s —p )™

K K K
11, Ky -+ - 13 4
s—p1 (s—py) (s—py)

X(s) =
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1 dil‘l—l'

Kyr = (m—7) ds™ "

[ {5 — P }i.x{:-'j'}]s:pl

(b) If X(s) is improper rational function
Degree of N(s) greater than or equal to degree of denominator D(s) .
Degree of N(s) =m, degree of D(s) =n
Nis) R(s)

- 29 o5

X(s) = m = n

Q(s) is quotient polynomial of order m—n

Rremainder has dgree less thann

Inverse Laplace transform of % (becomes proper rational function) and this can be evaluated by

partial fraction expansion method.
Inverse of Laplace transform of Q(s) can be computed using differentiation property.
Application of Laplace Transform on Linear Systems
The transfer function of LTI continuous system completely described the behaviour of system with any
type of input. Consider LTI system with impulse response h(t). Let
x(t), y(t)and h{t)have Laplace transform X(s),Y(s)and H(s)respectively. The transfer function

of a system is defined as the ratio of the Laplace transform of the output signal to the Laplace transform
of input signal with all initial conditions are zero.

His)= —— HS}

y(t) = x(t) « h(£)
Liy(t)= £{x(t)» h(t)}
Yis)=X(s)H(s)

. Y(s)
H{.S} = m

_ . L [¥(s) .
A = £ 1{‘,“:5}}: 0

Causal LTI continuous time System described by an Nth order linear constant coefficient differential

equation
AN i) f[ﬂ'l_l}'l:!:} dl‘l'—z}q:;} d_‘; () dt xit)
RNT-'_ Apy—q dev—1 o qeV-2 + ... ta ay dt + L) .:F{ t} - b‘f deM
dM-L ) dM-2 1) d x(t)
bu-1 it Pu—2 gzt ot ha Tt Bo x(8) N>M

Apply Laplace transform on both sides
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aysVY(s)+ ay_1 SV V(S + ay_sV2Y(s)+ e v a5 ¥is) + ap Ys)

= bysMX(s)+ by_ s LX(s)+ by o5 2 X(s)+ e e+ 5 X(5)
+ bu X{S}
: Y{S} bJ‘."S’“ + bﬂ,"_i.ﬁ"“_i + bl"'_z.ﬁ"“’_z B LTI .......+bi.5' + bu
H(s)= == N N1 N—2Z
X(s) aysV+ay_ sV 1 +ay sV 2+ tays + ag
. a
H(s)= Ek 0%k 2
E bk .".i'

Steady state frequency response of LTI system

_ ¥(s) o Y(jw)
H(s) = X(s) o =H(w)= X(jew)

{jea)
Magnitude response = |H{ w )| = |Y 2 |
-1 Yijo)

Phase Response = £ H{ w ) = tan X(iw)

Causality:
For causal system, h{t) =0 for ¢t < 0 and thus right sided. Therefore, the ROC associate with the transfer

function of causal system is right half plane. However, if we know that the transfer function is rational, then it
suffices to check that the ROC is the right half plane to the right of right most pole in s plane to conclude that the
system is causal.
Stability
So far, we have seen that BIBO stability Of continuous time LTI system is equivalent to its impulse response,
being absolutely integrable, in which case its Fourier transform converge. Also the stability of an LTI
differential system is equivalent to having all the poles of its characteristics equation having negative real part.
for the Laplace Transform, the first stability condition translates to the following.

o An LTI system is stable if and only if the ROC of transfer function contains jeu axis.

o A causal system with proper rational function H(s) is stable if and only if all of its poles are in left half

of s-plane.

Advantages of Laplace Transforms
e The higher order differential equations can be easily solved by using simple algebraic equations.

e It transforms higher order differential equations with initial conditions in the time domain into simple
algebraic equations in the s-domain. Since the initial conditions are automatically included in the
solution.

o Total solution of Differential equation can be obtained by using inverse Laplace transform.

e Itisa power full tool for analysing system properties in the form of transfer function.

e It can be used to analyse many classes of signals and systems which are not absolutely integrable.

e It provides solutions for many unstable systems such as impulse functions.

e Fourier transforms can be obtained from Laplace Transforms by substituting s = jew

Limitations

o Laplace transforms does not converge for some type of signals whose amplitude grows faster than time.
e The ROC is needed to obtain to obtain inverse Laplace transforms.
It very difficult to solve complex integrals directly in the process of inverse Laplace transform.
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Z-TRANSFORMS

Analysis of continuous time LTI systems can be done using z-transforms. It is a powerful mathematical tool to
convert differential equations into algebraic equations.

The bilateral (two sided) z-transform of a discrete time signal x(n) is given as.
Z.Tlx(n)] = X(Z) =22 __z(n)z "

The unilateral (one sided) z-transform of a discrete time signal x(n) is given as
Z.Tx(n)] = X(Z2) =22 jx(n)=""

Concept of Z-Transform and Inverse Z-Transform:

Z-transform of a discrete time signal x(n) can be represented with X(Z), and it is defined as

Z-transform of a discrete time signal x(n) can be represented with X(Z), and it is defined as

if Z =re™ then equation 1 becomes

X(re¥) =82 z(n)[re™] ™

= B2 z(n)[r e
X(re®) = X(Z) = F.T[z(n)r ™]... ... (2)

The above equation represents the relation between Fourier transform and Z-transform.

X(Z)|.—oso = F.Tlz(n).
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Inverse Z-transform:
X(re®) = F.T[z(n)r "]
z(n)r ™ = F.T [ X(re]
z(n) =+ F. T '[X(re™)]
= r" 5= [ X(relw)e™™ dw
= % [ X(redw)|[re®™|"dw ... ...
Substitute e’ = z .

dz — jre’™dw — jzdw

dw = %z'ld:«r

Substitute in equation 3.

3 = z(n) = ﬁf}f(z]z"%z"ldz: Eiﬂj | X(2)2" 1dz

X(Z)y= > =z(n)z"
1 n—1
xr(n) = 2—?1'.?] X(=z)z" "d=
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Difference Between Laplace and Fourier Transforms:
Laplace vs Fourier Transforms:

Both Laplace transform and Fourier transform are integral transforms, which are most commonly employed as
mathematical methods to solve mathematically modeled physical systems. The process is simple. A complex
mathematical model is converted in to a simpler, solvable model using an integral transform. Once the simpler
model is solved, the inverse integral transform is applied, which would provide the solution to the original
model.

For example, since most of the physical systems result in differential equations, they can be converted into
algebraic equations or to lower degree easily solvable differential equations using an integral transform. Then
solving the problem will become easier.

Region of convergence in Laplace transform:

With the z-transform, the s-plane represents a set of signals (complex exponentials). For any given LTI
system, some of these signals may cause the output of the system to converge, while others cause the output to
diverge ("blow up"). The set of signals that cause the system's output to converge lie in the region of
convergence (ROC). This module will discuss how to find this region of convergence for any discrete-time, LTI
system.

The region of convergence, known as the ROC, is important to understand because it defines the region
where the z-transform exists. The z-transform of a sequence is defined as

o0

X(z) = Z z[n|z "

m o

The ROC for a given x[n] , is defined as the range of z for which the z-transform converges. Since
the z-transform is a power series, it converges when x[n]z—n is absolutely summable.

{m- o]
E |z[r]=""] < oo
m -}

must be satisfied for convergence.

Properties of the Region of Convergence:
The Region of Convergence has a number of properties that are dependent on the

characteristics of the signal, x{n].

e The ROC cannot contain any poles. By definition a pole is a where X(z) is infinite. Since X(z) must be
finite for all z for convergence, there cannot be a pole in the ROC.

e Ifx[n]is a finite-duration sequence, then the ROC is the entire z-plane, except
possibly z=0 or |z|=c. A finite-duration sequenceis a sequence that is nonzero in a finite
interval n1<n<n2. As long as each value of x[n] is finite then the sequence will be absolutely summable.

When n2>0 there will be a z-1 term and thus the ROC will not include z=0. When n1<0 then the sum
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will be infinite and thus the ROC will not include |z|=c0. On the other hand, when n2<0 then the ROC
will include z=0, and when n1>0 the ROC will include |z|=00. With these constraints, the only signal,

then, whose ROC is the entire z-plane is x[n]=cd[n].

X[n]

e 070 ] 9.
—OOOOOJ; o

Figure 4: A left-sided sequence.

S e ]

- im[z]

Figure 5: The ROC of 2 left-sided sequence.

If x[n] is a two-sided sequence, the ROC will be a ring in the z-plane that is bounded on the interior and exterior by a
pole. A two-sided sequence is an sequence with infinite duration in the positive and negative directions. From the derivation
of the above two properties, it follows that if -r2<|z|<r2 converges, then both the positive-time and negative-time portions

converge and thus X(z) converges as well. Therefore the ROC of a two-sided sequence is of the form -r2<|z|<r2.
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X[l

C

IR TT 2T 9 ---
(@) 4} 0 J} O -

Figure &: A two-sided segusence.
Irm[=]

Figure 7: The ROC of a two-sided seguence.

Examples

Example 1

Lets take

za[n] = (%)nu[n] + G)“u[n]

n
The z-transform of (%) u[n] is — with an ROC at |2| > 3.
. 1
2

Im[z]

‘ v Eelz]

n
Figure 8: The ROC of (%) uln|
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Example 2

Mow take
= 1"
ol = () ulnl = () wlt=m) 1
n
The z-transform and ROC of (Tl) u[n] was shown in the example above. The z-transorm of
T
(—(%) )u[(—n] — 1]is —£- withan ROC at |2] > 3.
3
Im[=]
1 ™
Figure 11: The ROC of (— (E) )u[(—n} —1]
Once again, by linearity,
z z
Xalz| = T+ T
1
z(?z — E) [14]

By observation it is again clear that there are two zeros, at 0 and %. and two poles, at % and '—41. in ths case though,
the ROC s |2 < 3.

Im[z]

Figure 12: The ROC of za[n] = (:1 ) nu[n] — (%)ﬂu[[—n) —1].

Properties of Z- transforms:
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The z-transform has a set of properties in parallel with that of the Fourier
transform (and Laplace transform). The difference is that we need to pay special attention
to the ROC:s. In the following, we always assume

Zlz|n]] = X(z) ROC =R,
and

Zlyln]| =Y (z) ROC =R,
Linearity

Zlax[n| + by|n|] = aX(z)+bY (2), ROC 2 (R,NR,)

« Time Shifting

Zlz[n —ng|| = 27X (z), ROC =R,

Proof:

O

Zlz[n —nol] = Y z[n—mnglz"

n=—2C0

142




The new ROC is the same as the old one except the possible addition/deletion of the
origin or infinity as the shift may change the duration of the signal.

« Time Expansion (Scaling)

Zlz[n/K]] = X(¥), ROC = RY*

x[n]
The discrete signal cannot be continuously scaled in time as XL has to be an
z[n| z[n/k
integer (for a non-integer 1L is zero). Therefore Is defined as

A xn/k] if nis a multiple of &
rln/H :{ l]'[ " else "

z(n]
Example: If IS ramp

n 1213456

I[”]123456

z[n/2]

then the expanded version IS

n 123456
!

n/2 o5/1/15 2 253
17 1 2 3

r[n/2] g 110 2 0 3

143




]"'!ll."fk
where 1L js the integer part of

Proof: The z-transform of such an expanded signal is

Zlzn/k]| = i xln/klz"" = i r[m]z~Fm = X (%)

= — 0o = — 0

Note that the change of the summation index from It to It has no effect as the terms
skipped are all zeros.

Convolution

Zlz|n] * y[n]] = X(2)Y(z), ROC 2 (R.NR,)

R, R
The ROC of the convolution could be larger than the intersection of and y,
due to the possible pole-zero cancellation caused by the convolution.

Time Difference

Zlzn] —zln—1]] = (1—-2""X(z), ROC=R,

Proof:

Zlzln] —zn —1]] = X(z) — 27" X(z) = (1 — 2z ") X(z) =

Note that due to the additional zero Z=_1 and pole 2=20 the resulting ROC is the
R,
same as except the possible deletion of 2=10 caused by the added pole and/or
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addition of 2=_1 caused by the added zero which may cancel an existing pole.

Time Accumulation

21 alk] = X(:), ROCD[R.N (2] > 1)

P 1 —z L
z[n] u[n]
Proof: The accumulation of can be written as its convolution with
uln| + x[n| = Z uln — k|z[k] = Z x|k
k=—x hk=—oc

Applying the convolution property, we get

L]

Z[ Y, «lk]] = Zlulr] * z[n]] =

k=—oc

1 — z‘LX[:ZJ

Zluln]] =1/(1 — z71)
as .

Time Reversal

Z[z[-n]] = X(1/z) ROC =1/R,

Proof:

O o0

Zlel-nll= Y al-nls = Y alml(D) 7 = X(1/2)

n——oe M= —o0
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m = —T
where

Scaling in Z-domain

Zla"z[n]] = X G) ., ROC = |a|R.

Proof:

Ziwalnl| = Y aln G)_ _ X (E)

n—=—0

In particular, if 2—=¢""" the above becomes

Z[™oz[n]] = X (e 7*vz) ROC = R,

Wn
to £ corresponds to a rotation by angle in the z-
wpn Wpo = 0
plane, i.e., a frequency shift by . The rotation is either clockwise ( ) or
wp < 0
counter clockwise ( ) corresponding to, respectively, either a left-shift or a
right shift in frequency domain. The property is essentially the same as the frequency

shifting property of discrete Fourier transform.

g w0

The multiplication by

Conjugation

Z[z'[n]] = X*(z*), ROC =R,
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zln]

Proof: Complex conjugate of the z-transform of IS
X*(z)=1[ ) z[nlz7]" = > ='[](z")™"

Replacing £ by z*, we get the desired result.

Differentiation in z-Domain

{ .
Zlnzn|| = -z ;—}x[*] ROC = R,
dz
Proof:
i}f{z:] — i I[n]ifz_”j — i (—n)z[n]z7""! :_—1 i nrnz™"
dz = dz = z ==,
le.,
Zlnaln] =~z X (2
nrin|| = zdz z)

Example: Taking derivative with respect to = of the right side of

Zla"un]] = 1_;

— 2l > o
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we get

—lZ

dz 1

1l—az"

4y

(1 —az!)?

Due to the property of differentiation in z-domain, we have

—1

n [
Z|na uhﬂ]::fftjazrrﬁ- |z| = |a]
z| < |a
Note that for a different ROC , We have
) . az"t
j[—ﬂﬂ u[—n — 1]] = m |Z| < |ﬂ-|
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MODULE -V

SAMPLING THEOREM

Graphical and analytical proof for Band Limited Signals, Impulse Sampling, Natural and Flat
top Sampling, Reconstruction of signal from its samples, Effect of under sampling — Aliasing,
Introduction to Band Pass Sampling. Correlation: Cross Correlation and Auto Correlation of
Functions, Properties of Correlation Functions, Energy Density Spectrum, Parseval’s Theorem,
Power Density Spectrum, Relation between Autocorrelation Function and Energy/Power
Spectral Density Function, Relation between Convolution and Correlation, Detection of Periodic

Signals in the presence of Noise by Correlation, Extraction of Signal from Noise by filtering.

Graphical and analytical proof for Band Limited Signals:

Sampling thoerem: A continuous time signal can be represented in its samples and can be recovered
back when sampling frequency fs is greater than or equal to the twice the highest frequency component
of message signal. i. e.

fs>2fm

Proof: Consider a continuous time signal x(t). The spectrum of x(t) is a band limited to f, Hz i.e. the
spectrum of x(t) is zero for |o[>wm.Sampling of input signal x(t) can be obtained by multiplying x(t)
with an impulse train 3(t) of period Ts. The output of multiplier is a discrete signal called sampled

signal which is represented with y(t) in the following diagrams:

x(t)
x&}
: __| multiplier |—
B(t) y(1)
3(1) R
Ts2Ts
[ 2
-2Ts -Ts  Ts 2Ts t ¢ l 1 l l ¢
Y(w)
X(w)
w
-0 0 We 2Wg




Here, you can observe that the sampled signal takes the period of impulse. The process of sampling can
be explained by the following mathematical expression:

Sampled signal y(t) = z(t). d(t)

The trigonometric Fourier series representation of & (i) is given by

§(t) = ag + B2, (@, cos nw,t + by, sin nw,t)

...... (2)
Where ag = Ti f__E_ d(t)dt = Tla(u} — Tl
an =2 [ 8(t) cos nuw, dt = 2 6(0) cosnuw,0 = 2
b, = % fé 4(t) sinnw,tdt = %6(0}@11}.&130 =0

Substitute above values in equation 2.

L 0(t) = 7 + B2, (& cosnw,t +0)

Substitute d(t) in equation 1.

— y(t) = =(t).4(2)

= *Lt',(if]n[:!,l‘r + E»ﬁil(% cos nw,t)|

= 2 [a(t) + 252 (cosnw,t)a(t)]

y(t) = Tl [z(t) + 2 cos wyt. z(t) + 2 cos 2w,t. z(t) + 2 cos Sw,t. z(t)
Take Fourier transform on both sides.
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Y(w) =

B

[X(w) + X(w — ws) + X(w + ws) + X(w — 2w,) + X(w + 2w,)+...]
L Y(w) = 25X X(w—nw,)  wheren=0,+1,£2,...

To reconstruct x(t), you must recover input signal spectrum X() from sampled signal spectrum Y (o),
which is possible when there is no overlapping between the cycles of Y().
There are three types of sampling techniques:

e Impulse sampling.

o Natural sampling.
« Flat Top sampling.

Impulse Sampling
Impulse sampling can be performed by multiplying input signal x(t) with impulse train
% §(t —nT)

of period 'T". Here, the amplitude of impulse changes with respect to amplitude
of input signal x(t). The output of sampler is given by )
Yy
M

T e
il

L

X(1)

y(t) = x(t)x impulse train
= z(t) x X2 0(t —nT)

y(t) = ys(t) = o _z(nt)d(t —nT)......1

To
get the spectrum of sampled signal, consider Fourier transform of equation 1 on both sides

Y(@) = 252 o0X(w—nw)

This is called ideal sampling or impulse sampling. You cannot use this practically because pulse width
cannot be zero and the generation of impulse train is not possible practically.
Natural Sampling

Natural sampling is similar to impulse sampling, except the impulse train is replaced by pulse train of
period T. i.e. you multiply input signal x(t) to pulse train
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Substitute p(t) in equation 1

y(t) = z(t) x p(t)

= 2(t) X £B2 o Plnw,) et

Y(t) = TZ02 oo P(news) a(t) ™

To get the spectrum of sampled signal, consider the Fourier transform on both sides.

F.T[y(t)] = F.T[LEZ® _ P(nw,) z(t) emt]

T n=—aoo

= 752 oo P(nw,) F.T [z(t) €]

According to frequency shifting property

F.T [z(t) ™ ] = X[w — nw;|

LY w] = 132 P(nws) X[w — nw,]

Flat Top Sampling

During transmission, noise is introduced at top of the transmission pulse which can be easily removed
if the pulse is in the form of flat top. Here, the top of the samples are flat i.e. they have constant
amplitude. Hence, it is called as flat top sampling or practical sampling. Flat top sampling makes use of
sample and hold circuit.

L A

x(t) y(t)

D1 {1 %

Theoretically, the sampled signal can be obtained by convolution of rectangular pulse p(t) with ideally
sampled signal say ys(t) as shown in the diagram:

152




-T2 TI2 "‘l“l*

To get the sampled spectrum, consider Fourier transform on both sides for equation 1

Ylw] = F.T[P(t) x ys(2)]

By the knowledge of convolution property,

Y] = P(w) Y3(w)

Here P(w)—= TSal[“‘—g} = 2sinwT /w

Nyquist Rate

It is the minimum sampling rate at which signal can be converted into samples and can be recovered
back without distortion.

Nyquist rate fy = 2f, hz

Nyquist interval = 1/fy = 1/2fm seconds.

Reconstruction of signal from its samples:

Reconstruction

Assume that the Nyquist requirement ©0 > 2om is satisfied. We consider two reconstruction schemes:
* ideal reconstruction (with ideal bandlimited interpolation),

* reconstruction with zero-order hold.

Ideal Reconstruction: Shannon interpolation formula
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1 1 1_n,
Xplt) = ...+ ?XF{w+m.;.} + ?XF{w} + TX*{w wp) + ...

b HO T o)

r'r -
.i-:.' [ =y

—— ————

e wy /2 0 wy /2 Wy e

Our ideal reconstruction filter has the frequency response:
HYw) = Ty ymy (@)
and, consequently, the impulse response
(1) = sinc ().

Now, the reconstructed signal is

e ey t—nT
x(t) = xplt # hif) = x(nT) & —nT)xh(t) = x(nT)sinc
o(t) ()= ¥ xuT) 8t nT)sh(t) =}, x(nT)sine(——)
impulse-sampled signal hit —nT), see (3)

which is the Shannon interpolation (reconstruction) formula. The actual reconstruction system mixes
continuous and discrete time.

Discrete-Time Sinc Pulse Continuous-Time
x [n]=x(0l ,_ .z Generator x,(1)= i" [alle—nT)= i % [n] sin-::!/l —;T]
A== f— 1'A

The reconstructed signal xr(t) is a train of sinc pulses scaled by the samples x[n]. * This system is
difficult to implement because each sinc pulse extends over a long (theoretically infinite) time interval.

x(t)

Z(0)sinc( i'T— )

—2F._ AT 0 T, 2T

X(—T)sinc (“")
. X(0)sinc( % )
I(I )\lm(—)

72T em

A general reconstruction filter
For the development of the theory, it is handy to consider the impulse-sampled signal xP(t) and its

154




2
I‘J ) TT |?.l:|

w BT

Figure : Reconstruction in the frequency domain is lowpass filtering

Here, the reconstructed signal is x,(t), with CTFT
sampling th. 1 = 2k

XHw) = HE (w) XE(w) R H,ﬁ,l[m]T Y, XF(w — )
k——m g
k taxg

Effect of under sampling — Aliasing
Possibility of sampled frequency spectrum with different conditions is given by the following

diagrams:
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it Y(U.‘I)
fg e Efm
/\ / /\ over sampling
== 0 Ws 2wws ’
i Y({J.‘i]
fs = 2fm
perfect sampling
-(s 0 Ws 2wWs ’
i Y{w}
fs < 2fm
under sampling
== 0 Ws 2wWs ’

Aliasing Effect
The overlapped region in case of under sampling represents aliasing effect, which can be removed by
e considering fs >2f,

« By using anti aliasing filters.

Samplings of Band Pass Signals
In case of band pass signals, the spectrum of band pass signal X[w] = 0 for the frequencies outside the
range f; < f < f,. The frequency f; is always greater than zero. Plus, there is no aliasing effect when f; >
2f,. But it has two disadvantages:

e The sampling rate is large in proportion with f,. This has practical limitations.

e The sampled signal spectrum has spectral gaps.

To overcome this, the band pass theorem states that the input signal x(t) can be converted into its
samples and can be recovered back without distortion when sampling frequency fs < 2fs.
Also,
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Where m is the largest integer < LBE

and B is the bandwidth of the signal. If f,.=KB, then

For band pass signals of bandwidth 2f;, and the minimum sampling rate f.= 2 B = 41,

the spectrum of sampled signal is given by  Y|w| = %E;‘;":_ oo X|w — 2nB]

£ P(t—nT)

N=—>00
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[ v
At | 1
> % iy
The output of sampler is

y(t) = x(t) x pulse train

= z(t) x p(t)

= 2(t) x B2 __P(t —nT)

The exponential Fourier series representation of p(t) can be given as

p(t) = X2 F,efmt
I

Where F), =

rralH

% f_ p(t)e Mt dt

b‘?|

7p (74w

Substitute F, value in equation 2
5 p(t) = B % P(nw,)el™

= %Ef:;_mp{nws}efw

Correlation
Cross Correlation and Auto Correlation of Functions:
Correlation

Correlation is a measure of similarity between two signals. The general formula for correlation is
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[m zy(t)z2(t — 7)dt

o0
There are two types of correlation:

e Auto correlation
e Cross correlation

Auto Correlation Function

It is defined as correlation of a signal with itself. Auto correlation function is a measure of similarity
between a signal & its time delayed version. It is represented with R(z).

Consider a signals x(t). The auto correlation function of x(t) with its time delayed version is given by

Ry1(t) = R(7) = [m z(t)x(t — T)dt [+ve shift]

o0

— [m z(t)z(t + T)dt [-ve shift]

s o]

Where 7 = searching or scanning or delay parameter.
If the signal is complex then auto correlation function is given by

Ry (1) =R(r) = fim z(t)z * (t — 7)dt [+ve shift]

oo

= /:m z(t + 1)z * (t)dt [-ve shift]

o

Cross Correlation Function
Cross correlation is the measure of similarity between two different signals.
Consider two signals x;(t) and x»(t). The cross correlation of these two signals R12(z)R12(t) is given

by
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o0

Ria(7) = f x1(t)z2(t — 7) dt

oo

s o]

P signals are complex then

Ria(1) = fm x1(t)z3(t — 1) dt

(& 4]

e 4]

:f x1(t + 7)x5(t) dt

(s 4]

Ru(r) = [ ma(O)sit )

o0

= [m xo(t + )z} (L) dt

s o]

Properties of Correlation Functions:

[-+ve shift]

[-ve shift]

[-+ve shift]

[-ve shift]

[+ve shift]

[-ve shift]

e Auto correlation exhibits conjugate symmetry i.e. R (T) = R*(-T)
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Proof: 'The autocorrelation of an energy signal x(¢) is given by

o

R(t)= I x(Dx (t - 7)dt

Taking the complex conjugate, we have

R*(r) = I x*(t) x(t—=1)dr

£

R*(—t) = I .r'(r) x(t+7)di =R(7)

R(1) = R‘(’— 7)

Auto correlation function of energy signal at origin i.e. at T =0 is equal to total energy of
that signal, which is given as:

RO)=E= [ |z(t)| dt

o

Proof: We have

R(r) = j x(Ox" (- 17) dt
Putting 7 = 0 gives %

RO)= [ xox" @y dr= [ |xo)f dr=E

- 00

Auto correlation function is maximumatt=0i.e [R(T)|<RO)VT

Proof: Consider the functions x(1) and x(z + 7). [x(t) + x(r + 7)]* is always greater
than or equal to zero since it is squared, i.e.

PO+ +0 2 Xt +7)20

or (1) + xz(l +7)2+£2x() x(t + 7)
Integrating both the sides, we get

I |x(t)|2 dr + J' (e + r)|2 dr=2 I x(0) x(t + ) dr

E + E = 2R(7) [If x(r) is real valued function]
E 2 R(7)
or R(0) 2 |R(7)| (Since R(0) = E)

Auto correlation function and energy spectral densities are Fourier transform pairs. i.e.

FT[R(T)]=SX)(((U)
Sxx(w)=[R(7)e”“"d T where -= < 7<=

R(t)=x(t)*x(-T)
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Properties of Cross Correlation Function
e Auto correlation exhibits conjugate symmetry i.e. Ri2(7)=R*21(—7).

e Cross correlation is not commutative like convolution i.e.

R12(7)#R21(—7)
e If Ri2(0) = 0 means, if [xy(t)x*,(t)dt=0 over interval(-c0,:0), then the two signals are said to be
orthogonal.

o Cross correlation function corresponds to the multiplication of spectrums of one signal to the
complex conjugate of spectrum of another signal. i.e.

Riz()——Xi(@)X*2(w)
This also called as correlation theorem.
Energy Density Spectrum:
Energy spectral density describes how the energy of a signal or atime series is distributed with
frequency. Here, the term energy is used in the generalized sense of signal processing;
Energy density spectrum can be calculated using the formula:

E=/_ 2(f) Pdf

(s 4]

Properties of ESD: The following are the properties of ESD.

L. The total area under the energy density spectrum is equal to the total energy of the
signal.

RS iz T :
ie. E=— J viw)do = J w(f)df
27

P - on

o

If x(¢) is the input to an LTI system with impulse response h(t), then the input and
output ESD functions are related as:

v, (@)= “1(0))‘2 v ()
o v, (N =HS v

3. The autocorrelation function R(7) and ESD y(w) form a Fourier transform pair, i.c.
R(7T)— v(w)

or R(7) «— yw(f)
Parseval’s Theorem:
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Parseval's theorem for energy signals (Rayleigh's energy theorem) Parseval's theorem
defines the energy of a signal in terms of its Fourier transform. Using Parseval’s theorem, the
energy of a signal x(f) can be evaluated directly from its frequency spectrum X(w) without the
knowledge of its time domain version, i.c. x(7). '

oa

; 1% 1" ; :
E = I x(r) (/1—5[ A\((U)I dw

or E= j |xcHf af

Power Density Spectrum

The above definition of energy spectral density is suitable for transients (pulse-like signals) whose
energy is concentrated around one time window; then the Fourier transforms of the signals generally
exist. For continuous signals over all time, such as stationary processes, one must rather define
the power spectral density (PSD); this describes how power of a signal or time series is distributed
over frequency, as in the simple example given previously. Here, power can be the actual physical
power, or more often, for convenience with abstract signals, is simply identified with the squared value

of the signal.

Power density spectrum can be calculated by using the formula:
— L ¥ 2
P=%2 |Cnl

e The spectrum of a real valued process (or even a complex process using the above definition) is

real and an even function of frequency:
Sex(—w) = Sz (w).

e If the process is continuous and purely indeterministic, the autocovariance function can be

reconstructed by using the Inverse Fourier transform

e The PSD can be used to compute the variance (net power) of a process by integrating over

frequency:

1 )
Var(X, ) = —f Sz (w) dw.
T Jo
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Proof: Consider a function x(7). We know that
%) = x@) X" (1)

where x™(1) is the conjugate of x(2).
The average power of x(7) for one cycle is:

1 n2 4 1 T2 B
P=z [ |x) di=— [ 20 x @
~T/2 ~T/2

But, we have the exponential Fourier series,

x(t)= i Giel*™

P=lT i C,ej"“"x*(t)tit
T 73 ae-w

Interchanging the order of summation and integration, we get

P=n-Z--C,-_F-£2x (1) ™ di
= Sact= Silcf
~ jr=2m’
A

This is called Parseval's power theorem. It states that the power of a signal is equal to the
sum of square of the magnitudes of various harmonics present in the discrete spectrum.

Table .1 Comparision of ESD and PSD

S.No. ESD PSD
1t gives the distribution of energy of a signal in It gives the distribution of power of a signal
frequency domain. in frequency domain.
dwor i o 35 [X(w)]?
2. Itis given by (@) =|X(w) It is given by  S(@)= Lt ——
f o T T
3. The total energy is given by The total power is given by
W T L& T
Ea— -{ v(w) dew = -J; wif)df = g:!'-s(m) dw = _{S(f)df
4.  The autocorrelation for an e¢nergy signal and its The autocorrelation for a power signal and
ESD form a Fourier transform pair. its PSD form a Fourier transform pair
R(7) & y(@) or R(r)e—ry(f) R(7) & S(®) or R(1) e~ S(f)

Relation between Autocorrelation Function and Energy/Power Spectral Density Function:

164




1. Relation between Autocorrelation Function and Energy Spectral Density Function:

The autocorrelation function R(7) and energy spectral density function w{(@) form a Fourier
transform pair, i.e.

R(1) ¥— y(w)
Proaf: The autocorrelation of a function x(¢) is given as:

-

R(r)= _[ x(1) x*(r - T)dt

an

Replacing x*(r — 7 by its inverse transform, we have
*
T Lost ! }-Lic T o ;i i
& . b, 9 Jo(t~1) N s Jet-T)
R(T)= I "“)[2;: I X(w)e d(o] dt = e j .\‘(I)': J X (we dw} dt

Interchanging the order of integration, we have

-} e v i -
R(7)= 5"[" j X (G)){_I x(1)e d{]t dw
_ e el i S
T [ X (@ x@)e e [ |x@) & da
2 7.
=F'[p(w)]

v(w) = FIR(7)]

This proves that R(7) and w(®) form a Fourier transform pair,

R(1) —— w(w)

2. Relation between Autocorrelation Function and Power Spectral Density Function:
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The autocorrelation function R(t) and the power spectral density (PSD), S(w) of a power
signal form a Fourier transform pair, i.e.

R(T) —— S(w)

Proof: The autocorrelation function of a power (periodic) signal x(r) in terms of Fourier
series coefficients is given as:

R(z)= i C.C. ™"

A=—pc

where C, and C_, are the exponential Fourier series coefficients.

R(1)= i |C, [} enenr

n=-—on

Taking Fourier transform on both sides. we have

FIR(®)] = [ [ i c.f ciﬂ%r) i g

Interchanging the order of integration and summation, we get

FIR@I= Y, |C,[ [ e/ @ gr

ne —oe

=2 3, (G s@-nap= 3 (G} 6es -t

L ne -

The RHS is the PSD S(w) or S(f) of the periodic function x(1).
: FIR(D)]=S(@) [or S(f))

nd F'[S(@)] (or F'[S(f)]} = R(7)
e R(t) & S(w) [or S(f)]

Relation between Convolution and Correlation:
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The convolution of x;(r) and x,(-7) is given by

(0)* xy(=1) = _[ x(T)x,(r -1 dr

Replacing the dummy variable 7 in the above integral by another variable n, we have

X () * x5(=t) = J X, (n) xy(n—1t) dn

Changing the variable from 7 to 7, we get

4(r)*¥x,(-7)= f X (n) x;(n—7)dn=R,(7)

-0
Hence Ri2(7)=x, (N * x,(=1),_,

Similarly, Ry (D) =x () * xy (1),

Detection of Periodic Signals in the presence of Noise by Correlation:

Extraction of Signal from Noise by filtering.
Whenever we wish to use correlation for signal detection, we use a two-part system. The first

part of the system performs the correlation and produces the correlation value or correlation signal,
depending upon whether we are doing in-place or running correlation. The second part of the system
examines the correlation or correlation signal and makes a decision or sequence of decisions. See the
block diagram given in Figure

Correlation
Signal

Ipput Correlation Decision Decision
Signal Calculator Maker
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