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INFLUENCE COEFFICIENTS



Introduction

 What is statically DETERMINATE structure?

— When all the forces (reactions) in a structure can be
determined from the equilibrium equations its called
statically determinate structure

— Structure having unknown forces equal to the available
equilibrium equations
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No. of unknown = 3 No. of unknown = 6

No. of equilibrium equations = 3 No. of equilibrium equations = 6

3 = 3 thus statically determinate 6 = 6 thus statically determinate



Introduction

What is statically INETERMINATED structure
- Structure having more unknown forces than available

equilibrium equations

- Additional equations needed to solve the unknown reactions

00O

No. of unknown = 4
No. of equilibrium equations = 3
4 > 3 thus statically Indeterminate
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No. of unknown = 10
No. of equilibrium equations = 9
10 > 9 thus statically



Indeterminate Structure

Why we study indeterminate structure

— Most of the structures designed today are statically
indeterminate

— Reinforced concrete buildings are considered in most cases
as a statically indeterminate structures since the columns
& beams are poured as continuous member through the
joints & over the supports

— More stable compare to determinate structure orin
another word safer.

— In many cases more economical than determinate.
— The comparison in the next page will enlighten more



Determinate Structure

Deflection
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Determinate Structure

Indeterminate Structure

Stability in case of over load

* Support will not develop the
horizontal force & moments
that necessary to prevent total
collapse

* No load redistribution

*When the plastic hinge formed
certain collapse for the system
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*Will develop horizontal force &
moment reactions that will hold
the beam

* Has the tendency to
redistribute its load to

*When the plastic hinge
formed the system would be
a determinate structure




Determinate Structure

Indeterminate Structure

No effect & no stress would be
developed in the beam

Serious effect and stress would
be developed in the
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STIFFNESS METHOD

Example:

Analyze the continuous beam as shown in figure using stiffness method.

40 kN 60 kN 20 kN
A i B - ) BC 15| A
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Solution:

Solution Figure 11.28(b) shows an equivalent beam. The coordinates selected are
Figure 11.28(c) and the fully restrained structure is shown in Figure 11.28(d).

60 kN 80 kN

% 4 (20) e —asu P

Figure 11.28(b): Equivalent beam.
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Figure 11.28(c): Coordinates selected.
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Figure 11.28(d): Fully restrained structure.




Final force vector

[P] = 0

MFBC = —60 X% = —60 kNm

MFCB = 60 kNm

4 2
Mzcp = - o X62>< s = —35.55 kNm
2
T x;; X% 1711 KN
~60.0 )

[P;] = | 60-3555 | = | 24.45
7108 7111




Stiffness Matrix

(a) Unit displacement at B:
Referring to Figure 11.29 given below

4E x 21
ky = 3 ~

El

2
k21 — E(ZI) =05E1
8




(b) Unit displacement at C:
Referring to Figure 11.30 given below

6=1 .. ks
e
b i) ky  (1.51)

Figure 11.30: Restrained structure with unit displacement in coordinate direction 2.

2E (2
k12 = ( I) =05EI
8
4F (21 2 -
kyy = ( )+ E(151)=2EI
8
2E (1.51)

by =———= =05 FI
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(¢) Unit displacement at D:
Referring to Figure 11.31 given below

k13 = O
&) |
k23 = 2E(25 ) =05EI
4F (1.51
k33 — ( )=EI

6

Ky | g=1
B t e
7 ,/k ¥J) B & (1.51) | 7




Stiffness Matrix equation IS

El

[k] TA] = [P =& ]
1.0 05 0 ][A] [-80+60]
05 20 05| A, |=|0-2445
0 05 10]la;| [0-7LI11
] 1’1.0 05 o'
AT = 05 2.0 05
By < 05 L0




1 1
~ EI (2><1—0.52 - 05(05 —0))

—27.035
- L1 tast
—78.145 |
65 | : [ —27.035]
EI
05 | -78.145_

MAB = —80 kNm

2FE (21)

—27.035) 14.07
+

MBC - —60 = 8

b3
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1.75 . —0.5 . 023
x| ~0.3 1.0 0.5
025 =05 T.03

—80 kNm




= 60

Tl L+

8

= —=35.55+
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El

60.55 kNm
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UNIT-11
STIFFNESS METHOD APPLIED
TO LARGE FRAMES



MATRIX STIFFNESS METHOD OF ANALYSIS

{P}nxl _: ['K].nxn{'_[)}nxvl

B e

F=KD {F}ﬂxl = [K]ﬂxﬂ{D}ﬂ}il
{D} = [K]"'{F}




LOCAL COORDINATE SYSTEM

| M;;, 0;; = bending moments and corresponding

rotations at ends i, j, respectively; N;; u;; are axial forces and

corresponding axial deformations at ends i, j, respectively; and Q;

v;; are shear torces and corresponding transverse displacements at

ends i1, 7, respectively. The directions of the actions and movements
-are positive when using the stiffness method.




DEGREES OF FREEDOM




MEMBER STIFFNESS MATRIX

The structure stiffness matrix [K| is assembled on the basis of the
equilibrium and compatibility conditions between the members. For
a general frame, the equilibrium matrix equation of a member is

{P} = [KJ{d} (1.9)

where {P} is the member force vector, [K,| is the member stiffness
matrix, and {d} is the member displacement vector, all in the mem-
ber’s local coordinate system. The elements of the matrices in Equa-
tion (1.9) are given as

rNI' \ -Kll 0 0 Klq_ 0 0 i "ui‘
Q; 0 Kpn K 0 Ky K Vi
) M|, 1 0 K3z Ksz 0 Kz Kag |, R
QI' 0 Ksp Ksz 0 Ks;5 Ksg Vi

( M; | 0 Kg Ksz 0 Kgs  Keg | | 0;




ELEMENTS OF MEMBER STIFFNESS MATRIX

AXIAL LOADING

A member under axial forces N; and N, acting at its ends produces
axial displacements 1; and u; as shown in Figure 1.10. From the
stress-strain relation, it can be shown that

EA

Nj = T [uj—u;,-) “_.]_Dﬂ:l

N; = E {ur‘—u;} (1.10b)
where E is Young’'s modulus, A is cross-sectional area, and L is length
of the member. Hence, K|} = — Ky = — Ky = Kyy = %

Uy
Original position \é’///,?)\/"
\ 1

H 2
3%
FIGURE 1.10. Member under axial forces. : 23



BENDING MOMENTS AND SHEAR

For a member with shear forces Q; Q; and bending moments
M;, M; acting at its ends as shown in Figure 1.11, the end displace-
ments and rotations are related to the bending moments by the
slope-deflection equations as

Displaced position

FIGURE 1.11. Member under shear forces and bending moments.




BENDING MOMENTS AND SHEAR

2EI 3(vi—vi)]
Mi — T -Zﬂl‘l‘ﬂl - L -
2EI | S(Ff—lﬁ':l-
HEHEE, Kﬁg = —Kﬁs = iEEI, Kﬁg = E-JLEI! and Kﬁ.ﬁ = 4L£.




BENDING MOMENTS AND SHEAR

By taking the moment about end j of the member in Figure 1.11,
we obtain

M;+M; 2EI 6(vi—v;)
Q; = i = L—l Sﬂj—l-gﬂ;f — i {1.123!
Displaced position N

Criginal position

Also, by taking the moment about end i of the member, we obtain

Q;=— (MHM")z —Q; (1.12b)
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STIFFNESS MATRIX

In summary, the resulting member stiffness matrix is symmetric
about the diagonal:

- EA EA ]
7z 0 O -7 0 0
0 12E] GET 0 12EI  G6EI
I3 I NE 12
o SEL 4EL  6E 2K
" 12 L I L 1151
el = EA EA :
-7 Y o = 0 0
0 12E] GET 0 12E] GET
I3 T I2 Iz
o SEL 2EL o GEL 4EI




COORDINATES TRANSFORMATION

In order to establish the equilibrium conditions between the member
torces in the local coordinate system and the externally applied loads
in the global coordinate system, the member forces are transformed
into the global coordinate system by force resolution. Figure 1.12
shows a member inclined at an angle « to the horizontal.

FIGURE 1.12. Forces in the local and global coordinate systems.




LOAD TRANSFORMATION

The forces in the global coordinate system shown with superscript “g”
in Figure 1.12 are related to those in the local coordinate system by

ai' .
H;=N;cosa— Q;sinu (1.14a)
,. N
MAD/'{ VE=N;sina+ Q; cosa [1.14b)
Hg

M8 = M, (1.14c)
Similarly,
S H? = Nj cosx — Q; sina (1.14d)
M)D/ﬁ'f’. V¥ = N; sina + Q; cosu (1.14¢]
iV
_—— M — M; (1.14)
M7
HY

In matrix form, Equations (1.14a) to (1.14f) can be expressed as

{F} = [T){P} (1.15)




LOAD TRANSFORMATION

In matrix form, Equations (1.14a) to (1.14f) can be expressed as

{E{} = [T{P} (1.15)

where{F.} is the member force vector in the global coordinate system
and |T| is the transtormation matrix, both given as

(HY ) "cosx —sing 0 0 0 0
Ve sing cosx 0O O 0 0
M 0 0 1 0 0 0
I:.‘g = 4 311[1 = )
{£) H?} T 0 0 O cosa —sinx O
V‘? 0 0 0 sina cosx 0O
| ME 0 0 0 0 0 1]




DISPLACEMENT TRANSFORMATION

The displacements in the global coordinate system can be related to
those in the local coordinate system by following the procedure simi-
lar to the force transformation. The displacements in both coordinate
systems are shown in Figure 1.13.

From Figure 1.13,

Ui = U; cosu + Vi sinu (1.16a)

FIGURE 1.13. Displacements in the local and global coordinate systems.




DISPLACEMENT TRANSFORMATION

v; = —U; sino + vV, cosu
0; = 0%

u; = U coso + v sinu

v; = —uj sin« + v§ cos

0; = 65

(1.16b)
(1.16c¢)

(1.16d)
(1.16e)

(1.16f)



DISPLACEMENT TRANSFORMATION

In matrix form, Equations (1.16a) to (1.16f) can be expressed as
{d} = [T|"{ D5} (1.17)

where {D:} is the member displacement vector in the global coordi-
nate system corresponding to the directions in which the freedom
codes are specified and is given as

(D5} =

R S B B S B

and [T|" is the transpose of [T].




Member Stiffness in Global Coordinate System

From Equation (1.15],
{Ei} = [THP}
= |T||K:]{d} trom Equation (1.9)

= [T][K,][T]"{D5} from Equation (1.17)

= [KEJ{DE]

where [Kf| = [T][K,|[T]" = member stiffness matrix in the global coor-
dinate system.




Member Stiffness in Global Coordinate System

An explicit expression for [K{] is

EA 12ET EA  12El GETD EA 12ET EA 12El GET
* 52 5C—- —— | -5— |t 5 _5C| —- 5
L+ L3 (L J’ﬁ) L2 ( L+ L3) (L J’ﬁ) I
EA 12El GET EA 12ET EA 12ET6 GET
PP o s/ —| 52 * C—
I t & I (L I3 ( I + & It
4ET GET GET AET
T SIT = T
[KE]=
EA 12ET EA  12ET6 GET
iR 50| — = 5
L + L3 (L L3 ) Iz
EA 12El GEN
5 etri 5t e O—
ViImmetric T + I3 T3
4Er
L
(1.19)

where C = cos o; S = sin .



Assembly of Structure Stiffness Matrix

Consider part of a structure with four externally applied forces, F1, F2,
F4, and F5, and two applied moments, M3 and M6, acting at the
two joints p and g connecting three members A, B, and C as shown in
Figure 1.14. The freedom codes at joint p are {1, 2, 3} and at joint g are
{4, 5, 6]. The structure stiffness matrix |[K| is assembled on the basis of
two conditions: compatibility and equilibrium conditions at the joints.

FIGURE 1.14. Assembly of structure stiffness matrix [K].



Compatibility Condition

At joint p, the global displacements are D1 |horizontal), D2 (vertical),
and D3 (rotational). Similarly, at joint g, the global displacements are
D4 |horizontal), D5 (vertical), and D6 (rotational). The compatibility
condition is that the displacements (D1, D2, and D3) at end p of mem-
ber A are the same as those at end p of member B. Thus,
(uf)y = (uf), = D1, (v¥)y = (v¥), = D2, and (6%), = ()5 = D3. The
same condition applies to displacements (D4, D5, and D6) at end g
of both members B and C.

The member stiffness matrix in the global coordinate system
given in Equation (1.19) can be written as

on EA + 5§ 12E1 etc

where kll = T I3’ . 37



Compatibility Condition

For member A, from Equation (1.18),

(Hf.)ﬂ = it e+ + (kaa) . D1 + (kas) 4 D2 + (kag) 4 D3 (1.21a)
(v;.f)ﬂ = it it o+ (ksg) 4Dy + (kss) 4Da + (ksg)4D3  (1.21D)
(Mf)ﬂ = it it o+ (Kea) 4 D1 + (kgs) 4 Da + (ko) 4 D3 (1.21¢)

Similarly, tor member B,

(Hf) , = (ki1)gDy + (Ky2) gDy + (Ky13) gDs + (Kys) gDy + (ki5)gDs + (kig) 3 Ds
(1.21d)

(V¥) = (ka1) D1 + (koo )gDy + (kaa) g D3 + (kas) gDs + (Kas) gDs + (kag ) gD
(1.21e)

(Mf), = (ka1)gD1 + (kaz) gDa + (kaa) D3 + (kas) gDs + (Kas )z Ds + (kag) gD
(1.216

1




Compatibility Condition

(H}-)E = (ka1)gD1 + (ka2) g D2 + (kaz)pD3 + (kaa)gDa + (kas )pDs + (Kkas) 3 Ds

(1.21g)

(V#), = (ks1)sDi1 + (ksa) gDz + (ksa)sDa + (ksa)sDs + (kss)sDs + (kss) s Ds
(1.21h)

(M), = (ke1)sD1 + (Ke2)sDs + (Kea) 5Ds + (kea) 5D + (Kes)sDs + (ko) Ds
(1.21i)

Similarly, for member C,

(Hf) . = (ki1)eDy + (ki2)eDa + (kia)eDs + o+ o+ (1.21])
(V) = (k21) D1 + (k22) D2 + (k23) D3 + covee + e + (1.21k)

[fﬂg)c = [kgﬂcﬂl + [:kggjcﬂg + (kgg)cﬂg + ..... T S (1.211)

I




Equilibrium Condition

Anvy of the externally applied torces or moments applied in a certain
direction at a joint of a structure is equal to the sum of the member

torces acting in the same direction for members connected at that
joint in the global coordinate system. Theretore, at joint p,

F1 = (HY) + (Hf), (1.22a)
F2=(V§), + (Vi) [1.22b)
M3 = (MF) + (ME), (1.22c)
Also, at joint q,
Fa = (Hf) + (Hf), (1.224)
F5 = (V¥) +(V¥)g (1.22¢)

M6 = (MF) + (M) (1.22f)




Equilibrium Condition

(. . * . - . - - *] .
Fl o (hula+iknlg (kas)a+(knlg (hasla + (kualg (k14) g (kis)p (ks )a «( 1 D1
F2 o (ko) +(knlg (kas)y+ (kmlg  (kss)q + (kg (k1s) g (kxs)g (ks g e | D2
‘ M3 | _]* (kot)g + (Rat)g  (Ras)y + (ko) (Res)y + (Ras)g (Has) g (Kas)g (Kas ) g .l D3 .
F4 . (ka1 )g (kg (Eaa)p (kealg + (ke (Raslp + (Kia)e  (kaglg + (Kiz)e o) | D4
F5 . (ks1)g (ks )g (ksa)a (ksa)p+ (km)e  (lss)p + (kaa)e (Rss)p+ (k) | | D5
M6 . (ks ) (hez g (ke g (ksa)g + (katly (kes)g + (kaz)p (keslg + (k) o) | D4
. . . . . . . . || =
.
[1.23)

where the “#” stands for matrix coefficients contributed from the
other parts of the structure. In simple form, Equation (1.23) can be
written as

{F} = [K{D}

which is identical to Equation (1.7). Equation (1.23) shows how the
structure equilibrium equation is set up in terms of the load vector
{F}, structure stiffness matrix K|, and the displacement vector {D}.




Assembly of Structure Stiffness Matrix

[KZ] of member A

___________________________________

[KZ] of member C’"ﬂi

FIGURE 1.16. Assembly of structure stiffness matrix.

[KZ] of member B

| 1 [K ] of structure

42



ASSEMBLY OF LOAD VECTOR

Fi| 1
F2| 2
F3| 3
F4| 4
F5| 5
F&| 6

FIGURE 1.17. Assembly of load vector.

Freedom codes




METHODS OF SOLUTION

The displacements of the structure can be found by solving Equation
(1.23]. Because of the huge size of the matrix equation usually encoun-
tered in practice, Equation (1.23) is solved routinely by numerical
methods such as the Gaussian elimination method and the iterative
Gauss—Seidel method. It should be noted that in using these

numerical methods, the procedure is analogous to inverting the struc-
ture stiffness matrix, which is subsequently multiplied by the load
vector as in Equation (1.8):

{D}=[K]"{F} 11.8)




METHODS OF SOLUTION

The numerical procedure tfails only if an inverted [K] cannot be
found. This situation occurs when the determinant of [K| is zero,
implying an unstable structure. Unstable structures with a degree ot
statically indeterminacy, f,, greater than zero (see Section 1.2] will
have a zero determinant of [K|. In numerical manipulation by compu-
ters, an exact zero is sometimes ditficult to obtain. In such cases, a
good indication of an unstable structure is to examine the displace-
ment vector {D}, which would include some exceptionally large
values.




CALCULATION OF MEMBER FORCES

Member forces are calculated according to Equation (1.9). Hence,
1P} = [Ke]{d}
= [Ke] [TI'{ D¢}

where {Df} is extracted from {D} for each member according to its
freedom codes and

(1.24)

(B A o B EA o
12ET 12ET GETI 12ET 12EI  6EI
—S I3 C I3 12 S I3 —C I3 12
g ﬁ;f c ﬁﬁf ﬂff S ﬁLEI _c ﬁLE; sz
(K] [T)" =
EA EA EA EA
—C5 S5 0 C+ S5 0
12ET 12ET GET 12ET 12ET GET
S I3 —¢ I2 L2 -5 I3 c I? 7
GEI GEI 2ET GEI GEI  4EI
-5 I2 ¢ 12 I. S 12 —C 12 L |




MEMBER FORCES

- EA EA EA EA
c=2 s o _cZ2 522 0
L L L L
» 12_51 Clz_f,_r 5_511 513_51 ) ClE_:E.I 5511
‘N L L L L I |(p)
1 6EI _6EI  4EI  _6EI 6EI 21 || D
q ~§— C— §— —Cofp :
M, L L L L L L D
=y N (T EA EA EA EA 1 D, (
| e spoo o spooo ||
Qj DE
M, | GBI 12E1 6EI _ 12EI _12EI GEI| | D,
LS L3 Lfl'. LH L3 Lfl'.
6EI  _6EI  2EI  _6EI 6EI  4EI
s ¢ i o et
Iz 2 L 2 I L




SUMMARY

1. Assign freedom codes to each joint indicating the displace-
ment freedom at the ends of the members connected at that

joint. Assign a freedom code of “zero” to any restrained
displacement.

2. Assign an arrow to each member so that ends i and j are

detined. Also, the angle of orientation =« tor the member is
defined in Figure 1.18 as:

FIGURE 1.18. Definition of angle of orientation for member. 48



SUMMARY

3. Assemble the structure stiffness matrix [K| from each of the
member stiffness matrices.

4. Form the load vector {F} of the structure.

5. Calculate the displacement wvector {D} by solving for
{D} = [K]"'{F}.

6. Extract the local displacement vector {DZ} from {D} and cal-
culate the member force vector {P} using {P} = [K,|[T]"{D%}.




Sign Convention for Member Force

Positive member torces and displacements obtained trom the stitfness

method of analysis are shown in Figure 1.19. To plot the forces in con-
ventional axial force, shear torce, and bending moment diagrams, it is
necessary to translate them into a system commonly adopted for

plotting.

D .

/

FIGURE 1.19. Direction of positive forces and displacements using stiffness
method.




Axial Force

For a member under compression, the axial force at end i is positive
(from analysis) and at end j is negative (from analysis), as shown in
Figure 1.20.

Compressive |
|

FIGURE 1.20. Member under compression.




Shear Force

A shear force plotted positive in diagram is acting upward (positive
from analysis) at end i and downward (negative from analysis) at
end j as shown in Figure 1.21. Positive shear force is usually plotted
in the space above the member.

A

FIGURE 1.21. Positive shear forces.




Bending Moment

A member under sagging moment is positive in diagram (clockwise
and negative from analysis) at end i and positive (anticlockwise and pos-

itive from analysis) at end j as shown in Figure 1.22. Positive bending
moment is usually plotted in the space beneath the member. In doing
s0, a bending moment is plotted on the tension tace of the member.

FIGURE 1.22. Sagging moment of a member.
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THE ANALYSIS OF BEAMS & FRAMES

Introduction

For a two-dimensional frame element each node has the capability of
translating in two directions and rotating about one axis. Thus each
node of plane frame has three degrees of freedom. Similarly three
structure forces (vertical force, shear force and bending moment) act at
a node.

For a two-dimensional beam element each node has two degrees of
freedom (one rotation and one translation). Similarly two structure
forces (vertical force and a bending moment) act at a node. However in
some structures a node has one degree of freedom either rotation or
translation. Therefore they are subjected to a moment or a force as the
case may be.

The structure stiffness matrices for all these cases have been
developed in the previous chapter which can be summarized as under:-

Beams and frames subjected to bending moment
Beams and frames subjected to shear force and bending moment

Beams and frames subjected to shear force, bending moment.and axial
forces

55



Following steps provide a procedure for the determination of unknown
deformation, support reactions and element forces (axial forces, shear
forces and bending moment) using the force displacement relationship
(W=KA). The same procedure applies both to determinate and
indeterminate structures.

PROCEDURE TO ANALYSE BEAMS AND FRAMES USING DIRECT STIFFNESS
METHOD

Identifying the components of the structural system or labeling the Structures
& Elements.

As a first step, divide the structure into some finite number of elements by
defining nodes or joints. Nodes may be points of supports, points of
concentrated loads, corners or bends or the points where the internal
forces or displacements are to be determined. Each element extends
between the nodes and is identified by arbitrary numbers (1,2,3).

a) Structure Forces and Deformations

At a node structure forces are assumed to act in their positive direction. The
positive direction of the forces is to the right and upward and positive
moments and rotations are clockwise. Start numbering the known forces
first and then the unknown forces.

56



Structures Forces not acting at the joints

Stiffness method is applicable to structures with structure forces acting at

i)
i)

i)

nodes only. However if the structure is subjected to concentrated loads
which are not acting at the joints or nodal points or if it is subjected to
distributed loads then equivalent joint loads are calculated using the
following procedure.

All the joints are considered to be fixed. [Figure-5(b)]

Fixed End Moments (FEM'’s) and Reactions are calculated using the
formulae given in the table as annex-|

If more than one FEM and reactions are present then the net FEM and
Reaction is calculated. This is done by algebric summation. [Figure-5(c)]

Equivalent structure forces or loads at the joints/nodes are obtained by

or

reversing the signs of net FEM’s & Reactions. [Figure-5(d)]

Reversing the signs of Net FEM'’s or reaction gives the equivalent structure loads

v)

vi)

on the joints/nodes.

Equivalent element forces are calculated from these equivalent structure
loads using equation 5.2, 5.3 and 5.4 as explained in article number 5.

Final element forces are obtained by the following equation
W = W + W,
57
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b) Element Forces

Specify the near and far end of each element. Draw free body diagram of eac
member showing its local co-ordinate and element forces. Arbitrary
numbers can identify all the element forces of the structure.

Calculation of Structure Stiffness Matrices of the members

Properties of each element like its length, cross-sectional area, moment of
inertia, direction cosines, and numbers identifying the structure forces
acting at its near and far ends can be systematically tabulated. Using values
of these parameters in equation 4.53 structure stiffness matrix of each
member can be formed by applying equation 4.54,4.55 and 4.56 depending
upon the situation.

Formation of Structure Stiffness Matrix of the Entire Structure

According to the procedure discussed in chapter 3 article 3.1.3 stiffness
matrix [K] of the entire structure is formed.

Calculation of Unknown Structure Forces and Displacements

Following relation expresses the force-displacement relationship of the
structure in the global coordinate system:

[W] = [K] [A]

Where
[W] is the structure load vector
[K] is the structure stiffness matrix

[Al is the displacement.vector =



Partitioning the above equation into known and unknown
portions as shown below: Where

W, = known loads
W, = unknown loads

{[Wk]} _ {[KHJ HL® ]} {[Au]} A, = unknown
W] [1Ka ) [z L[]

[WK] = [Ky] [AU] + [Kpp] [A]  -mememmemmmemeeees (A)
[Wu] = [Kyy] [AU] + Kgp Ay —oomemmeemeeeeeees (B)
As A, =0

So, unknown structure displacement [Au] can be calculated
by solving the relation (A), which takes the following form.
T O e | (©)

WU = [Ky] [AU] e



Calculation of element forces:

Finally element forces at the end of the member are computed using the
following equation (E).
w = ko
0=TA
W = kTA ----mmemmeeee- (E)
where [w]is the element force vector
[kT] is the product of [k] and [T] matrices of the element
where [w]is the element force vector
[kT] is the product of [k] and [T] matrices of the element
[A] is the structure displacement vector for the element.
Following are the [kT] matrices for different elements used in the subsequent

examples.
Case-| Beam/frame subjected to bending moment only
[ AEl  2El |
_| L L
[kT]= 2El  4El
. L L _ 61




Case-ll

Case-llIFor frame element subjected to axial force, shear force and bending

moment.

4E| 2El - 6El 6EI
L L L2 L2
2El 4El —6El 6El
L L L2 L?
—6ElI —6El 12El —12El
L2 L2 L3 | 3
6EIl 6ElI —12EI 12EI
L2 L2 L3 L3

6El

[ 4EI 2El
L L
2El 4AEI

L L

— 6ElI — 6EI
L’ L

6El

_6EI 6EI .l 6El.m
L2 L2 L2
_BEI 6EI .l 6El.m
L2 L2 L2
12EI 12EI —12El.m
E BRUNE E
12EII) (12EIJ) _(—12Elm

—6El.m |




Plotting bending moment and shearing force

diagrams:

Bending moment and shearing force diagrams of
the structure are plotted using the element
forces calculated in step-5. Examples on the next
pages have been solved using the above-
mentioned procedure.
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ILLUSTRATIVE EXAMPLES
EXAMPLE Solve the beam shown in the figure using stiffness method.
Solution

Numbering element and structure forces

10k

10k
2kip/ft
l Lt v b4y ov ot %yt ovoyboyoy
A HON HOR A2
T T U S
W, A, W, A, WA, W, A,
N LN .\ LN
A HON O, D
Structure loads and deformations
w,,5 w,,5, w,,3, w,,8 WS .5,

Element forces and deformation




Calculating fixed end moments and equivalent joint loads

[ —12.5]
125
-12.5k' 10k 12.5k' K/t -39 10k e
Fers]-| 378 ) (P ity
-37.5k' 37.5k"
37.5
- 39 Fixed end moments
W, | [-125]
. W, ~25
[W]. = Net Fixed End Moments = =
W, ~15
W, | | 39]
oo

Net fixed end moment



Equivalent joint loads are :

W1E _12-5_ 12.5 25 15 -39
W 25 ga R\ L\ £
[W ]K = WZE = 15 A © A, 2 L9, 3 gOX
3E .
_W4E 1 |- 39_ Equivalent joint Moments

Calculating structure stiffness matrices of element
Following table lists the properties needed to form
structure stiffness matrices of elements.




Structure stiffness matrices are;:

1 2 1 2
10|12 4|, |02 04|,
2 3 2 3
El |4 2|2 0.267 0.13 |2
[K]z e - El
1512 4|, 0.13 0.267 |5
3 4 3 4
Ell4 2|3 0.34 0.167|3
[K]sz_ = El
1212 41, 0.167 0.34 |,

Forming structure stiffness matrix of the entire structure
Using relation [K] = [K]; + [K], + [K]; structure stiffness matrix of the entire
structure is:




1 2 3 4

0.4 0.2 0 0
K|=m|02 04+0267 013 0
0 0.13 0.267+0.34 0.167
0 0 0.167 0.33
1 2 3 4
(04 0.2 0 0 |1
K]_g|02 067 013 0 12
0 013 0597 0.167|3
0 0 0167 0334

Unknown deformations are obtained by using the followin

Finding unknown deformations

B~ o DD

[A] = [KF [W]




— 0.123

18.8

— 0.25

0.597

O0.167

— 0.94

— 0.49

—1.05

25

— 0.123]

— 0.25

—1.05

— 39

12.5

25

— 39




Calculating element forces

Using relation [w]=[kT][4] we get

WlE

W2E

= El

0.4

0.2

o)

0.2

0.4

0.267

0.13

0.13

0.267

18.8

24.85

35

13.7

11.325

12.67




Actual forces on the structure are obtained by superimposing the
fixed end reactions on above calculated forces.

Z

w

s s 5 s

[op}

=z

s s 5 s

w

=

S £ = =

1E

2

(8]
m

E

m

m

m

(125
12.5
-37.5
37.5
-39
39

13.7
11.325
12.67
—-10.27

~12.5]
12.5
-37.5
37.5
-39
39

[ 125 ]

| —39.08

0
26.2
—26.2
50.1
—-50.1

| 125 |
13.7
11.325
12.67
-10.27

| —39.08]

26.2
—26.2
50.1
—-50.1
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EXAMPLE

Analyse the frame shown in the figure using stiffness method
Solution

WA, 2Kip/ft 50k

@ Numbering /"") WA, § & $ $ $ $ $ $ $ $ D T
10'

@V\Q,Aa - 20 -~

i

—— A

Element forces and deformations




Finding Fixed end moments and equivalent structure load

[FEM 's]=

[ —66.67 |
66.67
0
0

W] = Net fixed end moments =

Equivalent Joint Loads

[\N]lE = [_16'67]

~

Fixed end Moments

=

—66.67

=

=

AN

Net fixed end

Equivalent joint




Calculating structure stiffness matrices of elements.
Following table shows the properties of the elements required to form
structure stiffness matrices of elements.

Structure stiffness matrices of both elements

2 1 2 1
El |4 2|2 I0.2 0.1(2

Kl== =E

2002 4|1 01 0.2]1




Forming structure stiffness matrix for the entire structure.

Structure stiffness matrix for the entire frame is obtained using relation
[K] = [K]; + [K],

1 3.
06 | 01 | 02]1
[K]=Ell01 ! 02 | 0|2

02 ¢ 0 : 04]3

finding unknown deformation

[A], = [Kyq]™ [W],

This can be done by partitioning the structure stiffness matrix into
known and unknown deformations and forces
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{Wk} ) |:K11 - Ky }{Au}
Wu I<21 K22 Ak

[A] = [Ky W]

—16.67 | (0.6 0.1 0.2][Aq
Wog |=EI|0.1 02 0|0 1
El
Wi 02 0 04[]0
A, ]= 1 ( 1 j(—16.667): —27.78
El\ 0.6 El

Unknown reactions can be calculated using the following equation

W], = [KLial,




1 =El {0'1}1/ El[-27.78]
0.2

W
W
W, | [-278
W, | |-5.556

W=W_+W,

W,|_[-6667| [-278] [-69.45
W,| | 0 ~5.556| | —5.56

Calculating element forces(Moments

[w]=[kT]A]

W, 02 01 0

0
w 01 02 0
* |=El -27.78| = =
Wy 0 04 02 El
|0 02 04

[ _2.78 ]
~5.56




|:W3E:|

04 02|-27.78
= El 1/
02 04 0

Actual forces acting on the structure can be found by
superimposing the fixed end reactions on the forces calculated

OR

0.2 0.1 0 —2.78
— El 1/ El =
0.1 0.2|-27.78 —5.56

above.

W =W, + W,
w, | [-2.787 [-66.667]
w,| | —5.56 66.667
w, | | -11.11 0
W4

-11.11
El =
s

| —69.45]
61.11
-11.11

| 556




69.45 61.11 1111

o~ 11.11
< @ ) 61.11
. 2
Final element forces 60.45 BMD 5%6

N

5.56




EXAMPLE

Analyse the shown beam using direct stiffness method.
Beam subjected to shear and moment

STEP-1 Numbering the forces and deformations

5kip/ft (0.41667kip/inch)

2Kkips
' IS S S T T T N T T A
il m—y -
FlO' 1 15’ 1
WV 1 AVAV S AVAV £
N\ a Vs \N\/e

Structure forces and deformations
WwWa w2 Ws
/—\
= 1 07 = al

w3 Wa W7 Ws

Element forces and deformations




Finding fixed end forces and equivalent joint loads

30k" 2Kkips 30k"
‘W | [ -30° ( )
WZF 30 ] i
W, 1 1k 1k
[FEF"S]: War | _ 1 1125K" [5kip/ft(0.41667kip/inch)
Wor || 112 QEEERREREEN )
W 1125
W 375 l I 1125k"
7F .
37.5k
W, | | 375 37.5k

Fixed end forces




30k™ 1095k""

;o
o O

Net fixed end forces

(W, | [ =30
W2|: _1095
W, | | 1125
[W]=Net fixed end moments and forces = W,e 1
W, 38.5
(W, | | 375 |
30k” 1095k"
o o '

Equivalent joint loads



. - Wi | | 30
Equivalent joint loads = W, ~ 11095

Calculating Structure Stiffness Matrices of Elements
Following table shows the properties of the elements required to
form structure stiffness matrices of elements




From structural elements

Member-1
1 2 4 5 _
0.0333 0.016667 -0.00041667 0.00041667
[K] | 0.016667 0.033333 -0.00041667 0.00041667
1:

—0.00041667 —0.00041667 0.00000694 -0.00000694

| 0.00041667 0.00041667 -0.00000694 0.00000694 |

Member-2
2 3 5 6
[ 0.0222 0.0111 -0.000185 0.000185 |2
K], = EI 0.0111 0.0222 -0.000185 0.000185 |3
—0.000185 —0.000185 0.00000206 0.00000206|5
| 0.000185 0.000185 0.00000206 0.00000206|6

ol B NN -




Forming structure stiffness matrix for the entire structure

Structure stiffness matrix for the entire beam is obtained using the

relation

[K] = [K]; + [K];
[K]=EI

Finding unknown deformations

1
0.0333

_ 0016667

0

2

0.016667
0.0555
00111 ¢
—~0.00041667 —0.00041667:
0.00041667  0.00023148 | —0.000185 —0.00000694

0 0.00018519 | 0.000185

5

| ~0.00041667 0.00041667
. 00111 —0.00041667 0.00023148 0.00018519
00222 0 0000185  0.000185
~0.00000694 —0.000000694

0.000009
0.0000206

©0.000185

6
0

0
0.00000206

0.00000206|

Unknown deformation can be calculated using equation
[Ay] = [Kyg] ™ [W]
This can be done by partitioning the structure stiffness matrix into

known and unknown deformations and

W

k

u

Ky i Ky 1A

K21 I<22

A,

u

S O B WO DN P



1 2 3 4 5 6

W] [ 00333 0016667 | ~0.00041667 0.00041667 0
W, 0016667 00555 ' 00111 —0.00041667 0.00023148 0.00018519
We| | 0 o011 0022 0 -0000185  0.000185
W, ~0.00041667 —0.00041667: ~0.00000694 —0.000000694 O

W, 0.00041667 0.00023148 | —0.000185 —0.00000694  0.000009  0.00000206
W, 0 0.00018519 | 0.000185 0 0.0000206  0.00000206

Using Equation [A,] = [K ] [W,]

A 1

A,| El|0.016667 0.0555

1

0.0333 0.016667| | 30

Finding Unknown Reactions

(W], = [K]y [A]

= El

0

0.0111

—0.00041667 —0.00041667

0.00041667 0.00023148

0

0.00018519 |

|

1 | —10535.2946

—10535.2946
22870.5886

1

El

1095| El| 228705886

[ 253.86 ]
—-5.14
0.91

| 4235

87




W =W, + W,

W, [253.86] [1125]

W,| |-5.14
W, | | 0.1

Since all the deformations are known to this point we can find the

1
38.5

W, | | 4235 |37.5

(W, = [kT], [A],

(1378.86 |
—4.14
39.41

| 41.735 |

0.016667
0.033333

—0.00041667 0.0001667 |
—0.00041667 0.00041667

—0.000416667 —0.00041667 0.00000694 —0.00000694
0.00041667 -0.00000694 0.00000694

[ ~10535.2946 |

2287058863
0
0

30

586.7647

—-5.1397
5.1397

Superimposing the fixed end forces for member-1 on the above

Member-1:

W | [ 0.0333

W 0.016667
2E — EI

W3E

W,e | 0.00041667
w’s we get

W= We + W,

88




W, 30
w, | |586.7647 N
W, —-5.1397
'w, | | 51397
Member 2 :
W, [ 0.0222 0.0111
Wee | | 00111 00222
W, ~0.000185 —-0.000185
W | 0000185  0.000185

W =W, + W,

[ 508.2353 |

254.1176
—4.23529

| 4.23529 |

[ —1125]
1125
375

—30] [ 0
30 | |616.764
1 | |-4.1397
| | 61397
—~0.000185 0.000185 |
—0.000185 0.000185

| 375

0.00000206 0.00000206

0.00000206 0.00000206|

Superimposing the fixed end forces

[ —616.764 |
1379.117
33.2647

| 41.73529 |

22870.5886 ]

[ 508.2353 |
254.1176
—-4.23529

| 423529 |




OR

Wi [ 0.0333 0.01667 0
W, 0.01667 0.0333 0
W, —0.00041667 —0.00041667 0
w 0.00041667 0.00041667 0
[W]E =| *F|=El
W, 0 0.0222 0.0111
W, 0 0.0111 0.0222
W, e 0 —0.000185 -0.000185
we | | O 0.000185  0.000185
W, 30
W,. | |586.53
W, —-5.14
W, ¢ 5.14
[W]E — -

4
W, 508.42
Wy 254.21
W, —4.24
W, | 4.24

—0.00041667 0.00041667
—0.00041667 0.00041667

0.00000694 —0.00000694
—0.00000694 0.000000694
0 —0.000185
0 —0.000185
0 0.00000206
0 0.00000206

0
0 (—10535.2946
0 22870.5886
0 0
0.000185 0
0.000185 0
0.00000206] 0 |
0.00000206|




J =

w

ol

s s s s s =

~

=

30 ] [ -30"
586.53| | 30
~5.14 1
5.14 1
508.42 | | ~1125
254.21| | 1125
~424| | 375
424 | | 375 |
- o -

616.53
—4.14
6.14




0 616.7647K" 616.7647K" 1379.177kip"

ol T o1

o

-4.139 -6.139 23.26 41.735
711.432
33,2647
+
4 - ]
6139 '24N
-41.735 -616.7647
1379.117

Shear Force Diagram Bending Moment Diagram o)



EXAMPLE

Analyse the frame by STIFFNESS METHOD

3K/ft
B / C

I S I




W2, Az Wk, As

Structure Foreces
and Deformation




W10,010

Wi1,011 /YT
\

W4,54

L

W6,86
&

W5, 05

el —

N

)Wl,81

W3,53

®
Wi6,016 — |
\\1 J W14,014

Wis,O18

Element Forces
and Deformations
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Fixed End Moments and reactions
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=
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o1
T

Ssssssss%

|
[
m

= =
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15k 15k

1240 K"

300 K"/\ 0

-
N

Net fixed end moments




=

m

N
m

= =

w
m

Sl

==

m

()]
m

= =

~
m

0 -

Equivalent joint loads




Finding the structure stiffness matrices of elements.
Next we will calculate the structure stiffness matrices for each
element using the properties of members tabulated

E =29000ksi |1=100inch* A =5inch?




[K]lz

For member-1
we have

10

[ 96666.667
48333333
0

0
1208.333

-1208.333

1

48333.333
96666.667
0

0
1208.333
—1208.333

11
0 0
0 0
1208.333 -1208.333
-1208.333 1208.333
0 0
0 0

2 12
1208.333 -1208.333]
1208333 -1208.333

0 0

0 0
20.13889 -20.13889
—-20.13889  20.13889

10

11

12




For member-2

[K]2:

1

 96666.667
48333333
—-1208.333
1208.333
0

0

4

48333333
96666.667
—-1208.333
1208.333
0

0

2 S 3
-1208333 1208.333 0
-1208333 1208.333 0

20.13889 -20.13889 0
—20.13889  20.13889 0

0 0 1208333
0 0 -1208.333

0
0
0
0

—-1208.333

1208.333)

o W o1 NN B~



For member-3

4 V4
(161111111 80555.556
80555556 161111111
K], = ° °
0 0
—3356.481 —-3356.481
i 3356.481 3356.481

5

0

0

2013.889
—2013.889
0

0

8

0
0

—2013.889
2013.889

0
0

6 9
~3356.481 3356.481]
—3356.481 3356.481

0 0

0 0
93.2356 —-93.2356
—93.2356  93.2356

Finding structure stiffness matrix for the entire frame.

Using relation [K] = [K],+[K],+[K]; we get the following structure
stiffness matrix.

© O 00 O N b



=

© OO0 N o o1 &~ W DN

[ S SN T
N O

1

1933333
~12083
~12083
483333
12083
0
0

0
483333
0
| 12083

2

-1208.3
122847
0
-1208.3
-20.139
0
0

0

0
-1208.3

0

3

-1208.33
0
1228.47
0
0
-1208.3

0

0
-1208.33

0
-20.139

4

483333
-1208.3
0
25777778
1208.3
-3356.48
—-80555.56
_"""""6"""""_
3356.48
0
0
0

5

1208.3
-20.138
0
1208.3
2034.03

0
-2013.89

0

0
-1208.3
-3356.48

0
1301.568

-3356.48

0
-93.2356
0
0
0

7 8
0 0
0 0
0 ' 0
8055556 | 0
0 -201389
3356481 0
1611111 é 0
0 | 201389
35648 0
0 0
0 0
0 0

0
0
0
3356.48
0
-93.2356

3356.48

01
93.2356
0
0
0

10

483333
0
-1208.3
0

oo o o

0
96666.67
0
1208.3

0
-1208.3
0

O 0o o0 o o o

0
1208.3
0

12

12083 ]
0
~20.139
0

0
0
0
0

0
12083

0
20.139 |




Finding unknown deformations

Unknown deformation can be calculated using equation

[Au] = [Ky; 7 {WK]

This can be done by partitioning the structure stiffness matrix into
known and unknown deformations and forces.

{\_’Y '51 _ {K__l} Ku} Py}
Wu K21 : K22 Ak

Unknown deformations can be calculated using the equation ;
[Alu=[Ky,] W]k
Solving the above equation we get,

Al_ (193333333 -1208.333 -1208333 48333333 1208333 0 0 [ 240
A2 —1208.333 12284718 0 —-1208333 —20.13889 0 0 -15
AB —-1208.333 0 1228.722 0 0 —1208.333 0 2
A4 =| 48333333 -1208.333 0 257777778 1208333 —3356.481 80555556 | |—-300
A5 1208333 —20.13889 0 1208333  2034.0278 0 0 —&
AG 0 0 —-1208.333 —-3356.4814 0 1301568 —3356:481 0
A7 i 0 0 0 80555.556 0 —-3356.481 161111111 | 0




Ayl T .00184 ]
A, | | —.01202
Ag| | .039859
A, |=|-.001527
Ag | |-.007682
Ag 037023
A, | | 001535 |

Fl:nd;'ng Unknown reactions

Unknown reactions can be calculated using the following equation:

W, 1=K ]A,]

m

£ss

[N
m

£ =

[ 15.4707 |
—3.42501
=| 40.7704
14.5242

| 1.42062 |

0
0

=[48333.333

0

| 1208333

0

0

0
—-1208.333

0

0

0
—1208.333

0
—20.13889

0
3356.481
0
0
0

—2013.889
0

0
0
0

0 0
—93.2356 3356.481
0 0
0 0
0 0

[ 0.00184 |
—0.01202
0.039859

—0.001527

—0.007682
0.037023

| 0.001535 |




Now we will superimpose the fixed end reactions on the above
calculated structure forces.
[W]=[W]e+[WI;

—3.42
=| 40.77
14.52

[ 15.47 |

| 1.42 |

-0
0
+|—60
0

| -2

[ 15.47 ]
—3.42
—19.23
14.52

~0.58 |

Finding the unknown element forces.

Up to this point all the deformations are known to us, we can find the
element forces in each element using relation

(Wl = [KT] 4]
For member-1

Wl

W2

W5

w, | | 1208333
W, 0
W, | | 0

196666.667 48333333
48333333 96666.667
-1208.333 —-1208.333

1208.333
0
0

o O O O

1208.3330

0
0
0

0

—-1208.333

—-1208.333 1208.333

1208333 —1208.333
1208333 —-1208.333
—20.13889 20.13889
20.13889 —20.13889
0 0
0 0

0
0.00184
0
—-0.01202
0

 0.039859 |

106



Equation gives

wl = 40.77 kips-inch C.W.

w2 = 129.704 kips-inch C.W.

w5 =-1.421 kips Downward

w6 =1.421 Kkips Upward

w3 =14.524 Kips Rightward

w4 =-14.524 Kips Leftward
Superimposing the fixed end reactions in their actual direction we get
wl= 41.0269 - 60 =-18.973 kips-inch C.C.W.

w2 = 130.2173 + 60 =190.2173 kips-inch C.W.

w5 =1.427036 — 2 = -3.1427036 kips Rightward
w6 =-1.427036 — 2 =0.57296 kips Rightward
w3 = 14.5289 kips Upward

w4 =-14.5289 kips Downward



For member-2

w,| [96666.667 48333333 -1208.333
w, | | 48333333 96666.667 —1208.333
w, | |-1208333 -1208333 20.13889
w, | | 1208333 1208333 - 20.13889
W, 0 0 0
w,| | 0 0 0

Above equation gives

w7 = 109.782 Kkips-inch
w8 = -53.25353 kips-inch
w9 =-0.47048 kips

wl1l0 = 0.47048 kips

wll = 3.427 kips
wl2 =-3.427 kips

1208.333
1208.333
—20.13889
20.13889
0
0

o O O

0
0
0
0 0
1208333 —-1208.333

| 0.001845 ]

—1208.333 1208.333 |

C.W.
C.C.W.
Downward
Upward

Rightward
Leftward

—0.001528
—0.012024
—0.0076822
0.0398595

| 00370233




Similarly for member-2 we have to superimpose the fixed end reactions

w7 = 109.782 — 300 = -190.218 kips-inch
w8 = —53.25353 + 300 = 246.746 Kips-inch

w9 =-0.471071+15 = 14.5289 Kkips
wl0 = 0.471071 +15 = 15.471 kips
wll = 3.427 kips

wl2 =-3.427 Kips

And finally for member-3 we get

w,, | [161111111 80555556 0
w, | | 80555556 161111111 0
W, | |—3356.481 -3356.481 0
w, | | 3356481  3356.481 0
W, 0 0 —2013.889
w,| | O 0 2013.889

0
0
0

0

2013.889
—2013.889

—3356.481
—3356.481
93.2356
—93.2356
0
0

C.C.W.
C.W.
Upward
Upward
Rightward
Leftward

3356.481 | —0.0015278
3356.481 | 0.00153523
—93.2356 || —0.00768219

93.2356 0
0 0.0370233
0 0



Solving the above equation we get

wl3 = -246.74227 kips-inch C.C.W.

wl4d = 0 kips-inch

wl5 = 3.427kips Upward
wl6 =-3.427 kips Downward
wl7 = 15.4711 kips Rightward
wl8 =-15.4711kips Leftward

PLOTTING THE BENDING MOMENT AND SHEARING FORCE DIAGRAM.

According to the forces calculated above bending moment and shearing
force diagrams are plotted below:




231.959k"

14.528k

+ -190.218k" +

-246.747K"

15.407K"

-15.471k

-3.427k

3.427k

v\ -18.973

Shearing Force
Diagram

Bending moment
diagram

3.1427k




UNIT-V
LINEAR ELEMENT

112



EXAMPLE To analyse the frame shown in the

figure using direct stiffness method.
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W7,A;
W3,A3 { - \ —
Wo,Ag
We, A
° 6W4’A4 W2,A» W, Ag
Ws,As
Structure Forces and Deformation
w7, o7 We, S8
e 52 We,S6 wit,811 ‘_T/I W12,512
WwWo, 89 W10, 10
WwW1,01 Wi, Sa
ws,35 w3, 53

Element Forces and Deformation
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2 00OD0

m =
S IARE §
) \3
7,

w,. | [4800
Equivalent joint loads= |W,e |=| —60

W, 0
The properties of each member are shown in the table below.

E=29x103ksi , 1=1000inch4d and A =10inch2 are same for all
members.

Member Length l m I N K L M \

169.7056 0.707 0.707
Inch
480 Inch

4




Using the structure stiffness matrix for frame element in general form we g¢
structure stiffness matrix for member-1.

(683536666 34176833 —4272064 4272064 4272064 —4272064)4
34176833 683536666 —4272.064 4272064 4272064 —4272.064|1
K] - — 4272064 —4272064 890.0045 -890.0045 818.804 —818.804 |5
4272064 4272064 —890.0045 890.045 -818.804  818.804 |2
4272064 4272064 818804 —818.804 890.0045 —890.00456
| - 4272064 —4272064 -818804 818804 —890.0045 890.0045 |3
Similarly for member-2 we get,
(241666667 12083333 —755.21 755.21 0 0 1
12083333 241666667 —75521 75521 0 0 7
[K]2 _ —755.21 —755.21 3.15 -3.15 0 0 2
755.21 755.21 -315 315 0 0 8
0 0 0 0 604.167 -604.167|3
i 0 0 0 0 —-604.167 _604.167 |9
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Calculating the structure stiffness matrix for the entire frame.

After getting the structure stiffness matrices for each element we can find the
structure stiffness matrix for the whole structure using following relation:

© 00 N o o1 b W DN B

1
1 92520332
3516.854

4272.064
12083333
755.21
0

2
3516.854
893.195

4272064 818804
34176833 4272064
~ 4272064 -890.0045

—-818.804
—-755.21
-3.15
0

[KI1+[K] = [K]

3 4 5 6

—4272064;34167833 —427206 4272064 12083333 75521 0

818.804 5 4272064 -890.0045 -818.804

14941715 -4272064 818804 8900045 0 0 604167

—4272064568353666 —-4272.064 4272.064
—-818.804 }—4272064 890.0045 818.804
—8900045; 4272064 818.804 890.0045

0o i 0 0 0
0o ¢ 0 0 0
~604167 ¢ 0 0 0

7 8 9

—-75521 -3.15 0

0 0 0
0 0 0
0 0 0
24166666 75521 O
75521 315 0
0 0  604.167 |
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Finding unknown deformations

Unknown deformation can be calculated using equation

[Au] = [K11]1[WK]

This can be done by partitioning the structure stiffness matrix into known
and unknown deformations and forces.

P_’Y %} _ {'f_l} 5_1%} {_A_y}
Wu K21 : K22 Ak

Unknown deformations can be calculated using the equation ;
[Au] = [K11]-1 [WK]

(A, | [925203333 3516.854 —4272.064] '[4800
A, |=| 3516854 893195 818804 | | —60
A, | | -4272064 818804 14941715] | 0

Solving above equation we_get )

Al = 0.00669 C.W.
A2 =-0.223186 downward
A3 = 0.141442 Rightward 119



W
W
W
W
W
W

w,]= [, 1A,

| [34176833 4272064
.| |—4272064 —890.0045
| | 4272064 818804
17| 12083333 —755.21
. 75521  —3.15
)] |0 0
© 728.716

54,2432

85.4417

976.927

5.75539
| _85.4546

— 42720647
~818.804
~890.0045
0
0
~604.167 |

0.00669 |
—0.223186
0.141442




Now we will superimpose the fixed end forces on
the above calculated equivalent forces.

728.716
54.2432
85.4417
976.927
5.75539

Esss=s=

| —85.4546|

| 728.716 |
54.2432
85.4417
5776.927
65.75539

| —85.4546

W=W+W,




Calculating the unknown element forces

All the deformations are known up to this point, therefore we can
calculate the forces in all elements using relation

[w] =[kT][4]
For member-1 we get

—4272.063]
—4272.063

—50.34676
-1208.321

[w, | 683536.665 341768332 —4272.063 4272063 4272.063
W, 341768332 683536665 —4272.063 4272063 4272.063
W, —-6041.668 —-6041.668 50.34676 —50.34676 —50.34676 50.34676
W, e ~| 6041668 6041668 —50.34676 50.34676 50.34676
Wse 0 0 1208321 -1208321 1208.321
| Wee | 0 0 —-1208.321 1208321 -1208321 1208321

0
0.00669
0
—0.22319
0

- 0.14144

Solvmg the above equation we get following values of

w’s for the equivalent loading condition provided by member-1

W, = 729.0578 Kkip-inch C.W.
W,=3015.829 Kkip-inch C..W.

Woe= —22.066 Kip Downward
w,e= 22.0669 Kip Upward
W= 98.773 Kip Rightward
Wee= =98.773 Kip Leftward

W = Wetw,
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As w__are zero therefore w’s will be having the same values as those of

W, ‘S

We o

For member-2 we get

[W]2=[KT]2

Wioe

Wi

| Wize |

[A]2

241666667 120833333 —755.208 755.208

120833333 241666667 — 755208 755.208
—755208 —755208 3.1467 —3.1467
755.208 755208 —-3.1467 3.1467
0 0 0 0
0 0 0 0

o O O
o O o o

0
604.16667 —604.16667
—604.16667 604.16667

solving the above equation we get the structure forces

for the equivalent structure loads provided by member-2

w7E= 1785.543 Kkip-inch C.W.

wW8E= 977.047 Kip-inch C..W.
WOE= -5.7553 kip Downward
w10E=5.7553 kip Upward
wllE= 85.454 kip Rightward

wl12E= —-85.454 kip

[ 0.00669 |

0
—0.223186
0
0.141442
0




Superimposing the fixed end forces in their actual direction we
get the element forces for the actual loading condition.

w7=1785.543 — 4800 = -3014.698 kip-inch c.c.w.

w8= 977.047 + 4800 =5776.927 Kkip-inch  c..w.

w9=-5.7553 +60 = 54.244 Kip Upward
w10=5.7553 + 60 = 65.754 Kip Upward
w1l = 85.454 kip Rightward
wl1l2=—85.454 Kkip Leftward

Plotting the bending moment and shearing force diagrams.

Bending moment and the shearing force diagram can be drawn
according to the element forces calculated
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