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COURSE OUTCOMES

CO1 | Describe the concept of FEM and difference between the FEM
with other methods and problems based on 1-D bar elements and
shape functions.

CO2 | Derive elemental properties and shape functions for truss and
beam elements and related problem:s.

CO3 | Understand the concept deriving the elemental matrix and solving
the basic problems of CST and axi-symmetric solids

CO4 | Explore the concept of steady state heat transfer in fin and
composite slab

CO5 | Understand the concept of consistent and lumped mass models

and solve the dynamic analysis of all types of elements.




UNIT-I
INTRODUCTION TO FEM




Introduction

Introduction to FEM:

® Stiffness equations fora axial bar element in local co-ordinates
using Potential Energy approach and Virtual energy principle.

® Finite element analysis of uniform, stepped and tapered bars
subjected to mechanical and thermal loads.

® Assembly of Global stiffness matrix and load vector.

® Quadratic shape functions.

® Properties of stiffness matrix




Axially Loaded Bar — Governing Equations and

Boundary Conditions %;:”Aaf;

® DifferentiaIEdqu_ation
EA(X) du_|+f(x):0 0<x<L

dx!| dx|j

o Boundary Condition Types

= Prescribed displacement (essential BC)

» Prescribed force/derivative of displacement (natural BC)
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Axially Loaded Bar —Boundary Conditions
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Examples

] Fixed end

1 Simple support

] Free end




Potential Energy

Elastic Potential Energy (PE)
® Spring case

mmmgsnring PE

FwWA—e 1

Stretched bar | sz

M\/\/\/\/\/\/ﬂ PE=2

® Axially loaded bar

Unreformed: PE =0
deformed:

® Elastic body



Potential Energy

® Work Potential (WE)
f: distributed force over a line

%—-—v—r—“-—r—r P P: point force
u: displacement

® Total Potential Energy

sztagAdx—fwfdx—P-uB
0 0
® Principle of Minimum Potential Energy
For conservative systems, of all the kinematically admissible
displacement fields, those corresponding to equilibrium extremize
the total potential energy. If the extremum condition_

minimum, the equilibrium state is stable.
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Potential Energy + Rayleigh-Ritz Approach %

® Example: 5
;—F—P—I—I—F—F—I—p P
® Step 1: assume a displacementfield u =Zai¢?(X) i=1ton

= fis shape function / basis function

= nisthe order of approximation

® Step 2: calculate total potentialenergy
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Potential Energy + Rayleigh-Ritz Approach %

® Example:

AN

> — > ——>——+——>—>———» P

S

® Step 3: select g;s50 that the total potential energy is minimum

X107

15

*  approximation
exact solution




Galerkin’s Method

® Example: ;
"E ﬂﬂﬂﬂﬂﬂﬂ — P
dr au A ’ Seek a(rﬁqmo%hmptlon\so
EA(x)— T f(x)=0 J’ | — EA(X)
dx [ ol ax ] £(x) |dv=0
u(x=0)=0 v \ )
- = 0)=0
EA(X)‘;'I =P EA(x)ﬂ =P
x=L dx Y=L

® In the Galerkin’s method, the weight function is chosen to be
the same as the shape function.




Galerkin’s Method

® Example:

W\
l
|
|
|
|
|
T

2

(df i \ © @ &
- didw , ot
Ldx+ jwi fdx +wEA(x) 47| =0

. )T _
{W.L_E)I%rﬁ(x)ﬂj FIaV=0 _OI AW g, 40 | |

)




FEM Formulation of Axially Loaded Bar — Governing Equations

® Differential Equation
dl du |
EA(X) +f(x) =0 O0<x<lL
ol

® Weighted-Integral Formulation
L (d ] du | )

L W{\&L (X) - J+ f(x))ldx =0

}

dl dw( du) | ( du )
L—X\EA(X) ™ —wf (x) |dx —wl EAX) |

) [

® Weak Form




Approximation Methods - Finite Element Method
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® Example:

/
7

® Step 1: Discretization

® Step 2: Weak form of one element

XfrdW(EA( ) weo )ﬁd ()I[EA( ) duq 0
X —W(X X) [GX —W(X X =
XLWK Ry ] U |

HI du) | )

| dx EA(X) ., |—w(x)f(x)|[dx—w X, P~wX, P,=0
L L 2y j|

1




Approximation Methods — Finite Element Metho .

f
- > > » > > »|—> P

® Example (cont):

NN\

A
— X

® Step 3: Choosing shape functions- linear shape functions
U= @, +p,U,

i i » X | !
le N E=—1 E=0 =1




® Example (cont):

AN

® Step 4: Forming elementequation

EA EA 2
u2=j¢lfdx+P1

—ul_ J—

® Let T_E(EA.MMX— [afdx—gP,-gP.=0
e
. N\ L), ! o

w=g¢, weak form becomes

1/ u—u) & EA EA ’
ﬁEA-—;LIdx—j@fdx—QPz—@PFO — —_u1+_“2=.[¢2fdx+Pz
|\ | ) ” | |

® Let w=¢, weak form becomes
2




® Example (cont):

/]
/]
?A

L

® Step 5: Assembling to form system equation

Approach 1:

Element 1:

Element 2:

Element 3:

EIAll -1

' |0

[0
E IIAII | 0
—|—H—|| 0
|0

[0
E ”'A'”l 0
1] | 0

0

O O O o

o O O o

0—\ U”| flll rP1]|
o pul, |1 “>+lF2">'
0l 0] ’ 0
ojfo) [0} [ol]
OWfO] (0] (0]
0! um| |f|| kRI|

b= T
AR
o/llol) loly Iol)
0110




Approximation Methods — Finite Element Metho
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® xampie cont):
/] f
e rrere—r—— . P
® Step 5: Assembling to form systemequation 4"~ _,
Assembled System: ) !
[ea _EA ]
I | 0 0 | |
E|A| E|A|_|_E“AII — EIAII |(U1] (fl] [PJ ( | f1 1 ( Pl ]
|’_ i' il i|| _|.u_ 0 JUZ|}:J f2£+l P2|%:<f2+ f1" L_,_J P2'+F1” |}
| El Al Elal  Elpm EmAm||%| f P| 2u+fm E}+ﬁm
| 0 1l IR 11 juu |[U4J “4} [FZU \ f'2” J L P;" J
| 0 0 —EM AN =y |
|

] |




Approximation Methods

® Example (cont):

NONNN\N
\
\
\
\
v
\
i

® Step 5: Assembling to form systemequation

Approach 2: Element connectivity table

Element 1 | Element 2 | Element 3

e 3
1 1 2 3

2 2 3 -

* L. - —
local node global node index

(i.)) (1LJ)




Approximation Methods

® Example (cont):

f
» » » » » » »—» P

A

/]
/]
7

® Step 6: Imposing boundary conditions and forming condense

Condensed system:

(E',IA\' E"A" TE!A 0 )
* I Am 1] 1 Al ||(UZ f2 0]
E Al gual  EMA E"AM || %—{f} 40
_ It [ + [ __l_LLI_ﬁH3 - f3 + Pl
E Al El Al ‘ L 4J L 4J L J
0 ——f— I
\ J




Approximation Methods

® Example (cont):

AN
\
\
Y
\
v
\
T

® Step 7:solution

® Step 8: post calculation

_du_ dg | dg e, 4 dg,
U=U1¢1+U2¢2 —> 5—dX—U1W+U2W ) O—EE—EU1W+EU2 Ix




Summary - Major Steps in FEM

@ Discretization

® Derivation of element equation

» weak form
» construct form of approximation solution over oneelement

» derive finite element model

® Assembling — putting elementstogether

® Imposing boundary conditions

® Solving equations

Post computation



Linear Formulation for Bar Element

u uy f(x) v
% — .
{(Pl\}+ { f, B Ky KlZ_ﬁ(ul\}
P fl K K
L2 L2 | 22 | U2
where K =X2EN(@LFH¢§(:\K o f :Xz(¢f)dx
ij _[ |\dx dX)| i _[ i




Higher Order Formulation for Bar Element

u U, u; u;
——
B e Y
X
1 2 3

U(X) = Uy (X)+ Uy, (X)+ U35 (X)

u Uy u; Uz Uy

) — -~ — @ —— @ ————

1 2 3 4
U(X)= U @ X )+ U@, ( X )+ Uz (X )+ U4¢4(X)
u uy u, u; U,
., _3*
X 1 2 3 4 n

U(X)= U @i ( X )+ Uy (X )+ Ugds (X )+ Usy( X ) +



Natural Coordinates and Interpolation Functions

Natural (or Normal) Coordinate: s_2
112

¢1:_§__1’ ¢2_§+_1
2 2

? """""""""" — : ¢-_9(I_§+1Y§ 1K £-1), ¢ 27(§+1¥§—1\(§ 1)
16 3JL 3) ° 16 L 3)

S i S SO (I CR)

e




Quadratic Formulation for Bar Element

K
) 2%+<|2} 12 22 2z R Y2 ¢
| L I
\PsJ | 3 | 1 23 Kss_kus,
where K. —fEA %'¢ dcﬁ) EA[d(b 49 \deszi
d d j | |
X1 \ X X) -1 \df d§)I

z |
and f,= j(%f)dx:j(@f)gdé, i,j=1,2,3

PG




Quadratic Formulation for Bar Element

m =
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k2> Q>

W) =ug (E)+ud(€ )+ug(é)=u &&= (&1)(&-1)+u (£x1)S
11 2 2 3 3 1 2 2 3 2

e e

_ X1t X, | d& 2

| /2 2 d x |

-

d¢1 _ 2 d¢1 _ 25_1 d¢2 _ 2d¢2 - = 45’ d¢3 _
dx 1dé 17 dx 1dé& | dx




UNIT-II
ANALYSIS OF TRUSSES AND BEAMS




INTRODUCTION

Finite Element Analysis of Trusses:

® Stiffness equations for a truss bar element oriented in 2D plane

® Finite Element Analysis of Trusses

® Plane Truss and Space Truss elements

® Methods of assembly




Element on 2-D Plane

Q,, v, 7

pz; ”2

pIJ uI




Relationship Between Local Coordinates and Global

Coordinates

- X
' 0
Wiol st @ 0 [0
| Y | 0 0 cos@ sind |u,|
=0 | o 0 —sind cosé?J| v




Relationship Between Local Coordinates and Global Coordinates

_ —
BTty @ o g

2|J L 0 0 —sind cosejh LQZU

¢
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Stiffness Matrix of 1-D Bar Element on 2-D Plane *

% IARE g
Q

[1 0:-1 0]

[«]-2E|0_0 00
ij L ]-1 0 1 0’
|0 0:0 0]
(|p11| rcosgﬁ —sin@@ 0 0 1 [cosd Si”% 0 0 TmuJ'
Qib_|sin ~cos@|_0 0 [] 00 0
j 21|‘|: 0 cosé?—Elsiﬂ‘9|| !|| l—o - <07 | -ces@— —sin 61| |V|1H
| 2
el [ o 0 |sind cosd] L O 0 |-sind@ cos@]wl
(P, ||_ cosZH sinfgosd  —cos® @ smé?goséﬂf Uy |
|Ql Df]n @ cosd sin® @ —sinfcos@  —sin |||\|,|
NE |— 2 2 .
2

| 2| —cos &  —sinfcosl cos @ sind cos@
Q) |-sinfcos®  —sin?@  sin@cosd '
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Arbitrarily Oriented 1-D Bar Element in 3-D Space.

=
%IAREg
PN

a , [,y arethe
Direction Cosines of the
bar in the x-y-z
coordinate system
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Stiffness Matrix of 1-D Bar Element in 3-D Space

g IARE
Q

00 -1 0 off #

1 [v =1O]
00 0O 0 O]l ||
00 0 O Oi{l =0

1 O Ul
8 8 0 0 ; VZ:OC

; X
X _aﬁ o YZ - XJZ/X V1|




Matrix Assembly of Multiple Bar Elements

® Element |

® Element I

® Element lll

R Ow%“}
0 0/ 0 0ffwl
T 1. -/3: 1 \/’g—”Uz]
AE - 3 EF 3 Y31,
R .
aLl -1 V3 ' — I% }
J3 -3 -V 33ﬂlf\73||J
) 1 \/§ -1 —\/5_(111]
[y |
%

™ =
2 IARE §
(s \3

7, 3



Matrix Assembly of Multiple Bar Elements

(P 4 0]-4 o]0 ofw
Q |o 0|0 0|0 0 Vll
® Element | PZF_ AEI| 4 0l 2 olo o u2|F
ﬁQz 4L 0 010 Of0 oﬁv2
P, fo ol o olo o|l%
Q] [0 0|0 0]|0 Ol
[ Py] 00/ 0 0] 0 0 |u
Q 10 0] 0 0| 0 0 Vll
® Element I ﬁpzr_ﬁllo ol 1 43| 1 43 LL
Q| 400 0|-v3 3 |3 -3
Py fo 0 -1 3| 1 —J3||Us
Q) 0 0| /3 -3[-v3 3 [l
~1 —./3 U1]|
3 -3 ||V

® Element Il Q J3

o OO O




Matrix Assembly of Multiple Bar Elements
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Apply known boundary conditions

5 3| -4 o0 | -1 -y3/fu=0
J3 3 0 0 |-J3 -3 v1=?||
4 0 | 5_-y3] -1 3 L'Uz:?l

|v2 =0




Solution Procedures

40 s im0 3l
R Sé{w R
AR T T e
4Ll 0 L 0_- 3 3 3 -3 |lv,=0]
|4 -3 -1ig3 2 Ju3=o‘
\—\/52 -3 J3 -3 0 6 |[llwo0l

— > u=4FL/5AE,v;=0




Recovery of axial forces

| o ¢ @
Element Q. 0.0 0b %D I
ement y i _ AE —0101 o ' _@FL F) 4,0
: u, SAE b
Q) Lo o 0 OJI'L w=o | L0}
(P) 1 - 3, -1 \/31[ _4FL] {( 1/5 1\
Element in %IQZZFI:_@II_E” ii/g 3{3 \/13 _:_3_’__||| Uy S6F | . ‘\/35>
a J o Al =0 f‘i—%'
Q)] V3 -3 g—\/3 3 Jﬂ V=0 J [J% |
P, | 1 - =0| [0
|Ql AE| |1f51 B @'%‘1_03| 8
Element 1. %P (= __ |77 B \ L:< >
O 3 L| —\4 - 3 1/ 3 ||U3 :O| O



Stresses inside members

4F
Element (1) «— N — O :5_A
Plz—% Pzz_%

Element (1)

Element @




Finite Element Analysis of Beams

» Hermite shape functions

» Element stiffness matrix

> Load vector

» Problems




Bending Beam

Review

Mc y
Pure bending problems

> Normal strain: &, =—

» Normal stress: 0O, =—

- [Tk

» Normal stress with bending moment: j— o,ydA=M

. . 1 M log O
> Moment-curvature relationship: -, M=El ,~El 4
Jo,

> Flexure formula:



Bending Beam

Review alx)

Relationship between shear force, bending moment and
transverse load:

dav _
. dx 4 dM =V
Deflection dx
d?y
El =
dx* d

Sign convention:
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Governing Equation and Boundary Condition g%'.mg

» @Governing Equatlo

a’ (EI (X)\I (x)=0
—g(x)=0,
dx2\ ™ ) g O<x<L
» Boundary Conditions
v=?&i:?&Eld2V _2& d([E|d2v\1: at x=0
dx dx? dxk dx)|
dv
ver8 Y rer 8 _og i(EIdV\L" at x=L —
dx dx’ dx | dx” ) dx

Essential BCs —if v or is specified at the boundary.

Natural BCs —if v or is specified at the boundary.




Weak Form from Integration-by-Parts ----- (2nd time)

<d2w(  dwv) ] d( da) dw( dwv)
0= v | E|e|x-|—wq |dx+W—| Eleh || —dx!| Elgx|
X1 X k ) Xk )Xl K )X1
V(x,) q(x) V(x,)

L Mix,) (Wm Y e

X=X, L =x-X; X=X




2 d2w( g2y ) 17 dw [’

0=_‘- A | Elge |—Wq |dx+|wV_—|\/|
X1 \ ) J |_ dX TX

4 (V) QI q{x) Q
3

Q :V(Xl) Q,=-M (Xl)’ Q; :_V(Xz) Q,=M (Xz)

T'rdd?”(a@ Wq1|d (X,)Q w w
dax® 2 |- X=W(X,)Q, Q.+
LU IR G




Ritz Method for Approximation

Let v(x)= Zn:u @ (x) andn=4

dv
U, = Vv(x,); uzz% LUy = V(%) Uy =
B ¢ 4 wglax =w)Q  w(x)Q gy Q +au Q
_|_ _— =~
x1|_dXZ|\ o jdXZJ | 11 25 x| 2 dx|, !

© Let w(x)=f;(x),

Nddé S 424 D ggllix= g )0+ fx)Q 99

X[L dx2(

i=1,2,3,4

_|_
° d

Q +8

[ i 1 1 i 2

=1 dx? J) U



where K ¢ Ef d@a ﬁﬁj\k{x and q = @qdx

|
)

I le (dx2 dx?




c
O
=
©
E
3
(@
p
Q.
Q.
<
p
(@
[ Pt
©
O
i -
s
Q
=

Ritz




Selection of Shape Function

G (2] 4. fop
'@Ll) dgy| ) @LZ) dg,

dxx2|) _|O

@) (98,1 g (2]

dX «

(1.) (3] 1 €@.) (oL

l Interpolation

oOPrr o O
o

—
o
ook O

OJ Properties




Derivation of Shape Function for Beam Element
Local Coordinates

where u=v U"':dl u =v U'":de
1 1 2 dg 3 2 4 d§

2 3

Let ¢|:ai+bi§+ci§ _|_di§

Find coefficients to satisfy theinterpolation
properties.




Derivation of Shape Function for Beam Element

%5 IARE &
") Q~

In the global coordinates

v(X) = V¢ (x) + dV1¢ (x) +V¢ (x) + de &, (X)
2 dx 2 dx

’ v 2 [ x—x V|
T o )

L M
¢12| | || (X EX1)| -2 || |
_x,
<¢FZJ [ x—x ) (xx)\ }
%) LXZ_ Zk 1) ‘|||

X— X |X | x —X |
LI( 1\ 2~ %1 ) .



Element Equations of 4t" Order 1-D Model

m =
2 IARE §
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k2> Q>

Ql el |k,

where K % Eﬂd@& d2¢j\Hx:K and g =x
] _[ dez dXZJ I i

X1




Element Equations of 4t" Order 1-D Model

m =
2 IARE §
(s \3

k2> Q>

where ;= qux
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Finite Element Analysis of 1-D Problems - Applications _:

m =
2 |ARE/§
EA <

Example 1. W

Governing equation:

d2(Eld d?v ) q(x) =0 O<x<L
dxk dx®

Weak form for one element

dw
Q. ~w(X)Q:~—{ Q,=0

X1 X2

where T(EI dzg - }lx W(Xl)Q—_

Q=V(X) Q=-M(x) Qs=-V(x




Finite Element Analysis of 1-D Problems

® Approximation function: v(x):v¢(x)+I dV1¢(x)+v¢(x) )+ dV2¢ (X)

11 Ed_xz 23 2 dx 4

|1 31(Eﬂ(+2| DI(X " \

\ X, _Xl% X _le

2

| | (x \2)(1)')1_)4)?) i
(yex ) (Dxli\ *
(gl z\ |

I(x x1|\x %) IJU




Finite Element Analysis of 1-D Problems

Finite element model:

Q,) (6 3L -6 3L1(v]

_2EI 3L 22 3L 2 ﬁ&L

Qf 1*|-6 -3L 6 -3LIv
Q, ] 3L L2 -3L 22|




Matrix Assembly of Multiple Beam Elements

|(Q1'\ 6 3L -6 3L 0 0 O oWl [vl]
Q] : 2 )
3L 2L —%L L 0 0 0 0 |
; KoY |26 =3L 3L 0 0 0 0]V,
'8 sErf{sL 1* 3L 217 0 0 0 0 Wi
Element | , «i_37y
|0r—L3|o 0 0 0 0000|.v3.
Io| 0 0 0 0 000 o|| A
0 O 0 0O 0 0 0 0 0f,v
191 X o o o o000 ol
L) L 1)
0 r|o 0:0 0O 0 0 :0 01|(v1]|
0 0 0:0 O 0 0o :0 0 0
)
"|| OD_[P)lj |6 3L -6 3L O O\ V2 |
Element Il p2E1j0 03 212 3L L 0 ople
| | 0 o\
0 0
<0 0




Element

( Pl]
M

1

P2 ]
M i'|-"

i R e

3L
2L2

-6

- 3L
6 +6

0 0
0 0
0 0
0,0
0 0
0 0
0 0

3L
| 2

~3L+3L :
T.“'3'E'“2L2 1212

o OO oo O o

0 0 0 0]fw]
O 0 0 O ||||91||
0 0 0 0 [|v]
0 0 o0 0llp
nor
4 o 4 ||‘é||
6 3L 6 oLb,
K
3L L -3 2 lg)
0 0 0 0
0 0 0 0 ]
—6 3L 0 0 |
- 3L L? 0 O||
6 +6 - 3L+ 3L -6 Lj
2




Solution Procedures

Apply known boundary conditions

[P=2 1 |6 8L:-6 3L:0o 00 0 lv=0|
| 1=?| |3L[|] 212 3L | 2 0 0; 0 0 | =0
|P=’7g| |6 -3L712 0,7 -6 3L 0 0 I\%:0|
lef = l? EEI 3L L 0 4 ‘_3L L 0 w 2=?L
2 _ | .
P=? "“T°170 0 -6 -3L<12 0 -6 3LI1v =0
3 : 5 2 2
iM3:OI o0 0 3L 20 42:-3L L |||§_')
|Py= —F | ! 0 0 i 0 0 —6 """" —3L 6 —3L||l/4—
M, =0l 0 0 0 0 i3 L2 -3 2L2J{94=?J
(M,=0| 3L L2 0 :42:-3L: L* 0 0 1(v1=01|
M =0 0 0 3L : L*:i 0 47 -3 2llg =0
T €
P,=

Rl 2EI|§| § 8 0 §|€’ _3" -8 _2I§L|”%’Z§9|




Solution Procedures

[M.=0], jsL L2 0 :-3L:42: L2 0 0 T(v1=01|
0 3L : 0 : L? 4 -3L

P,=—F | ‘0 0 0 :-6:0 -3 | od
0 0 3L ;0 : L —3L 2L2||




L)



UNIT-III
2D ANALYSISENTS




Introduction

» Computation of shape functions for constant straintriangle
> Properties of the shape functions

» Computation of strain-displacement matrix

» Computation of element stiffness matrix

» Computation of nodal loads due to bodyforces

» Computation of nodal loads due to traction

»> Recommendations for use

Example problems



Finite element formulation for 2D

® Divide the body into connected to each other through special
points (“nodes”)




U(X,Y)=N (X, Y)ui+ No(XY)Up+N5(X,Y)us+N,(X,Y)u,
VIXY)= N (XYIVi+ No(XY)Vo+N3 (X, YV +N4 (X Y)V,




TASK 2: APPROXIMATE THE STRAIN and STRESS WITHIN EACH
ELEMENT

Approximation of the strain in element ‘e’

_ulxy) Nxy)  ANXY) | NKY) | ONGGY)

T x X OX x

g V) NKY) | NKY) | XY NXY)
by oy o o oy

. _auxy) , vXy) 8N1(><,y)uL+ NXy) .,

oy OX oy X




N (x,y) ON(x,y) IN(X,y) N (X,y)
1l 0 2 0 3 0 4
OX OX OX OX
= O aNl(Xl y) 0 aNZ(X’y) O aN3(X’y) O
N (xy) ¥ oy oy
i ONIX,Y  ONa(x.y) ONa(XY) ONs(xy) ONs(X,y ON,(X,Y)
| oy ) ) ON(X

ICTJ

IN,(X,Y) 4
% YY)




Summary: For each element

® Displacement approximation in terms of shape functions




® in Tri : Simplest 2D finite element

® 3 nodes per element

® 2 dofs per node (each node can move in x- and y- directions)

® Hence 6 dofs per element



» The displacement approximation in terms of shape functionsis

u (x\y)=~ N1u1+N2u2 + N,u,

V(X7y) ~ N1V1_|_N2V2 + N3V,




® Formula for the shape functionsare

a+bx+c
N =1 1 1
' 2A
_ay+byX+c,y
N,= ZA
where a +bx+cy
U N,— 3 3 3
2{3“2.-32} 2 3 2A
X
1y ]
1 1 Y1
A = areaof triangle= det!l x y
2 |t
|_1 X3 y3J

Q= X Y3 =Xy, D= Yo=Y ci= X=X,
A= Xz¥1—X;Ys D2=VY3—Y1  Co=X—X;
=Xy, —X, ¥, D3=Yi—Y




Properties of the shape functions

® The shape functions N;, N, and Njare linear functions of xand y

N,

—_

_j1 atnode i’
0 at other nodes

P



®  Atevery point in the domain




® Geometric interpretation of the shape functions, at anypoint
P(x,y) that the shape functions are evaluated

A,
A
A,

Z
1




® Approximation of the strains

NG M) g Ny ]

oN (%, Y) X N (X,) . 8N3(x,y)

y 0 T
%N (XY) oN(xy) oN(xy) ONKXy) N(KXy) aN%yay)

Loy,
I
=3

| o OX 6% OX oy ox |




® Inside each element, all components of strain are constant: hence
the name Constant Strain Triangle.

® Element stresses (constant inside each element).

o=DBd




IMPORTANT NOTE:

» The displacement field is continuous across element boundaries

> The strains and stresses are NOT continuous across element

boundaries




Element stiffness matrix

k=[.B'DBAV

Since B is constant

k=B'D BL dV=B'DB At t=thickness of the element
A=surface area of the element




Element nodal load vector







EXAMPLE:
If X,=1 and X,=0

r

f

f
f

fblx ]|
f

FbBy )

blyl

b 2x L
=4 .

b 2y

b3x

e 3\ ($W
t[ NdA |
ACEEE Y
d |
o et
t_[Ae N3dA| tA|
L




N T. dS

along 1-3
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Element nodal load vector due to traction

™ =
2 IARE §
(s \3
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Example

T.dS

along 2-3

e

f :t_L . NZLlong 2-3 (1)dy

Sax _
} :t(l\x 2x1=t

\2)

Similarly, compute ‘

f. =0




Recommendations for use of CST

» Use in areas where strain gradients are small

» Use in mesh transition areas (fine mesh to coarse mesh)

» Avoid CST in critical areas of structures (e.g., stress concentrations,

edges of holes, corners)

> In general CSTs are not recommended for general analysis

purposes as a very large number of these elements are required

for reasonable accuracy.




Example

1000 Ib
= Thickness (t) = 0.5in
E= 30x106 psi
2in n=0.25

(a) Compute the unknown nodal displacements.

(b) Compute the stresses in the two elements.



Realize that this is a plane stress problem and therefore we needto

|w)

Il

q:
Mo < P

Step 1: Node-element connectivity chart

O <

0
0
1-v

2

|

use

(3.2 0.8 01|
=108 3.2
ho 0 12]]

0 |><10 psi

ELEMEN | Node | Node | Node | Area
T 1 2 3 (sqin)
1 1 2 4 3
2 3 4 2 3

Node | x y
1 3 0
2 3 2
3 0 2
4 0 0




Recall (b 0b 0 b 0]
1

1 2
5:_||O C, 0 c,
A b ¢ b
Eor Element #1: 2(2)

4(3)

1(1)
(local numbers within brackets)

-2 0 0 0 2 0]

0
3

Hence

3 0300

Therefore

2 3 0 0 2

Di=Y,—Ys Do=Yy;=y1 Db3=y:i—VY,
Ci=X3—Xy; Co=X1—X3 C3=X;, =X

yi=0yy, =2;y,=0
X;=3;X, =3; X3=0

b1:2 b2 :O b3:_2
C1:_3 02:3 C3:O
(2 0 00 -2 O]

_1
§(1>—6|0 303 0 o||

|3 2 30 0 -2




Step 3: Compute element stiffness matrices

k"= g DBY= (3)(05)8" DB

10.9833 -05 —-045 02
14 03 -12 02
R 045 0O 0
12 -0.2

0.5333

~05333 0.3

-0.2
—-0.3

0
0

x10’



K@ =

AtB(Z) D B(Z) (3) (O 5)B(2)
10.9833 -05 -045 0.2
14 03 -12

045 O

1.2

Us V3 Ug Vy

B(Z)
-05333 0.3 ]
02 -0.2
0 -0.3
-02 0
05333 O
0.2 |

U,

\%)

x10’



S_tgp_ll:.Asuse_n\\/ bI_euth_eVgI_o\Pg | stiffness matrix corresponding to the
T ‘Egﬁ‘zfedz_é)egrees of freedom

 Hence we need to calculate only a small (3x3) stiffness matrix

« K
_[0983 —045 02] u
045 gg9g3 0 x107 wm

| 0.2 0 14l v,
Ul UZ V2




0
_jf =2 0

Lf f

2y/ . 2y/

f. =-1000+f .

2y 2y

The consistent nodal load due to traction on the edge 3-2

Nt
fo” =" Nsl, (-300)tdx

3
=(-300)(0.5) [ Ny, , dx
=-150], *dx

x=03

~ Fxﬂ?’__ 9
——5O||_2J = 50(2)— 2251b

0




Hence fy = 1000+ o
=-12251b

y

Step 6: Solve the system equations to obtain the unknown nodal

loads Kd=f

=

10710098 563 0
02 0 14Ff

1\

Solve to get

—0.9084%x10*

U,

W2

2
(U] [0.2337x10“in |
U, + =1 0.1069x10“in 4

n

N

J

0 J|

" 195
J




Step 7: Compute the stresses in the elements

In Element #1

oW= DB® ¢
With
g(l)T :[ul Vi Uy v, Uy V4]
- p.2337x10* 0 0.1069x10* -0.9084x10* 0 0]

Calculate

]—114J_ﬂ

oW = —1391.1| psi

| -76.1 ]



In Element #2
0®@=DB® (¢®
With

Q(Z)T :[us V3 U, VvV, U Vz]

-lo 0 0 0 01069x10¢ -0.9084x10*]

Calculate
1141 ]
0¥ =| 2852 | psi
|—363.35|]

Notice that the stresses are constant in each element



Axi-symmetric Problems

Definition:
A problem in which geometry, loadings, boundary conditions and
materials are symmetric about one axis.

Axi-symmetric Analysis

X=rcos@, y=rsin@, z=z

« quantities depend on r and z only
e 3-D problem
e 2-Dproblem




Axi-symmetric Analysis




Axi-symmetric Analysis — Single-Variable Problem '

3 IARE
EA Q~

1 a(ra ou(r,z)\) o  ou(r, z)) u—f(r,z) =0

—— —{a J ta
ror L 1 or } 52\ 0z
Weak f°”8 aw { ou ) a\/\{ ([ éu WU — |
+a
or %, ary Z el e wf (r, z) |rdrdz
N R
—f w(,, ds

where q =a ou(r.z), . ou(r.z),
19 %)




Finite Element Model — Single-Variable Problem

™ =
2 IARE §
(s \3
7, 3

u= Zujﬂ where (1 2)=¢(xy)

Ritz method: w=g
Weak form 2 Kfu®=f°+Q°
I

i1 ijj [ [

)
¢ O og 0 rdrdz
where = ,“ a11 ¢J+a @ aﬁj aoo¢.¢, |
)
= | ¢ frdrdz

Qe

= j¢iqnds




Single-Variable Problem — Heat Transfer

Heat Transfer:

10

- o Tk aTg 7)) a(k aTg 2))_ f(r,z)=0

\ )\ )

Weak form

0= IHGW( %1“ an(kaT\l_ wrf (r, z)]rdrdz

ol U ) U )
—jquds

where q =k a7 D),
or K oz ¢




3-Node Axi-symmetric Element

T(r,z) =T,g+T,0, +T;0;

¢1:£1 r Z)J[ris—;;zl‘

2A° rP—re
L s 2 )
|(r321_r;7c3]

¢=(1r z) 7-7
2A, ‘1 Fopt F
RN

|[r122_ r221“
= 1 —
9, ( 2r ) 2-1

ey




4-Node Axi-symmetric Element

T(r,z) =T +T,0, +T:0, +T,9,

4= ) 4l g)
b1 €\

L an




Single-Variable Problem —Example

2 Z
Step 1: Discretization
Ro T(r,L)=To
] Ty
Sass 0 s
Step 2: Element equation
L T(Ro,z) =Th

K =I(K9I¢ %’dléi—l— Kgijg%gj Brdrdz

T(,0)= T2

f.e= j¢, frdrdz Q= j¢iqnds
Q I'e

e




Review of CST Element

Constant Strain Triangle (CST) - easiest and simplest finite element
» Displacement field in terms of generalized coordinates

u= B, + pyx+ Byy
v =P+ Bex + Py

» Resulting strain field is
e=p &=B Y=B+p

» Strains do not vary within the element. Hence, the name
constant strain triangle (CST)
*Other elements are not so lucky.
*Can also be called linear triangle because displacem
is linear in x and y - sides remain straight.




Constant Strain Triangle

» The strain field from the shape functions looks like:

(14,

£, | Yo 0 ¥y 0 ¥y O A
8, ='2_A‘ 0 Xy 0 Xn 0 Xy < vy >
£ Xa» Y X Ya Xn Y2

— Where, x;and y, are nodal coordinates (i=1, 2, 3)
= X=X - Xjand y;=y;- Y

— 2Ais twice the area of the triangle, 2A = X51Y31-X31Y>1

> Node numbering is arbitrary except that the sequence 123 must
go clockwise around the element if A is to be positive.




Constant Strain Triangle

» Stiffness matrix for element k =BTEB tA

» The CST gives good results in regions of the FE model where

there is little strain gradient

*  Otherwise it does not work well.




Changes the shape functions and results in quadratic displacement
distributions and linear strain distributions within the element.

u=8 B R Y B
v= s+ Pyx + Boy + Bio X + B xy + Bay
&= Py +2Px + Py

& =P+ Bx+ 2P,y
Yo = (By + By) + (Bs + 2B,0)x + (2B¢ + B,y




Example Problem

Consider the problem we were looking at:

) 1k

5in.

| =0.1x1%/ 12 =0.008333in*
o= Mxc  1x0.5

= = 60 ksi
| 0.008333
O
e=< _0.00207
E 2
s=ML _ 25 _ 0.0517in.

2El 2 x 29000x 0.008333



UNIT-IV
STEADY STATE HEAT TRANSFER ANALYSIS




CLOs Course Learning Outcomes

CLO1 |Understand the concepts of steady state heat transfer analysis
for one dimensional slab, fin and thin plate.

CLO 2 |Derive the stiffness matrix for fin element.

CLO3 Solve the steady state heat transfer problems for fin and
composite slab.




Thermal Convection

Flow Free Stream

Newton’s Law of Cooling

q=h(T, -T,)

h: convective heat transfer coefficient (W m?*-C°




Thermal Conduction in 1-D

Boundary conditions:

» Dirichlet BC

» Natural BC

» Mixed BC




Weak Formulation of 1-D Heat Conduction

(Steady State Analysis)

Governing Equation of 1-D Heat Conduction

—;;( K(X) A(X) def(X) - AQ(x) =0 O<x<L
\ )
Weighted Integral Formulation
o= [weo |- > [ee0ac T oo o
= lwX)| — | K(X)A(X - X) | dx
L™ o) J

Weak Form from Integration-by-Parts

?dw( dT ) 1T . f
0 =] |\K‘AdX)|—WAQ|dX

de

0




Formulation for 1-D Linear Element

oT oT
f.(X) =—KA—], f.(X) = KA—
,(X) x|, »(X) x|,

T(X) = T, (X) + T,05(X)

B X)= le—x, (%)=

T, : ; |

|

1P




Formulation for 1-D Linear Element

®
—
™
—
3
I
—'1
x
I
[EEY
N

vt (dg 991 oo .
0= j _d_.TL)dx| Jz(¢iAQ)dx (6 (0)f +(x)f]

i 2 2 i 1 1

rf ] (O Ku Klz—u-rl1
FRES 1 |

L 2 QZJ _K12 K22J LTZJ

where K, = j KA( %? ¢\|dx Q= f(inQ)dx, f,=—k




Element Equations of 1-D Linear Element

f o]
where Q. = f (#AQ)dx, f, ——KA&




1-D Heat Conduction - Example

A composite wall consists of three materials, as shown in the figure
below. The inside wall temperature is 200°C and the outside air
temperature is 50°Cwith a convection coefficient of h = 10 W(m?2.K).
Find the temperature alongthe composite wall.

K=70W[(m-K), x=40W[(m-K), &=20W[m-K)

=50°
== Ct1=20m, t,=2.5cm, t,=4cm

T, = 200°C
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Thermal Conduction and Convection- Fin

m =
2 IARE §
(s \3

k2> Q>

/ Objective: to enhance heat transfer

// Governing equation for 1-D heat
/ transfer in thin fin

dquKA dT\|+A Q=0

cdy c )
/ + -
Hfiij;iiizgﬁjﬁl;t >
, = = Q _2h(T-T,)-dx-w+2h(T -T,)-dx-t _2h(T-T,)-(W+t)
he—»] loss A -dX - A
dx C C
deKA dT\l—Ph (T-T )+AQ=0

%

where  p_p(w+t)




Fin (Steady State Analysis)

Governing Equation of 1-D Heat Conduction

_d ( x(x)A(x) 97T ) FPh(T-T,)-AQ=0  o<xeL
\ )
Weighted Integral Formulation
o odf dT(x) ) |

0=| w(x){ kK(x)A(x) o J+ Ph(T —T,) — AQ(X) de

Weak Form from Integration-by-Parts

Tdw( dT) ] [ dT )L
0= 1] KA g, |+ WPh(T =T.) - WAQ |dx - w| K A

%) |




Formulation for 1-D Linear Element

Let w(x)="f (x), i=1,2
0=>T FI(KAMjerhW )dXT_]zq}(AQ +PhT )dx

o dx dx Y
L. I
- M(Xz) fo + @ (%) fl]
iK., T, - Q- [h0e) f + (%) ]

{phadQl ¥ Ka Ty

L2 Q) [Ke Ky |[T2)

where K =T(KAﬂ¢'—d¢—j+ Phggo de, Q :T¢(AQ +PhT )dx,
ij dx dx i ] i i e
xlk "
f ——K‘AdT
' dx

X=X1



Element Equations of 1-D Linear Element

™ =
2 IARE §
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x=0 x=L

f (Qll_JK_A”_l _ﬂ|+ﬂ_2 LTy
,) Q) L=l 1] 61 2T,

Y

A\
—h
—_
+
A

5 f——xcAdT
where Qi=L¢(AQ+PhTw)dx, 1=K ax

X=X1




Time-Dependent Problems

In general U(X,t)

Two approaches:

u(x,t)= 2 u;é; (x.t)
u(x,t)=2_u; () (x)

I—



Model Problem | — Transient Heat Conduction

™ =
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Weak form:




Transient Heat Conduction

et: u(x,t):iuj(t)qﬁj(x) and W= (x)

|

X ou )
0=J2|(agxwgge+cwét —wadx—Qlw(xl)—sz(xz)

KMl F)

oQ 0Q. X
K = a¢‘—¢1 dx Mij ZJZCﬂ¢jdX
. ;‘- OX  OX

Fo=[¢fdx+Q,



Time Approximation — First Order ODE

a— bu=f(t) O<t<T u(0)=u,
Forward difference approximation — explicit

At
Uer = Uy "';[ f— bu, ]

Backward difference approximation - implicit

A

U, =Y, +a—|—bAt[fk _buk]




Stability Requirement

At<At,=, 2.
\1_ 2Of)ﬂ“max

where  ([K]-2[M [){u}=1Q}

Note: One must use the same discretization for solvingthe
eigenvalue problem.




Transient Heat Conduction - Example

™ =
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o°u
6—“—_ -0 0<x<l
ot ox?
au _
u(0,t)=0 ot (15)=0 t>0




UNIT-V
DYNAMIC ANALYSIS




DYNAMIC EQUATIONS

For many structural system, the approximation of linear structural
behavior is made in order to convert the physical equilibrium
statement, to the following set of second order linear differential
eguation

Mu(t),+Cu(t),+Ku(t), =Plt)
Stiffness and flexibility stiffness matrix

Consider z uniform elzastic spring subjected to a locad P. This
Structure cbeys Hook'’s law. If a force P is applied to a spring fixed.
At one end, to produce a displacement then the linear force
displacement is u.

P =ku




2000

Stiffness and flexibility stiffeness matrix e

m x

5 IARE §
Q ¥
>

>,
7 \
% ror W

K is called the stiffeness of the spring

f is called the flexibility of spring

Suppose the uniform elastic spring has nodal points and 2 at its
ends, and that the forces at these points are P;and P,with
corresponcing displacements uy and u,.




. e VW
» From equilibrium consid: " .

Py = k(u; — uy)
P, = —Py= k(u, — uq)
~ 1t is convenient to show the above in matrix form as follows

1SS Rt

» Simple system consisting of just two springs




The system is in equilibrium

P1+P2+P3 =0
P, = kilug-uy)

P, = kjluz-uy)

P, = —kquq+ (kq+ky)-kous




actuzl distributed mass of the element.

~ The element mass matrix is defined as

fp T{Vd




2000

Dynamic equations A

m x
: IARE s
7

2, Q~
/ \2
Oy FOR \'\Q

~ 1nNe Torce equiuprium OT @ Muiti gegree of Treegom iumpead mass
system

P(t); +P(t)p+ P(t)s = P(t)

Vector of inertia forces acting on the node masses P(t);
Vector of viscous damping or energy dissipation forces P(t)
A vector of internal forces carried by the structure P(t).
Vector of externzlly applied loads P(¢)
~ For many structural systems the approximation of linear structural
benaviaor is made in order to convert the physical equlibrium
statement, to the following set of second order linear differential
eqguation

Mii(t), + Cu(t), +Ku(t), = P(t)




lJHEREIER
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nature, the mass and acceleration effects come into the picture. If a
solid such as an engineering structure is deformed elastically and
suddenly released. It tends to vibrate about its equilibrium position.
This periodic motion due to the restoring strain energy is called free
vibration. The number of cycles per unit time is called frequency. The
maximum displacement from the equilibrium position is the
amplitude.
Equation for damped forced vibration
Mii(t) + Cu(t) +Ku(t) = P(t)

If there is no damping the equation become

Mii(t) + Ku(t) = P(t)
Free undamped vibration equation Mu(t) + Ku




- The free undamped vibration equation is linear and homogeneous.
'ts general solution is a linear combination of exponentials. Under
matrix definiteness conditions the exponentials can be expressed as
a combination of trignometric functions: sines and cosines of
argument wt.

- A compact representation of such functions is obtained by using the
exponential form e/t

u(t) = Z v; eJ ot

Replace u(t) = v; e/®t

Mii(t) + Ku(t) =




The Vibration Eigen problem

~ 1ne ume gepenaence 10 TNe exponential Is segregated
(—w*M + K)ve'®t =0

~ Since is not identically zero, it can be dropped leaving the
algebraic condition

(—w*M + K)vr=0
~ Because v cannot be the null vector this equation is an algebrzic

Eigen value problem in w?.The Eigen values /; =w;* are the roots
of the characteristic polynomial be index by |

det(K — w;*M) =0

~ Dropping the index | this Eigen problem is usually written as

Kv = w’Mv







