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Cartesian Coordinates A

P(%,y,2)

Or
Rectangular Coordinates 5
P(x,y,2) Xl

Cylindrical Coordinates
P(r,®,2)

X=r cos @,
Y=r sin ©,
/=17 Z

Spherical Coordinates P(r 6 o)
o ff 5
P(r,6, D) S |
X=r sin 6 cos O, 5

Y=r sin B sin O, X @
Z=zcos O
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Cartesian Coordinates

« dx, dy, dz are infinitesimal

, dz displacements along X,Y,Z.
# dy * \Volume element is given by
o P(Xd;‘z) dv = dx dy dz
I i * Areaelement is
y | .Y da = dx dy or dy dz or dxdz
EELELEET * Lineelementis
X dx or dy or dz
Ex: Show that volume of a cube of
edge ais a*
a a a
V = [dv=[dx[dy]dz _

v 0 0 0
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Cvlindrical coordinate system

INSTITUTE OF AERONAUTICAL ENGINEERING




Cylindrical coordinate system

 dr is infinitesimal displacement
7 along r, r de Is along ¢ and
| dz is along z direction.

* \Volume element is given by
dv=drrde dz

« Limits of integration of r, 0, ¢
are
0<r<ow , 0<z <0, 0<Q <27

Ex: Show that VVolume of a

Cylinder of radius ‘R’ and
height ‘H’ is 7 R°H .

X

¢ is azimuth angle
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Differential guantities:

Length element:

dl =a dr+a . rd® + a dz
r 4 z dv =rdrdo dz

Area element;

- A ds, =T rdo dz
ds = a_rd ¢dz

ds¢

é¢drdz

ds =4 rdrd ¢

Volume element: X

dv = rdr d¢ dz .
Figure 3-10

Limits of integration of r, 0, ¢ are 0<r<ow , 0<z <o, 0<@ <27
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Spherical Coordinate Syst

« dr is infinitesimal displacement
along r, r d@ is along 0 and r
sin@ d¢ 1s along ¢ direction.

* \Volume element is given by
1Z P(r, 6, d) dv=drrde rsind do

* Limits of integration of r, 0, ¢
are

O<r<owo, 0<0 <m, 0<@ <27

Y Ex: Show that Volume of a sphere
of radius R is4/3n R* .

rcos ©
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Volume of a sphere of radius ‘R’

V =jdv:jr2drsin 0dodo

R T 2

= jrzdr jsin Qdﬁjdgo
0 0 0

3

R 4 3
= —.2.27 = —nxn R
3 3
Try Yourself:

1)Surface area of the sphere= 4nR?.
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Spherical Coordinates: Volume element in space

o 2|

R sin 0 d¢
dv = R? sin 8 dR d6 d¢

ik Rd
R
8 i
-—y
¢ o
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Points to remember

System Coordinates dl, dl, dlg
Cartesian X,Y,Z dx dy dz
Cylindrical r, o,z dr rde dz
Spherical r,0, ¢ dr rde@ rsin@de

* Volume element : dv =dl, dl, dlg
* If Volume charge density ‘p’ depends only on ‘r’:

Q:jpdv:jp47zr2dr

Y] |

Ex: For Circular plate: NOTE
Area element da=r dr d¢ in both the
coordinate systems (because 6=90°) -
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The Gradient operator

The gradient is the closest thing to an ordinary derivative, taking a
scalar-valued function into a vector field.

The simplest geometric definition is “the derivative of a function with
respect to distance along the direction in which the function changes
most rapidly,” and the direction of the gradient vector is along that most-
rapidly changing direction.

grad f(;)=Vf(;)

0 0 0
rectangular: V =X + Y + 77—
0 X oy 0z

_ _ ) ~1 0 0
cylindrical: V=r —+ 60 ——+ 7z —
or r oo 0z
_ ) ~1 0 ~ 1 0
spherical: V=r—+6 ———+ ¢

or r o6 rsin@ o¢
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Divergence in spherical coordinates

The coordinate system is orthogonal if the surfaces made by setting the
value of the respective coordinates to a constant intersect at right angles.
In the spherical example this means that a surface of constant r is a sphere.
A surface of constant o Is a half-plane starting from the z-axis. These
Intersect perpendicular to each other. If you set the third coordinate, ¢ , to
a constant you have a cone that intersects the other two at right angles.

r

r 1 d(r’v 1 d(sin@v 1 OV
divy =V .v = ( r)+ ( 9)+ 2

2

r or rsiné 06 rsin@ o0é¢

g e &

)

rectangular cylindrical spherical
volume d*r= drdyd: rdrdf dz 7 sin @ dr d6 deb
area d*r= drdy rdfdz or rdfdr 2 sin @ df deb
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Gauss’s Theorem

Recall the original definition of the divergence of a vector field:

o r 1 dv 1 _r T
d|vv=I|m——=I|m—Nv-dA
V—>0V dt V—)OV

_ Fix a surface and evaluate the surface

/ X;@"’l integral of \'/over the surface:
N | " e xf r r

I,f' // Nv -dA

[ ™ K s

L —

Now divide this volume into a lot of little volumes, AV, with
ipdividual bounding surfaces S . If you do the surface integrals of
v - dA over each of these pieces and add all of them, the result is the

original surface integral.
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Stokes’ Theorem

The expression for the curl in terms of integrals is
1 -
curl ¥ = lim —_fd.d_ o U
V—01

Use exactly the same reasoning as that was used in the case of the

Gauss’s theorem, this leads to ~
?gdﬁ_ U = f curl 7dV
v

5

Let us first apply it to a particular volume, one that is very thin and small.
Take a tiny disk of height Anh , with top and bottom area aa, . Let i, be
the unit normal vector,outrof the top area. For small enough values of
these dimensions, da xv issimply the value of the vector v x v

Inside the volume times the volume AhAA,

.

ni
E:__L——a j}gdﬁ:}i U= f curl 7dV = curl @ AA AR
e oy o

INSTITUTE OF AERONAUTICAL ENGINEERING



Coulomb’s Law

* Coulomb’s law 1s the “law of action” between charged
bodies.

* Coulomb’s law gives the electric force between two point
charges in an otherwise empty universe.

 Apoint charge Is a charge that occupies a region of space
which is negligibly small compared to the distance
between the point charge and any other object.
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Coulomb’s Law

Q,
Unit vector In
direction of R,

S _QiQ,
Force dueto Q, — 512 = a,
acting on

12

2
472'80r12
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Coulomb’s Law

 The force on Q, due to Q, Is equal In
magnitude but opposite In direction to the
force on Q, due to Q,.

Foa=—Fu
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Electric Field

« Consider a point charge
Q placed at the origin of
a coordinate system In
an  otherwise empty

universe.
« A test charge . brought 0
near Q experiences a

force:
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Electric Field

* The existence of the force on Q, can be
attributed to an electric field produced by Q.

* The electric field produced by Q at a point In
space can be defined as the force per unit

charge acting on a test charge Q, placed at that
point.

E = |Iim

Q,—0 Qt
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Electric Field

* The electric field describes the effect of a
stationary charge on other charges and Is an
abstract “action-at-a-distance” concept, very
similar to the concept of a gravity field.

« The basic units of electric field are newtons
per coulomb.

* In practice, we usually use volts per meter.
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Electric Field

* For a point charge at the origin, the electric
field at any point is given by

— Q Qr
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Electric Field

 For a point charge located at a point P’
described by a position vector

the electric field at P Is given by

E(r)= Q53
4z R
where 0
R=r-r
Rzg—r‘ O
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Electric Field

* In electromagnetics, It Is very popular to
describe the source In terms of primed
coordinates, and the observation point in terms
of unprimed coordinates.

« As we shall see, for continuous source
distributions we shall need to integrate over
the source coordinates.
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Field due to Different Types of
Charges
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‘5
—
—
‘5
—

Source

*Cut source into small (“infinitesimal’’) charges dq

eEach produces .
P dE = k_ (da)

f

2

r
dg

2

r

or ‘&E‘:ke
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Steps:

Draw a coordinate system on the diagram
*Choose an integration variable (e.g., X)
Draw an infinitesimal element dx

*Write r and any other variables in terms of x
*\Write dq in terms of dx

Put limits on the integral

Do the integral or look it up in tables.
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Continuous Char

. _ - 1 ~Ad

Charge distributed along a line: E = I r 2X
dme r'

o - 1 ~ odS
Charge distributed over a surface: E = '[ r'—
dne, r'

o o —~ 1 ~ pdV
Charge distributed inside a volume: E = j r'—
dne, |, r'

If the charge distribution is uniform, then A, o, and p can be taken outside the
Integrals.
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Electric Flux Density
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Electric Flux Densit

Consider a point charge at the origin:

A
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Electric Flux Density of a Point Charge

(1) Assume from symmetry the form of the field

~ ___ spherical
D=a D, (r) symmetry

(2) Construct a family of Gaussian surfaces

spheres of radius r where

O<r<<oo
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Electric Flux Density of a Point Charge

(3) Evaluate the total charge within the volume
enclosed by each Gaussian surface

Qenat = _[qev dv
V
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Electric Flux Density of a Point Charge

/ Gaussian surface

Qencl — Q
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Electric Flux Density of a Point Charge

(4) For each Gaussian surface, evaluate the
Integral

ff D.ds — DS. Surface area
-~ / of Gaussian
S

_ surface.
magnitude of D

on Gaussian
surface.

Tg-d§= D (r) 4zr’
S
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Electric Flux Density of a Point Charge

(5) Solve for D on each Gaussian surface

D:Qencl
S
. Q D Q
D=a, . — E=—=a .
A r &, 47z50r
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Electric Flux Density of a Spherical Shell of Charge

Consider a spherical shell of uniform charge density:

(a,, a<r=<b

qev o % ]
R LO’ otherwise
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Gauss Law, It’s Applications to
Symmetrical Charge Distributions
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Gauss’s Law

» Gauss’s law states that “the net electric flux
emanating from a close surface S is equal to
the total charge contained within the volume
V bounded by that surface.”

§9d§ :Qencl
S
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Gauss’s Law (Cont’d

By convention, ds
IS taken to be outward
from the volume V.

ds <

Since volume charge
e density is the most
Q. ., = J‘ q., dv general, we can glways write
v Q. 1N this way.
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Applications of Gauss’s Law

* Gauss’s law Is an iIntegral equation for the
unknown electric flux density resulting from a
given charge distribution.

known
fD-ds=Q o

\

S unknown

encl
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Applications of Gauss’s Law (Cont’d

* In general, solutions to integral equations must
be obtained using numerical techniques.

 However, for certain symmetric charge
distributions closed form solutions to Gauss’s

law can be obtained.
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Applications of Gauss’s Law (Cont’d

 Closed form solution to Gauss’s law relies on
our ability to construct a suitable family of
Gaussian surfaces.

« A Gausslan surface Is a surface to which the
electric flux density is normal and over which
equal to a constant value.
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Electric Potential: Potential Field
Due To Different Types of Charges
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Electrostatic Potential

An electric field is a force field.

If a body being acted on by a force is moved from one point to
another, then work is done.

The concept of scalar electric potential provides a measure of the
work done in moving charged bodies in an electrostatic field.

The work done in moving a test charge from one point to another in
a region of electric field:

A q
W, = _TE'dl = _QTE dl
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Electrostatic Potential

In evaluating line integrals, it is customary to take the dl in the
direction of increasing coordinate value so that the manner in
which the path of integration is traversed is unambiguously

determined by the limits of integration.
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Electrostatic Potential

* The electrostatic field 1s conservative:

— The value of the line integral depends only on the end
points and is independent of the path taken.

— The value of the line integral around any closed path is
Zero.

b fg-dl_:o

C
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Electrostatic Potential

« The work done per unit charge in moving a test charge
from point a to point b iIs the electrostatic potential
difference between the two points:

E-dl

QJ"—-;CT

XCtFOStatIC potential difference
Units are volts.
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Electrostatic Potential

* Since the electrostatic field Is conservative we can write

b P, b
Vo =-JEedl=-[Eedl- [Eedl
a a Py
b [ a A
= —[Eedl-| - [Eedl
0 P Y
-V (b)-V (a)
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Electrostatic Potential

« Thus the electrostatic potential V is a scalar field that is
defined at every point in space.

 In particular the value of the electrostatic potential at any point
P is given by

V(£)=—}E‘d|_

reference point
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Electrostatic Potential

* The reference point (P,) Is where the potential iIs zero
(analogous to ground in a circuit).

« Often the reference iIs taken to be at infinity so that the
potential of a point in space Is defined as

V(£)=—}E-dl_
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Electrostatic Potential and Electric Field

* The work done in moving a point charge from point a
to point b can be written as

W.,, =QV, = Qi (b)-V(a)j
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Electrostatic Potential and Electric Field

* Along a short path of length DI we have
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Electrostatic Potential and Electric Field

« Along an incremental path of length dl we have
dv = —-E -dl
« Recall from the definition of directional derivative.

dv =VV -dl

>Thus

INSTITUTE OF AERONAUTICAL ENGINEERING



Potential Gradient and the Dipole
field due to Dipole, Maxwell’s Two
Equations for Electrostatic Field
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Charge Dipole

* An electric charge dipole consists of a pair of equal
and opposite point charges separated by a small
distance (i.e., much smaller than the distance at
which we observe the resulting field).

+Q
-
’<,

Q
O
4.‘

d
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Dipole Moment

 Dipole moment p Is a measure of the strength
of the dipole and indicates its direction

+Q
p=Qd
d
p Is In the direction from
the negative point charge to
Q the positive point charge
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Electrostatic Potential Due to Charge Dipole

observation
point
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Electrostatic Potential Due to Charge Dipole

V(r)=V(ro)=—>— 2

/ dzg R, Ang R

cylindrical symmetry
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Electrostatic Potential Due to Charge Dipole

d/2

d/2 R+=\/r2+(d/2)2—rd cos @

R_z\/r2+(d/2)2+rd cos @
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Electrostatic Potential Due to Charge Dipole in the Far-Field

e aSsume R>>d

» zeroth order approximation:
not good

R ~R ~ enough!

R =R
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Electrostatic Potential Due to Charge Dipole

in the Far-Field (Cont’d

» first order approximation from geometry:

A/
d
R, =r——cosé@
2
- d
d/2 R =~r+—cos@
- 2
d/2 lines approximately

parallel
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Electrostatic Potential Due to Charge Dipole in the Far-

Field (Cont’d

» Taylor series approximation:

r K 2r ) Recall :

(1+x) ~1+nx, x<<l1
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Electrostatic Potential Due to Charge Dipole in

V(r,0)=

the Far-Field (Cont’d

Q _( d cos 6’\ ( d cos 6’\_
1+ —| 1—
drrer | 2r ) U 2r )
Qd cos &
47rgor2
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Electrostatic Potential Due to Charge Dipole in

the Far-Field (Cont’d

* In terms of the dipole moment:

1 P-a

2

47zgo r

V ~
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Energy Density In Electrostatic
Field
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Energy Density in Electrostatic Field

* To determine the energy that iIs present In an
assembly of charges

e Jet us first determine the amount of work
required to assemble them.

* Let us consider a number of discrete charges

Qu Qo , Qy are brought from infinity to
their present position one by one.
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Energy Density in Electrostatic Field

 Since Initially there I1s no field present, the
amount of work done In bring Q, Is zero.

* Q, Is brought in the presence of the field of Q,,
the work done W,= Q,V,;, where V,; Is the
potential at the location of Q, due to Q,.
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It takes no work to bring in first charges

w,=0 forq,

Work needed to bringin q, is :

N R .

W, = q [ =
0 12 0 12

Work needed to bring in q5 is :

s g 1

47[50 R13 47zgo R23 47z50 R13 R23

Work needed to bringin q, is :
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Total work

W=W +W, +W;+W,

_ 1 (A8 %% 9293 Ui8s 9294 U4 )
471-‘90 R12 R13 R23 R14 R24 R34
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ere IS the energy storeq: n charge or in Tield ?

Both are fine in ES. But,it is useful to regard the energy

as being stored in the field at a density
E 2
£, —— = Energy per unit volume
2

The superposition principle,not for ES energy

€0 2 €0 2

80 - - 2
W, = 7I(El+ E,) dr

(C" —_ —_
- —0[(E) +E, + 2E,-E,)dz
2

=Wy + W, + &0 [(Ey-Ep)dr
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Convection and Conduction
Currents, Continuity Equation
and Relaxation Time
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Convection and Conduction Currents

= Current (in amperes) through a given area is the electric charge

passing through the area per unit time

2 9Q
Current dt

= Current density is the amount of current flowing through a surface,
A/m2, or the current through a unit normal area at that point

=  Current density

Al
AS

=  Where
| =LJ.dS
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Convection and Conduction Currents

= Depending on how the current Is produced, there are different
types of current density

« Convection current density
e Conduction current density
* Displacement current density
- Current generated by a magnetic field
» Convection current density

= Does not involve conductors and does not obey Ohm’s law

= QOccurs when current flows through an insulating medium such as
liquid, gas, or vacuum
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Convection and Conduction Currents

AS P Z
Z 2 A
|
l / | /
| ' 1
I } |
I I —r——-n—_q u
(B SRR SR IR R -
/s 7 /
s / /
/7 / U
| X
Ay
A
Al = —Q: p,AS —y: pVASVy
At At

= Where v is the velocity vector of the fluid

Al
Jy :—S: pvvy
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Convection and Conduction Currents

» Conduction current density

= Current in a conductor
= Obeys Ohm’s law

= Consider a large number of free electrons travelling in a
metal with mass (m), velocity (v), and scattering time (time
between electron collisions), t

myv
F=-qE = —

= The carrier density is determined by the number of electrons, n,
with charge, e

p, = —ne

= Conduction current density can then be calculated as

2
ne r

J = PN = E=0E
= This relationship between current concentration and electric field is

known as Ohm’s Law.
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Continuity Equation and Relaxation Time

» Continuity Equation

= Due to the principle of charge conservation, the time rate of
decrease of charge within a given volume must be equal to the net
outward current flow through the closed surface of the volume.

= Thus, the current coming out of the closed surface is

IOUI:J'SJ.dS __ 9

dt

= Where Q;, is the total charge enclosed by the closed surface.
Invoking divergence theorem

mJ.dS = j V.Jdv =
= But, i
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Continuity Equation and Relaxation Time

= From the above three equations, we can write as

op
dv = - | —=d
.[VV.J v Jv o v

0
VO\]:A

ot
= which is called the continuity of current equation.

= The continuity equation 1is derived from the principle of
conservation of charge

= |t states that there can be no accumulation of charge at any point
=  For steady currents, 22« _
ot

m Hence, Vel-0

= The total charge leaving a volume is the same as the total charge
entering it.
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Continuity Equation and Relaxation Time

> Relaxation Time

= Utilizing the continuity equation and material properties such
as permittivity and conductivity, one can derive a time

constant
= We start with Ohm’s and Gauss’ Laws
J=0cE
VeE = L
P
VOJ:VOO'E:GP :—8L
& ot
op ) op 0
& ot
0 oot
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Continuity Equation and Relaxation Time

&

T ==
r

(o2

= Pyo IS the initial charge density. The relaxation time(Tr) is the time
It takes a charge placed in the interior of a material to drop by e-1
(=36.8%) of its initial value.

= For good conductors T, is approx. 2*10-19 s.

= For good insulators T, can be days
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Capacitance- Parallel plate, Co-
axial and Spherical Capacitor
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= Capacitance Is an intuitive characterization of a capacitor. It tells you,
how much charge a capacitor can hold for a given voltage

= The property of a capacitor to ‘store electricity’ may be called its
capacitance

= Generally speaking, to have a capacitor we must have two (or more)
conductors carrying equal but opposite charges

Figure 1. Charge carriers of conductor with opposite polarity

INSTITUTE OF AERONAUTICAL ENGINEERING



= Suppose we give Q coulomb of charge to one of the two plates of

capacitor, the potential difference V is established between the two

plates, then its capacitance iIs c - V&

= The capacitance C is a physical property of the capacitor and in
measured In farads (F)

= The charge Q on the surface of the plate and the potential difference
Vab between the plates can be represented in terms of electric field

[ﬁgE. dsS =Q

b

Ve =V, -V, =[E.dl
= Therefore, the capacitance C can be written as
Q [ﬁ c¢E. dS

b

i IE.dI
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» Procedure for Obtaining Capacitance

= Capacitance can be obtained for any given two-conductor
capacitance by following either of these methods:

« Assuming Q and determining V in terms of Q (involving Gauss's
law)

« Assuming V and determining Q in terms of V (involving solving
Laplace's equation)
= Capacitance can be determined using first method are as follows

* Choose a suitable coordinate system.
e Let the two conducting plates carry charges + Q and - Q

e Determine E using Coulomb's or Gauss's law and find V

- Finally, obtain C fromc - 2

\Y
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Parallel-Plate Capacitor

Metal plate

+ + 4+ + +
_‘_Jﬂ\rea,ﬁ.inm2
T+ + +
+ t+ 4+ + +

Electric field TV (volts)
-

Distance, d AL la M) = a
in metres ol I S B
/ - _ __ - —

ﬁetal plate

Figure 2. Parallel plate conductors

= the charge density is given by

P =—
A

The flux passing through the medium and flux density is given by

¥ =Q

y =[D,dA=Q = [p,.dA
S S

Dn:ps
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Parallel-Plate Capacitor

=  But, we know,
D =¢E

=  The charge density in terms of electric field as

E:p_s

=  Where, 2

Ps = —

A
= The above equation modifies to

Q

A . . .
= Also, the relation between ‘electric field and electric potential can

be written as d o

V:IE.dled:—d
Ag

=  Thus, the parallel plate capacitor C =§ can be written as
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Coaxial(Cylindrical) Capacitor

= Consider length I of two coaxial conductors of inner radius a and
outer radius b (b > a) as shown in Figure 3

Figure 3 Cylindrical conductors

= By applying Gauss's law to an arbitrary Gaussian cylindrical surface
of radius p (a < p <b), we obtain

Q=% =[] D.dA = [l E.dA
S S

o - ng.dAngIO”pdgbjoldl

Q = ¢E(2zpl)
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Coaxial(Cylindrical) Capacitor

= The potential difference between the inner and outer conductors
can be written as

. Q .ad
Y, :—I_ E.dr :_Zﬂgl jb pp
Q a
:_27rgl In(p)]b
Q Q
V o= — — [In(a)—ln(b)}: — [In(b)—ln(a)]
v Q (b))

= Thus the capacitance of a coaxial cylinder is given by
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Spherical Capacitor

Consider the inner sphere of radius a and outer sphere of radius
b(b> a) separated by a dlelectrlc medium with permittivity € as
shown in Figure 4 =T

Gaussian
surface

Figure 4. Spherical conductor

By applying Gauss's law to an arbitrary Gaussian spherical surface
of radius r(a<r<b), we obtain

Q=Y =[ﬂD.dA=ng.dA

2 4
Q :[ﬂgE.dA:gErZIo d¢j0 singd o

Q=cE(4rr?)
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Spherical Capacitor

= Therefore, the potential difference between the inner and outer
sphere can be written as

+ Q adr
\V/ =—_|‘_ E.dl=—4ﬂ_8 j‘b g
3 Q I 171"
__47f8Lps=J%
Q (1

\V A

4mLa_bJ

= Thus, the capacitance of a spherical capacitor is given by

C:g: Q :47zg
\ Q (1 1) i_i
47r5L;_;J a bQ
CZV

= By letting b> oo, C=>4mnea, which is the capacitance of a
spherical capacitor whose outer plate is infinitely large
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UNIT Il

Magnetostatics and Time
varying fields
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Biot-Savart Law

The Law of Biot-Savart iIs

IldL1 xa,,

aH, = (A/m)

2
i R12

To get the total field resulting from a
current, you can sum the contributions
from each segment by integrating

H =]

IdL x a.

(A/m)

ArR°

Note: The Biot-Savart law is analogous to the Coulomb’s law
equation for the electric field resulting from a differential charge
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Vector Magnetic Potential

* Vector identity: “the divergence of the curl of
any vector field is identically zero.”

V- (VxA)=0

« “If the divergence of a vector field Iis
Identically zero, then that vector field can be

written as the curl of some vector potential
field.”
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Vector Magnetic Potential (Cont’d)

* Since the magnetic flux density Is solenoidal, it
can be written as the curl of a vector field
called the vector magnetic potential.

V-B=0 = B=VxA
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Vector Magnetic Potential (Cont’d)

* The general form of the B-S law is

J(r')x R
B(r) = jﬂo_(_):_dv’
v 471 R
* Note that
1 R
of1). &
\R ) R
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Vector Magnetic Potential (Cont’d)

* Furthermore, note that the del operator operates
only on the unprimed coordinates so that

x R N
L v(

J(r)

R

1
R

|
)
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Vector Magnetic Potential

e Hence, we have
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Vector Magnetic Potential

 For a surface distribution of current, the vector
magnetic potential is given by

r!
(_)ds’
R

Ho o9
A(r) = —[=
4 .

 For a line current, the vector magnetic potential is
given by —

A(r) =

oo dl’
r
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Vector Magnetic Potential (Cont’d

 In some cases, It IS easler to evaluate the
vector magnetic potential and then use B

= Vx A, rather than to use the B-S law to
directly find B.

 In some ways, the vector magnetic potential A
IS analogous to the scalar electric potential V.
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Vector Magnetic Potential

In classical physics, the vector magnetic
potential I1s viewed as an auxiliary function
with no physical meaning.

 However, there are phenomena In quantum
mechanics that suggest that the vector
magnetic potential is a real (i.e., measurable)
field.
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Forces due to Magnetic Fields,
Ampere’s Force Law
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Ampere’s Law of Force

* Ampere’s law of force Is the “law of action”
between current carrying circuits.

* Ampere’s law of force gives the magnetic force
between two current carrying circuits in an
otherwise empty universe.

 Ampere’s law of force involves complete
circuits since current must flow In closed

loops.
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Inductances and Magnetic
Energy
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Flux Linkage

 To discuss about Inductance, first we have to
know the flux linkage

» Consider two magnetically coupled circuits

CO :
C,
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Flux Linkage (Cont’d)

* The magnetic flux produced I, linking the
surface S, Is given by

v, =1|B,-ds,

12
S

* If the circuit C, comprises N, turns and the
circuit C, comprises N, turns, then the total
flux linkage Is given by
A, =NN,¥,=NN,|B,-ds,

12
SZ
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Mutual Inductance

 The mutual inductance between two circuits Is
the magnetic flux linkage to one circuit per
unit current in the other circuit:
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Mutual Inductance

12

|l
=
N
| >
=
o
| —
N
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Mutual Inductance

1Y 2
L, = A1°d|_2

12
1 C,

2 d|_1°d|_2
PY e

C,C,

t,N_ N
A

dl,

|
Ay = 'u40ﬂ1 f
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Mutual Inductance (Cont’d

« The Neumann formula for mutual inductance
tells us that

— L, =Ly
—the mutual iInductance depends only on the
geometry of the conductors and not on the current
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Self Inductance

« Self Inductance 1s a special case of mutual
Inductance.

* The self inductance of a circuit is the ratio of
the self magnetic flux linkage to the current
producing It:
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Self Inductance (Cont’d

 For an Isolated circult,
Inductance, inductance, and evaluate it using

we call

| —

A
I

N

2

Y
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Energy Stored in Magnetic Field

 The magnetic energy stored In a region
permeated by a magnetic field is given by

1 1 )
- — .H dv = — d
W 2VIBHV 2VjﬂH v
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Stored in an Inductor

* The magnetic energy stored in an inductor Is
given by
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Ampere’s Law of Force (Cont’d)

= Two parallel wires E.E
. . 21 12
carrying current in
the same direction | |
attract. 1 2

= Two parallel wires
carrying current In

F
the opposite Zi_‘
directions repel.

INSTITUTE OF AERONAUTICAL ENGINEERING



Ampere’s Law of Force (Cont’d)

= A short current-

ca_rrying wire F,,=0
oriented ‘ 1 |
perpendicular to a ;
long current-carrying g

wire experiences no

force.

INSTITUTE OF AERONAUTICAL ENGINEERING



Ampere’s Law of Force (Cont’d)

The magnitude of the force Is inversely proportional
to the distance squared.

The magnitude of the force is proportional to the
product of the currents carried by the two wires.
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Ampere’s Law of Force (Cont’d)

* The direction of the force established by the
experimental facts can be mathematically
represented by

unit vector in direction unit vector In direction
of current 1, of current I,

\ /
aF12 = a, X (al X aR12 )
~ unitvector In unit vector in direction
direction of force on of I, from I,
|, due to I,
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Ampere’s Law of Force (Cont’d)

» The force acting on a current element I, dl, by
a current element I, dl, is given by

H Izdl_z X (Ild |_1 X éRlz)
512 — 2

4 R

Vs

Permeability of free space
Ly =41 x 10" F/m
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Ampere’s Law of Force (Cont’d)

 The total force acting on a circuit C, having a
current 1, by a circuit C; having current 1, Is
given by

< (d1, x4, )
,UO|1|2 dl_z dl_l aR12
-1 = 2

4 R

c,C, 12
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Ampere’s Law of Force (Cont’d)

 The force on C, due to C, Is equal In
magnitude but opposite In direction to the
force on C, due to C,.

F ., =-F

— 21 — 12

INSTITUTE OF AERONI\.UTICAL ENGINEERING




Force on a Moving Charge

* The total force exerted on a circuit C carrying
current | that is immersed in a magnetic flux
density B Is given by
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Force on a Moving Charge

« A moving point charge placed in a magnetic
field experiences a force given by

F.=QvxB dl < Qv

The force experienced
: by the point charge is

Q./’v B In the direction into the
> paper.
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Lorentz Force

* |f a point charge Is moving in a region where both
electric and magnetic fields exist, then it
experiences a total force given by

F=F_,+F_=q(E+vxB)

—¢€ —m

« The Lorentz force -equation is useful for
determining the equation of motion for electrons
In electromagnetic deflection systems such as
CRTs.
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Faraday’s Law and Transformer
EMF, Motional EMF
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Faraday's Law of electromagnetic Induction

= Steady current produces a magnetic field

= |n 1831, Michael Faraday discovery that a time-varying magnetic field
would produce an electric current

= According to Faraday's experiments, a static magnetic field produces no
current flow, but a time-varying field produces an induced voltage
(electromotive force)

* induced emf (in volts), in any closed circuit is equal to the time rale of
change of the magnetic flux linkage by the circuit(Faraday’s law)

= According to Faraday’s, It can be expressed as

emf dl =-N d—l/j
dt dt
= Where,N is the number of turns in the circuit /is the flux through each

turn,

* The negative sign shows to oppose the flux producing it( Lenz's law)
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Faraday's Law of electromagnetic Induction

» Induced emf (For a single turn N=1) in terms of E and B can be written

d d
as Vemf:——wszodI:——IBods
dt 7 s

= The variation of flux with time may be caused In three ways
« By having a stationary loop in a time-varying B field
« By having a time-varying loop area in a static B field
* By having a time-varying loop area in a time-varying B field

= Induced emf (For a single turn N=1) in R 4

terms of E and B can be written as y
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Faraday's Law of electromagnetic Induction

= This emf induced by the time-varying current (producing the
time-varying B field) in a stationary loop is often referred to as
transformer emf

= A stationary conducting loop Is In a time varying magnetic B

field dy q
- - — = _ — o (
" [jL'] IB S

= By applying Stokes's theorem to the middle term

L(AxE)odS =—£ISBods

0B
AxE =—-——

ot
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Faraday's Law of electromagnetic Induction

» Moving Loop in Static B Field (Motional emf)

= When a conducting loop is moving in a static B field, an emf is
Induced in the loop

Bin
F =qvB T
=  We define the motional electric field Em as 1o
Em=Fm=V><B
Q

= Moving with uniform velocity u as consisting

of a large number of free electrons, the emf
Induced in the loop is

V. =[ﬁE-d|=—j—tLvXB.d|

= By applying Stokes's theorem

AxE = Ax(vxB)

INSTITUTE OF AERONAUTICAL ENGINEERING



Maxwell’s equations in integral form

» Faraday’s law of Induction:

= This describes the creation of an electric field by a changing
magnetic flux

= The law states that the emf, which is the line integral of the electric
field around any closed path, equals the rate of change of the
magnetic flux through any surface bounded by that path

= One consequence is the current induced in a conducting loop placed
In a time-varying B e as - - 9%

» Modified Ampere’s law:

o dt
= |t describes the creation of a magnetic field by an electric field and

electric currents

= The line integral of the magnetic field around any closed path is the
given sum §iB-ds =y, 1+ e, St

dt
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Maxwell’s Equations in Point
form and Integral form for Time-
Varying Fields
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Maxwell’s equations in point form

= Maxwell equations in differential form

V.-D=p,
B, 0B
V x = — —
ot

V.-B=0,

. - 4D
VxH =J+—,
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Maxwell’s equations in integral form

mE-dAz

— Gauss's law (electric)
S 80

mB .dA =0 Gauss'slaw in magnetism

dod

[ﬁE-ds=— = Faraday's law
dt
do_
[ﬁB°dS=HO|+€oNO Ampere-Maxwelllaw
dt

The two Gauss’s laws are symmetrical, apart from the absence of the
term for magnetic monopoles in Gauss’s law for magnetism

Faraday’s law and the Ampere-Maxwell law are symmetrical in that
the line integrals of E and B around a closed path are related to the
rate of change of the respective fluxes
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Maxwell’s equations in integral form

» Gauss’s law (electrical):

= The total electric flux through any closed surface equals the net
charge inside that surface divided by eo

= This relates an electric field to the charge distribution that creates it

[ﬁE-dA:q—
S

&
o

» Gauss’s law (magnetism):
= The total magnetic flux through any closed surface is zero

= This says the number of field lines that enter a closed volume must
equal the number that leave that volume

= This implies the magnetic field lines cannot begin or end at any point

» Isolated magnetic monopoles have not been observed in nature
mB -dA =0

S
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Maxwell’s equations in integral form

» Faraday’s law of Induction:

= This describes the creation of an electric field by a changing
magnetic flux

= The law states that the emf, which is the line integral of the electric
field around any closed path, equals the rate of change of the
magnetic flux through any surface bounded by that path

= One consequence is the current induced in a conducting loop placed
In a time-varying B e as - - 9%

» Modified Ampere’s law:

o dt
= |t describes the creation of a magnetic field by an electric field and

electric currents

= The line integral of the magnetic field around any closed path is the
given sum §iB-ds =y, 1+ e, St

dt
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UNIT-III

Uniform Plane Waves
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Reflection and Refraction of
Uniform Plane Wave
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Reflection and Refraction of Uniform Plane Wave

Till now, we have studied plane waves in various medium

Let us try to explore how plane waves will behave at a media
Interface

=  Electromagnetic waves are often at the interface of boundary may
be reflected or refracted or changes direction at the interface

=  When a radio wave reflects from a surface, the ratio of the two
(reflected wave/incident wave) is  known as the ‘reflection
coefficient’ of the surface

= How much of the incident wave has been transmitted through the
material is given by another ratio(transmitted wave /incident wave)
known as ‘transmission coefficient’
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Reflection and Refraction of Plane Wave contd..,

= Transmission and reflection ratio depends on the
e conductivity (o),
* permittivity (¢) and

« permittivity (¢) of the material as well as material properties of
the air which the radio wave is incident

= Also some part of the wave will be transmitted through the material

* how much of the incident wave has been transmitted through
the material is also dependent on the material parameters
mentioned above

« Itis given by another ratio known as ‘transmission coefficient’

e It is the ratio of the transmitted wave divided by the incident
wave
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Reflection and Refraction of Plane Wave contd..,
= In plane wave incident from media interface, consider two cases

 Normal incidence
« Obliquely incidence
* The electric and magnetic field expressions

 in all the regions of interest and apply the boundary
conditions to get the values of the transmission and
reflection coefficients

« Type of boundary interfaces for the solutions of
transmission and reflection coefficients

= dielectric —conductor interface (both normal and oblique
Incidence)

« dielectric —dielectric interface (both normal and oblique
Incidence)
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Reflection and Refraction of Plane Wave contd..,

At an interface between two media, the angles of incidence,
reflection, and refraction are all measured with respect to the

normal.

Incidence angle (6;): angle at which the
Incident wave makes with the normal to
the interface

Reflection angle (0,): angle at which the
reflected wave makes with the normal to
the interface

Transmission or refraction angle (6,):
angle at which the transmitted
(refracted) wave makes with the normal
to the interface
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Reflection and Refraction of Plane Wave contd..,

= |f a plane wave is incident obliquely upon a surface that is not a
conductor boundary, part of the wave Is transmitted and part of it
reflected.

= |In this case the transmitted wave will be refracted; that iIs the
direction of propagation will be altered.

= Consider a planar interface between two dielectric media. A

plane wave is incident at an angle from medium 1.

= |In the diagram incident ray 2 travels a  gefiected J efraciod
distance AO’ where as the transmitted way .
ray 1 travels a distance OB, and reflected
ray 1 travels from O to A’

wave _
Medium 1 Medium 2

(1,19 z=0 (&2,12)
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Reflection and Refraction of Plane Wave contd..,

= Snell’s Law of refraction

« Theangle of reflection is equal to the angle
of incident

— — - — = = = = = n :
Sin (9i Ul ﬂz W IUEZ \/; gogrz 8r2 n2 luo 771 refraCtIVe
¢ Index
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Reflection of a Plane Wave at Normal
Incidence
-Dielectric Boundary
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Normal Incidence -Dielectric Boundary

Consider the boundary is an interface between two dielectrics

We will consider the case of normal incidence, when the incident
wave propagation vector is along the normal to the interface between
two media

Generally, consider a time harmonic Xx-polarized electric field
Incident from medium 1 (Y, &, o;) to medium 2 (W, €,, ©,)
For the case of perfect dielectric

* 0,=06,=0,g#¢,

. Transmitt
* No loss or absorption of power E ped
Reflec <%-<J§> ;

H

e !
t
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Normal Incidence -Dielectric Boundary contd..,

We will assume plane waves with electric field vector oriented
along the x-axis and propagating along the positive z-axis

without loss of generality

For z<0 (we will refer this region as region I and it is assumed

to be a mediuml)

When a plane electromagnetic wave incident on the surface of

perfect dielectric

« part of energy is transmitted

« part of it is reflected

Let the wave incident on medium 1

the incident, reflected and transmitted fields

shown in Figure

wave

¥ 'z

Incident H®-—» i

ca
i

A

Transmifted

E ave
» t
a
t

H
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Normal Incidence -Dielectric Boundary contd..,

* Incident wave ( inside
medium 1) E(z)=4E o 1

= Reflected wave ( inside
medium 1) -

i
[EEEN
1

= Transmitted wave ( inside
medium 2) * - B2
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Normal Incidence -Dielectric Boundary contd..,

= The tangential components (the x-components) of the electric and
magnetic field intensities must be continuous. ( at interface z=0)

E.=E H, = H

1tan 2 tan 1tan 2tan

= The continuity of tangential components of the electric and
magnetic fields require that

E(0)+E (0)=E(0) = E +E =E

to

H(O)+H (O):I'TI(O) = _(E - E ): Eto

= Rearranging these two equations

E _ 772 _771 E E _ 2772 |
ro i0 t0 i

n,+1n, n,+1,
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Normal Incidence -Dielectric Boundary contd..,

= The reflection coefficient

. E . n,-7, | Reflection coefficient (+o0r-) < 1

E, 1,1,

=  The transmission coefficient

c 277 14T =1
T = = 2 which is related to reflection coefficient
S PR

= Special cases
n=n, =0 1=1

n, =0(short) T =-1 E/H, E=0 perfect
conductor !!

n, = (open) T =1 H(1)=0 No current !!
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Normal Incidence - Dielectric Boundary contd..,

= Further more, the reflection and transmission coefficient

H E n,-n, H _ N,E, 21,

H. E n,+tn, Hio 772Eio Ty, +10

= The permeabilities of all known dielectrics do not differ
appreciably from free space, so that p,= w,= y,

\/‘ 0 \/' 0
ro ;2 ;1 2 1 V V to 1

- - i0 ‘ ‘ lu Iu \' \’ \’ \"c‘
| f;lmllarlyi 2 1 \/ : \/ : 2
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Reflection of a Plane Wave Normal
Incidence
-Conducting Boundary
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Obligue Incidence - Conducting Boundary

In z-direction ( x=constant )

. . jot ]
Ely = JASln(:Bl cosHiz)e L 90 outofphase
. J
t
H, = Bcos(p,cosd.z)e’ no P is propagate.

In x-direction ( z=constant )

_ j(ot—pB,xsiné,) ]
Ely =Ce + traveling wave
H - D e j(ot— B, xsin @) J
17 C=f(z) .D=9(2)
u = @ = U1 Z 2’1
1x . . —
p,sin@.  sin 6. 1x sin 6.
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Obligue Incidence -
Conducting Boundary
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Obligue Incidence - Conducting Boundary

When EM Wave incident obliquely on the interface between two
media boundary, it can be decomposed into:

« Horizontal Polarization

« Vertical Polarization

Horizontal Polarization, or transverse electric (TE) polarization -
The E Field wvector is parallel to the boundary surface or
perpendicular to the plane of incidence

Vertical Polarization, or transverse magnetic (TM) polarization -
The H Field vector is parallel to the boundary surface and the electric

vector is parallel to the plane of incidence
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Obligue Incidence - Conducting Boundary

- H,
H! !

Medium 1 Medium 2 Medium 1 Medium 2
(€1, 41) (&2, 12) (€15 £11) (2, 112)
z=10 z=0
(a) Perpendicular polarization (b) Parallel polarization

= Letus consider the wave incident on a perfect conductor
« The wave Is totally reflected with the angle of incidence equal to

the angle of reflection
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Obligue Incidence - Conducting Boundary

» Perpendicular Polarization

Reflected X1

wave a\n \@/H Perfect conductor

9—’2
Incident
wave E
Hi .
Medium Medium 2

=0) (o0, =)
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Obligue Incidence - Conducting Boundary

» Perpendicular Polarization

= Assume the wave Is propagating obliquely along an arbitrary
direction a, and the electric field vector is along y-direction(normal
to the plane of incidence x-z plane) and direction of propagation

= Using direction cosines the direction of propagation of incidence
wave can be written as

a . :aixsiné?i+aizcosé?i

ni

= Similarly the direction of propagation of reflected wave (-z
direction )can be written as

a. =a4a sinfd —a cosd

ni
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Obligue Incidence - Conducting Boundary

" |ncident wave ( inside medium 1)

—

E(x,2)=4 E e ™" =4 E e

— JB, (XsinO;, +zc0s0,)

i y i0 y 10
- 1 ~
Hi(x,z):—[émei(x,z)]
my
_ Lo (—4,cos6, +d,sing )e 'rnaTreosy
74

= Reflected wave ( inside medium 1)

é (X,Z)Zé E e—jﬁl(xsiner—zcoser)
r y ro

= Boundary condition, z=0

E,(X,0) = E,(x,0) + E_(x,0)
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Obligue Incidence - Conducting Boundary

= Snell’s law of reflection the angle of reflection equals the angle of
incidence

_ A — B, (Xsin@ —-zcosb, )
E (x,2) = a E

— JB,(xsin@,-zcos0b;)

(- snell's law of reflection )
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Obligue Incidence - Conducting Boundary

— B, (xsin@ —zcosd )

— B, (xsin @, —zcos0b;)

e
yEioe

(- snell's law of reflection )
= Similarly, Magnetic field of the reflected wave can be written as

- 1 -
H (x,2) = —[a x E_(X, z)}
my
Eio ~ A . - B, (xsin@,-zcos0b,;)
= (—a,cosd —a, sing, )e
My
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Obligue Incidence - Conducting Boundary

= Total field in medium 1 can be written as(standing wave in terms of
electric and magnetic field)

E.(x,2) = E (Xx,2)+ E_(X,z)
— 4 E. (e—jﬂlzcoSQi B ej,Blz(:osé?i)e—j,lesiné?i
y 10

— ] B, Xxsin 0,

= —éy J2E. sin(pB,zcos8.)e

- E
H, (x,y)=-2— [éx cos @, cos(f,zc0s0.)e

T

— J B xsin g,

As - — jBxsin 0,
+a_Jsin @ sin(p,zcos.)e }
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Obligue Incidence - Conducting Boundary

In z-direction ( x=constant )

. . jot ]
Ely = JASln(:Bl cosHiz)e L 90 outofphase
. J
t
H, = Bcos(p,cosd.z)e’ no P is propagate.

In x-direction ( z=constant )

_ j(ot—pB,xsiné,) ]
Ely =Ce + traveling wave
H - D e j(ot— B, xsin @) J
17 C=f(z) .D=9(2)
u = @ = U1 Z 2’1
1x . . —
p,sin@.  sin 6. 1x sin 6.
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Oblique Incidence - Conducting
Boundary
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Oblique Incidence - Conducting Boundary

> Parallel Polarization

Reflected X1

WaV&o,r\r E Perfect conductor

E.
Incident %" a,
wave i
Medium 1 Medium 2
(o, =0) (o, = )

z=0
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Oblique Incidence - Conducting Boundary

> Parallel Polarization

= Assume the wave Is propagating obliquely along an arbitrary
direction a, and the electric field vector is parallel to the plane of

Incidence (x-z plane) and the magnetic field vector is normal to
the plane of incidence

= Using direction cosines the direction of propagation of incidence
wave can be written as

a . =aixsin¢9i+aizcosei

ni

= Similarly the direction of propagation of reflected wave (-z
direction ) can be written as

a. =a4a singd —a cosd

ni

INSTITUTE OF AERONAUTICAL ENGINEERING



Oblique Incidence - Conducting Boundary

" |ncident wave ( inside medium 1)

— A ~ : _jﬂaAnfli
E (x,z)=E, (a cosfd —a sind.)e '

- jB,(xsin@,+zcos0b;)

= E. (a ,cosd —a sin@d)e

N . Ei
Hi(x,z):ay e
I

= Reflected wave ( inside medium 1)

— jp, (xsin@;+zcos0;)

—_— R A - _- - 9_ 9
E (x,z)=E _(4a coséfd +a sing@ )e I8, (xsin 0, —zcos0,)
r ro X i 7 r

~ E

Hr(X,Z)Z—é ro e—jﬂl(xsiner—zcoser)

=  Boundary condition, z=0
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Oblique Incidence - Conducting Boundary

— jBXsin 0, - jB,xsin @,

=0
( for all x)

— (E._ cosd.)e + (E ,cosd )e

E,=-E, 0, =0

ro

= Total field in medium 1 can be written as(standing wave In terms of
electric and magnetic field)

E1(X’ Z) — Ei(X, Z) + Er(X1 Z)
= —2E_[d, jcosd sin(B,zco0s6,)
+d_sin @ cos(p,z COS«9i)]e_jﬂlx‘Wi
I:Il(X’Z): I__|>i(x’z)+|__I>V(X’Z)
i0

i

— jB, xsin @,

cos(p,zcos @ )e
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Oblique Incidence - Conducting Boundary

= |nz-direction E,, . H . standing-wave

ly

E. ., H u =u1/sin<9i

ly 1x

= The wave is non uniform plane wave
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Reflection of a Plane Wave Oblique
Incidence -Interface between
dielectric media
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Obliqgue Incidence -Interface between dielectric media

» Perpendicular Polarization
= The electric field phasors for the perpendicular polarization, with
reference to the system of coordinates in the figure

= Let us assume that the incident wave propagates in the
first quadrant of x-z plane and propagation makes an Medium
angle 6; with the normal

Igi(x, Z) = ayEioe_m1

[
»

(xsin@,+zcos6;)

- jp,(xsin@;+zcosb;)

I_—Iﬁi(x, z) = S (—gxcosei + ;zsinéli )e

= Let us assumé that the reflected wave propagates in ¢,
the second quadrant of xz plane and reflection makes

an angle 6, with the normal |

. z=0
_ N —jpB,(xsin@_—zcosb ) Medlum 1
E (x,z)=a,E_e "™ f r

H = a N —1 ino, 9,
H(X,2) = —(axcos@, + a,sing, )e '"oreeosm

!
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Obliqgue Incidence -Interface between dielectric media

= Similarly the transmitted fields are

- JB, (xsind,+zcos0,)

E.(x,z)=ayE_e

- jB,(xsin@,+z2co0s8b,)

I_—Idt(x, z) = it (—gxcosé?i + gzsiné?i )e
7,
= Equating the tangential components of electric field

» electric field has only E, component and it is tangential at the
Interface z=0)

E, (x,0)+E_ (x,0)=E,(X,0)

= Similarly the magnetic field
» magnetic field has two components: H, and H, , but only H, is
tangential at the interface z=0)

R — E —

H ix(X,O) + H rx(X,O) = _H_’tx(X,O)
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Obliqgue Incidence -Interface between dielectric media

= Boundary at z=0 gives

— jB,xsin g, — jB,xsin @ — B, xsino
€ 1 "+ 1 e ' "= re 2 t

1 — iné. F s ino T . i o
— —COS Hie jB xsin o, n —COSQre iBixsing, —COSQte iB,xsin@,

= If E, and H, are to be continuous at the interface z = 0 for all x,
then, this x variation must be the same on both sides of the
equations (also known as phase matching condition)

B, sin@. = B sin@ =B, sin o,

= Follows Snell'slaw g — g
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Obliqgue Incidence -Interface between dielectric media

= Now we can simplify above two equations by applying Snell’s

1+T =7
1 I T
— —C0S¢ + —C0SH = —-—C0S0,
m U 1,

= The above two equations has two unknowns t and I" and it can be
solved easily as follows

(1 r )
| —co0sf, — —cosb | =7 14T =
\ 7, 1, ) cos @, =7

iy
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Obliqgue Incidence -Interface between dielectric media

= Solving the equations and rearranging, we get

- E., 7n,c0860 —n,Ccosd,
E. n,co0sd. +mn, coso,

1+ =17,

E 2n,C0s 0.

E. n,co0s60 +mn,Cc0s0

= For normal incidence, it is a particular case and put

0. =0 =60 =0

1 r t
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Obliqgue Incidence -Interface between dielectric media

> Parallel Polarization

* Inthis case, electric field vector lies in the x-z plane

= Since the magnetic field is transversal to the plane of incidence such
waves are also called as transverse magnetic (TM) waves

= So let us start with H vector which will have only y component

A
I__l_'i(X,Z): gyie—jﬂl(xsmﬁﬁzcosei) .
,

- JB,(xsin@;+zcosb,;)

Ei(x,z) = E_(axcosd, —a,sing. )e
=  Similar to the previous case of perpendicular

polarization, we can write the reflected magnetic
field and electric field vectors as

N EI‘O
H:(x,z)=-a, —e
7, Z=O

= JpB,(xsing —zcosd, )

—jp,(xsind —zcosd, )

Er(x,z) = E_(axcosd + a,sind, )e
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Obliqgue Incidence -Interface between dielectric media

= Similarly the transmitted fields are

I__I—.t(X, Z) = gy ie_jﬂz(XSin9t+zc059t)
Ty

E«(x,2z) = E_(axcosd, —a,sing, )e_jﬂz

(xsin®,+zcosd,)

= Equating the tangential components of magnetic field
* electric field has only H, component and it is tangential at the
Interface z=0

R — ———

Hix(x,0)+ H (x,0) = _Hth(x,o)

= Similarly the magnetic field
* magnetic field has two components: E, and E, , but only E, is
tangential at the interface z=0)

Eiy(x,o) + Ery(x,o) = Ety(x,o)
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Obliqgue Incidence -Interface between dielectric media

= Boundary at z=0 gives

-] i (9 — i 9 s . 0
COSGie jB xsin o, + T COSHre jB xsin g, _ COSHte iB,xsin g,
1 - if,xsin g, I - jByxsin@ 3 —jB,xsing
_e 1 (. _e 1 r — _e 2 ¢

771 771 772

= If E, and H, are to be continuous at the interface z = 0 for all x,
then, this x variation must be the same on both sides of the
equations (also known as phase matching condition)

B, sin@. = p sind =B, sin o,

= Follows Snell's law 0 =0
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Obliqgue Incidence -Interface between dielectric media

= Now we can simplify above two equations by applying Snell’s

1 T
cos® + 1 cosd, =r7coso, —(1-T)=—
771 772

= The above two equations has two unknowns t and I" and it can be
solved easily as follows

(cos@i+Fcoser\ 1,
| | =7 —(1-T)=r¢
L cos 0, ) n,
= Therefore,
_— E.. _ n,cosd —n, coso, o E.. ~ 2n,c0s0.
U 0o — —
E,, 7,C086, +17,C0s0, E. 7,c0860, +n,cosé.

= Note that cosine terms multiplication in the above equations is
different from the previous expression for perpendicular polarization
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Brewster Angle, Critical Angle
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Critical Angle

When light travels from one medium to another it changes speed and
IS refracted.

As the angle of incidence increases so does the angle of refraction.
When the angle of incidence reaches a value known as the critical
angle the refracted rays travel along the surface of the medium or in
other words are refracted to an angle of 90°.

The critical angle for the angle of incidence in glass is 42°.

L

air | Refrac’ted ray
glass

90°

Critical angle = 42°
Incident ray
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Surface Impedance

It is defined as the ratio of the tangential component of the electric
field to the surface current density at the conductor surface.

It is given by

Z _ tan Q

where Etan IS the tangential component parallel to the surface of the
conductor.

And Js is the surface current density.
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Critical Angle

> When the angle of incidence of the light ray reaches the critical
angle (42°) the angle of refraction is 90°. The refracted ray travels
along the surface of the denser medium in this case the glass.

> According to the law of refraction

n, sin ei =N, sin <9t

sin &, oo, £,
sSiInN 6’i N £,
. 7T
Ni . = 6’Cthen6?t = —_—
2

.n o £

O = sin 2. 0or sin 2

n &
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Total Internal Reflection

>When the angle of incidence of the light ray Is greater than the
critical angle then no refraction takes place. Instead, all the light is
reflected back into the denser material in this case the glass. This is
called total internal reflection.

normal

air
glass

Incident ray * : Reflected ray

angle greater than
critical angle {c)
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Brewster Angle

For unpolarized waves the electric fields are in many directions as
shown in figure, e.g. unpolarized light

A A

v v
Where as in polarized waves the electric field vector is either
vertical or horizontal as shown in figure below.
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We can convert unpolarized light into polarized light by passing the
light through a polarizing filter.

When unpolarized wave is incident obliquely at Brewster angle 6,
only the component with perpendicular polarization (Horizontal

polarization) will be reflected, while component with parallel
polarization will not be reflected.
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Brewster Angle

It is also called as Polarizing angle.

At Brewster angle, the angle between reflected ray and refracted ray is
900,

Incident ray

- Reflected ray
(unpolarised)

(polarised)

Refracted ray
(slightly polarised)
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Normal Incidence - Conducting Boundary

Consider the boundary is an interface with a perfect conductor(s, = «)

The incident wave travels in a lossless medium (Medium 1 , _q) )

Reflected

-
al’l
'E,

. Ei
Incident (L
wave @~ -»

i

Medium
(0,20

XA

.| Perfect

a

= Incident wave ( inside
medium 1)

conducto Ei(Z) = éinOe

E
H (z)=4 —e A
Q_’Z U

Eiq: the magnitude of Ei b1 : phase constant
N1 . intrinsic impedance of medium I

Medium 2

(0, =)
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Normal Incidence -Conducting Boundary contd..,

The boundary 1s an interface with a perfect
conductor(medium 2) both electric and magnetic fields
vanish.

E,=0, H,=0
No wave Is transmitted across the boundary into the z >
0 i.e. Reflected wave ( Inside
Reﬂgcg’% medium 1) _ ’
wdve | Perfect _ 4 TPz
g conductor Er(Z) aXEroe
. - 1 - 1 -
z H (z1)=—4 xE (z) =—(-4)xE (z)
E
Incident : m n
wavé' i}i_a’ 1 + 1jﬂ Z
Mediu |' Medium =-a —E. e "
(01=nQ])1 (0’2?00) 771
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Normal Incidence - Conducting Boundary contd..,

= Total wave Iin medium

E(z2)=E (2)+E (z)=4 (Ee "™ +E ")

= Continuity of tangential component of the E-field at the
boundary z=0

-

E(0)=4 (E +E )=E (0)=0
“:> ErOZ_EiO

= Incident and reflected field are of equal amplitude, so all incident

energy Iis reflected by a perfect conductor
= Negative sign indicates that the reflected field is shifted in phase

by 180° relative to incident field at the boundary
= The magnetic field must be reflected without phase reversal, If

both were reversed there would be no reversal of direction .
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Normal Incidence - Conducting Boundary contd..,

= |n medium 1, the total field can be written as

(4=0)

. 2 _jﬂlz +jﬂ12 _ - .
. E(z)=a E (e ™ -e ") =-a J2E sinfz

- - E
L H(2)=H, (2)+H () =4 2—c0s B,z
U8
= The space-time behavior of the total field in medium
1(multiply with )

ejwt

= After multiplying a time factor and take a real instantaneous
part of the fields in medium 1 as a function of z and t can be
written as - - jota . _ _
E.(z,t)=Re[E (z)e" ]=4a 2E  sin B zsin ot

jot E
]=4 2—cos/3 ZC0S mt

Ty

H,(z,1) = Re[H (2)¢
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Normal Incidence - Conducting Boundary contd..,

= From the total fields in medium 1, we conclude that there iIs a
standing wave in medium 1, which does not progress

= The magnitude of field varies sinusoidal with distance from the
reflecting plane

» Electric field has zero at the surface and multiple of half wave
length from the surface and maxima for magnetic field
Zeros of Igl(z,t) A

. occuratf.z=-nz,0or z=-n—, n=0,12,..
Maxima of H (z,t)] 2

= |t has a maximum value of twice the electric field strength of the
Incident wave at the distance from the odd multiple of the quarter
wave length and zero for magnetic field

Maxima of E (z,t) T A

. o occurat fz=-(2n+1)—, or z=-(2n+1)—, n=2012,..

Zeros of H (z,1)] 2 4
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Normal Incidence - Conducting Boundary contd..,

-

— jot A - -
E (z,t)=Re[E (z)e" ]=a 2E sin B zsin ot

End

- - E.
CHL(2,1) = Re[H,(z)e"]=4 2—"cos p,zcos ot
Z m

= The totally reflected wave combines with
the incident wave to form a standing wave
The total wave In medium 1 is not a
traveling wave

ot=r12

ot=3r14
ot=r

_ = It stands and does not travel, it consists of
2 two traveling waves E; and E, of equal
amplitudes but in opposite directions.

H, versus
z
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Normal Incidence - Conducting Boundary contd..,

= The equations also shows that there is a 90° out of time
phase between the electric and magnetic fields

-

_ jot A . .
E (z,t)=Re[E (z)e” ]=a 2E  sin p zsin ot

. T
=d 2E  sin g,zcos(ot - Z)

—

- _ E.
H,(z,t) = Re[H (z)e™'] =4 2—"cos p,zc0s ot
U
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Brewster Angle

It is also called as Polarizing angle.

At Brewster angle, the angle between reflected ray and refracted ray is
900.

Incident ray

- Reflected ray
(unpolarised)

(polarised)

Refracted ray
(slightly polarised)
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UNIT-IV

Transmission line Characteristics
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Transmission line equivalent circuit

= |f we are familiar with low frequency circuits and the circuit consists
of lumped impedance elements (R,L,C), we treat all lines(wires)
connecting the various circuit elements as perfect wires, with no
voltage drop and no impedance associated to them.

= Aslong as the length of the wires is much smaller than the wavelength
of the signal and at any given time, the measured voltage and current
are the same for each location on the same wire.

= Let us try to explore what happens, when the signal propagates as a
wave of voltage and current along the line at sufficiently high
frequencies

=  For sufficiently high frequencies, wavelength is comparable to the
length of a conductor, so the positional dependence impedance
properties (position dependent voltage and current) of wire can not be
neglected, because it cannot change instantaneously at all locations.
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Transmission line equivalent circuit

= So our first goal is to represent the uniform transmission line as a
distributed circuit and determine the differential voltage and current
behavior of an elementary cell of the distributed circuit.

= Once that is known, we can find a global differential equation that
describes the entire transmission line by considering a cascaded
network (subsections) of these equivalent models.

= So a uniform transmission line is represented as a distributed
circuit shown below

Ldz Rdz | Ldz Rdz L
J. - LL—> series inductance
Clzm= Gz Clzmm S G dz R—> series resistance
o T o o C-> shunt capacitance
|= dz L. dz =| G-> shunt conductance
|
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Transmission line equivalent circuit

= Let us assume a differential length dz of transmission line ,V(z),1(z)
are voltage and current at point P and V(z)+dV, I(z)+dl are voltage

and current at pointQ
Ldz
1) Q rar

l$

= The series impedance and shunt admittance determines the variation of
the voltage and current from input to output of the cell shown below

V(z)+dV

-y 0

Ldz Rdz

I (z)+d/

V(z) 1 (z) V(z)+dV Cdz == % G dz V(z)+dV

v
—0Q
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Transmission line equations

= For a differential length dz of transmission line ,the series
Impedance and shunt admittance of the elemental length can be
written as
(R + jolL)dz
(G + joC)dz
= The corresponding circuit voltage and current equation is

V +dV -V =—-1(R + joL)dz
| +dl -1 =-V (G + joC)dz
= From which we obtain a first order differential equation

dV _
—=-1(R+ jolL)
dz

dl )
—=-V(G + joC)
dz
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Transmission line equations

= \We have a system of coupled first order differential equations that
describe the behavior of voltage and current on the transmission line

= |t can be easily obtain a set of uncoupled equations by differentiating
with respect to the coordinate z

d 2V dl _
= - (R+ jolL)

dz dz

d’l dv _
= - (G + joC)

dz dz

. dav dl - . .
= Substitute —,— In the above equations ,we obtain a second order

differential equations

2

dVv

dz2

=(G+ JoC)(R+ joL)V

d?l
—= (G + joC)(R+ joL)I

dz
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Transmission line equations

= Let the constant term can be represented as propagation constant,
which is written as

Y=o+ jB=+(G+ joC)R+ joL)

= The transmission line equations can be written as
d’v.

= v Is the complex propagation constant, which is function of
frequency

= @ IS the attenuation constant in nepers per unit length, g is the
phase constant in radians per unit length
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Transmission line equations

= The solution of the second order transmission line equation is
V =ae " +be "’

+vZ
I

= ce + de 7*

=  Where, a,b,c, and d are the constants

= Above equations represent the standard solutions of the wave
equations, which are similar to the solution of uniform plane wave
equations.

= Theterms €™ and e  can be represented as backward and
forward wave along z-direction.
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Determination of constant
terms A and B
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Determination of the constant terms A and B

= Let the solutions of the transmission line wave equations can written as

V =ae " +pe "’

+7vZ —-vZ

| = ce + de

= To determine the constants a,b,c, and d , the above equations can be
written in terms of hyperbolic functions, where substitute

e’ = cosh yz + cosh yz

e " = cosh yz - cosh yz

= Substitute above equations in the solutions of transmission line
equations V and |

V = a(coshyz+coshyz)+ b(coshyz—-cosh yz)

| = c(coshyz+coshyz)+ d(coshyz—-cosh yz)
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Determination of the constant terms A and B

= The constants a+b, a-b, c+d, and c-d can be replaced by another
constant terms A,B,C, and D respectively
V =(a+b)coshyz+ (a—-Db)sinh yz

| = (c+d)coshyz+ (c—d)sinhyz
= S0, the above equations can be written as
V = Acoshyz+ Bsinh yz

| = C coshyz+ D sinhyz
= |n order to reduce the four constant terms to two constant terms, we write
the relation between V and | by considering the following basic

differential equations 4y
~-—=1I(R+ jol)
dz

dl _
-—=V (G + joC)
dz
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Determination of the constant terms A and B

Substitute Vin &

d(Acoshyz+ Bsinh yz
4 ! ) (R + joL)
dz

Differentiating in terms of z, we obtain

—v(Asinhyz+ Bcoshyz=1(R+ jolL)

So, the current | can be written in terms of constants A and B as

— ! (Asinhyz+ Bcoshyz =1

(R+ jolL)
= Where v 1s propagation constant, which is

y = (G + joC)(R+ joL)
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Determination of the constant terms A and B

= Substitute y in current equation, we obtain

JG + joC)(R + joL)

(Asinh yz+ Bcoshyz = |

(R+ joL)
= The above equation can be simplified and written as
V.= A
-1.2,=8B

1
— — (Asinhyz+ Bcoshyz =1
Z

= Where Z, Is another constant and can be called as characteristic
Impedance along the line

\/(R+ jolL)
Z, =
(G + joC)
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Determination of the constant terms A and B

= S0, the voltage and current wave equation in terms of constants A and
B can be re written as

V = Acosh yz + Bsinh yz

1
| = ——(Asinhyz+ Bcosh yz)

Zy

= Now the constants A and B can be obtained by applying initial
conditions of the transmission line at Z=0

= Let Vs and Is be the source voltage and current respectively. At the
source end, Z=0 the voltage V= Vs, current I= Is, then the above

equations can be simplified as

V. = Acoshy(0)+ Bsinhy(0) V.= A

.= — L(Asinh v(0)+ B cosh y(0))
Z0
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Determination of the constant terms A and B

* The constants A and B can be simplified as

V.=A

S

-1,Z,=8B

= Substitute A and B values in basic voltage and current equations

we obtain _
V. =V coshyz-1.2Z, sinhyz

N
| = ——=sinhyz+ 1 coshyz

Z

=  These equations are called transmission line equations. The can
represent voltage and current at any point z from the source
voltage and current.
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Determination of the constant terms A and B

= The constants A and B can be simplified as

-1,Z,=8B

= Substitute A and B values in basic voltage and current equations

we obtain |
V. =V coshyz-1.2Z, sinhyz

V, |
| = ——=sinhyz + 1 coshyz

Z

= These equations are called transmission line equations. The can
represent voltage and current at any point z from the source voltage
and current.
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Input Impedance of
Transmission Line from Load
Impedance
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Transmission Line with Load Impedance

If the source voltage and source current Is known to us, Input
Impedance of a transmission line is derived from source end as

Z tanhyl + Z
o, (2 )

’ (Z,+ Z, tanh yl)

= Similar expression can be derived from terminating voltage or current
IS known

= This can be derived from a transmission line length | with known
terminating voltage and current

= This can be start from basic transmission line equations with two
unknown constants A and B

V = Acosh yz+ Bsinhyz

1
| = ——(Asinhyz+ Bcosh yz)

Z,
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Transmission Line with Load Impedance

= Now the terminating voltage and current at a distance z=I can be written

dsS
Vi, = Acoshyl+ Bsinhyl

1 :
|, = ——(Asinh yl+ Bcosh yl)
ZO

= To derive the constants A the above voltage and current equations can
be multiplied with coshyl and sinhy/

V, cosh yl = Acosh’ yl + Bsinh ylcosh vl

1
|, sinh yl = ——(Asinh2 vl + Bsinh ylcosh yl)
0

=  Then we get the constants A as

Vocoshyl+ Z,1.sinhyl=A
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Transmission Line with Load Impedance

Similarly, the constant B can be obtained by multiplying voltage
equation with sinhyl and current equation with coshyl , and adding
both the equations, we get B as

Vi coshyl—2Z,1_.sinhyl =B

Then substitute A and B constants in basic equation. we obtain voltage
and current at any point from the terminating point as

Y
R _ -
V. =V, coshy(l-2z)+ —sinhy(l -2z)
0

‘ <

| = —2-sinh y(l - z) + 1, cosh y(I - z)

N

0

Where, |-z is the distance from the terminating end
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Transmission Line with Load Impedance

= Now from the above expressions, the input impedance z=0 can be

written as

Vi =V coshy(l-0)+1,Z,sinhy(l -0)
\

I, = —sinhy(I-0)+ 1, coshy(l-0)
Z0
Vi :VR coshyl+1,Z,sinh yl
| Ve .
S ——sinh yl + 1, cosh yl

Z0
Z tanhyl+ Z

o, (& )

’ (Z,+ Z, tanh yl)
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Infinite Transmission Line
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Infinite Transmission Line

| = infinite length -
6
Switch E

>If a line of infinite length is considered then all the power fed into it
will be absorbed. The reason is as we move away from the input
terminals towards the load, the current and voltage will decrease
along the line and become zero at an infinite distance, because the
voltage drops across the inductor and current leaks through the
capacitor.

>By considering this hypothetical line of infinite line an important
terminal condition is formed.
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Infinite Transmission Line

Let V. be the sending end voltage and I, be the sending end current and
Z, be the Input impedance which is given by

Zs =Vslls
Current at any point distance x from sending end is given by
l=ce ~ +de

The value of ¢ & d can now determined by considering an infinite line.

At the sending end x=0 and | =I..

| =c+d
S

At the receiving end, [=0 and x=o0.

0=c*w w0
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Infinite Transmission Line

Therefore c =0
If c¢c=o0 then ' =

Therefore

And

Similarly the above equation gives voltage at any point of an infinite line
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Infinite line terminated in its Z,

When a finite length of line is joined with a similar kind of infinite line,
their total input impedance is same as that of infinite line itself,
because they together make one infinite line however the infinite line

alone presents an impedance Z, at its input PQ because the input
Impedance of an infinite line is Z,.

It is therefore concluded that a finite line has an impedance Z,when it is
terminated in Z,

Or A finite line terminated by its Z,behaves as an infinite line.

Let a finite length of ‘I’ Is terminated by its characteristic impedance Z,
and Is having voltage and current V and I at terminating end.
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Infinite line terminated in its Z,

Therefore v
Zo = —X
IR
Putting x =1LV =V_,I=1_ In general equations, we have
|, = I coshpl - —= sinhpl

Z

O

Dividing Vr by Ir we get Zo

Vi Vicoshpl — I.Z,sinhpl

I.coshpl — gisinhpi
o
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Infinite line terminated in its Z,

Multiplying right hand side numerator and denominator by Z0, we get

_ Vgeoshpl — ;2 sinhpl Z

I.coshpl — gisinhpi Z,
o

Z, I.coshpl — Vsinhpl = V.coshpl — I;Z  sinhpl

Z,l.(coshpl + sinhpl) = Z_(coshpl + sinhpl)

V.
Therefore v, =z,1, and Z, =I—5
5

But Vs/ls is equal to the input impedance.

Thus the input impedance of a finite line terminated in its characteristic
Impedance Is the characteristic impedance of the line. Since the
Input iImpedance of an infinite line is the characteristic impedance of
the line.
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Characteristic Impedance, Phase
Velocity
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= Characteristic impedance, Z :

= The characteristic impedance, Z, can be defined as:

. R+ joL R+ joL

0

y G+ joC

= characteristic impedance (Z,) is the ratio of voltage to
current in a forward travelling wave, assuming there iIs no
backward wave

Z, determines relationship between voltage and
current waves

Z, 1s a function of physical dimensions and er
Z, is usually a real impedance (e.g. 50 or 75
ohms)
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Characteristic impedance, Z,:

\oltage waveform can be expressed in time domain as:

al

cos(wt—ﬁz+¢+)e_‘” +’\/O_

v(z,t):’\/o+

The factors V,"and V, represent the complex quantities. The &= is
the phase angle of V= The quantity 4z is called the electrical length

cos(ot+ fz+9 e

of line and i1s measured In radians.
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Phase Velocity

» Phase Velocity For a sinusoidal wave, or a waveform comprised of
many sinusoidal components that all propagate at the same velocity,
the waveform will move at the phase velocity of the sinusoidal

components We’ve seen already that the phase velocity is

¢ Vvp=w/k
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Group Velocity

 When the various frequency components of a waveform have

different phase velocities

« The phase velocity of the waveform is an average of these
velocities (the phase velocity of the carrier wave), but the waveform
Itself moves at a different speed than the underlying carrier wave

called the group velocity
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Group vs Phase velocity

« An analogy that may be useful for understanding the difference
comes from velodrome cycling

 Riders race as a team and take turns as leader with the old leader
peeling away and going to the back of the pack

* As riders make their way from
the rear of the pack to the front
they are moving faster than
the group that they are in.
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Group vs Phase velocity

« The phase velocity of a wave is

V=v, = AT =1k =0k

and comes from the change in the position of the wavefronts as a
function of time

« The waveform moves at a rate that depends on the relative position
of the component wavefronts as a function of time. This is the group
velocity and is

+ v, = do /dk
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Condition for distortion less and
minimum attenuation
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Condition for Distortion Less Line

e A transmission line is said to be distortion less if the attenuation
constant is frequency independent.

« The phase constant is linearly dependent of frequency.

* From the general equations of a&f3, The distortion less line results,
If the line parameters are such that,

R/L=G/C
» The attenuation constant and phase constant are
o=VRG and = ® VLC
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Condition for Minimum Attenuation

From the equation the attenuation of a line Is expressed by
attenuation constant DC as

=1
=% [(RG + w?LC) + JR% + 02 [2(G? + w2C?)

It i1s observed that depends on the four primary constants in
addition to the frequency. The Value of L for minimum attenuation.

Let us assume the three line constants C,G and R including are
constant and only L may be varied .

Therefore, differentiating above value of , W.R.T L and equating
It to zero, we get
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Condition for Minimum Attenuation:

dx [1 2w L(G* + w?C?)
— |= —w*C¢| =0
dL |2 {/R? + w2L2(G? + w?(C?)

w?L(G* + w*C?)
VR? + w2L2(G2 + w2C?)

—w?C =0

then by solving above equation we get

R/L=G/C
This is the condition for minimum attenuation and
distortion less line.
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Condition for Distortion Less Line

CONCLUSIONS:

« The phase velocity is independent of frequency because, the phase
constant of linearly depends upon frequency

« Both V; and Z, remains the same for loss less line.

 Aloss less line is also a distortion less line, but a distortion less line
IS not necessarily loss less.

« Loss less lines are desirable in power transmission telephone lines
are to b distortion less.
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UNIT-V

UHF Transmission Lines and
Applications
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UHF Transmission Lines

« UHF spectrum is used worldwide for land mobile radio systems for
commercial, industrial, public safety, and military purposes.

« Many personal radio services use frequencies allocated in the UHF
band, although exact frequencies in use differ significantly between
countries.

« Major telecommunications providers have deployed voice and data
cellular networks in UHF/VHF range. This allows mobile phones
and mobile computing devices to be connected to the public
switched telephone network and public internet.

« UHF radars are said to be effective at tracking stealth fighters, if not
stealth bombers
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UHF Transmission Lines

« Ultra High Frequency lines commonly abbreviated as
U.H.F lines are one of the types of the transmission lines.

« Ultra high frequency lines have operational frequency
range from 300 to 3000 MHz or wavelength from 100 cm
to 10 cm.

« Under normal frequencies the transmission lines are used
as wave guides for transferring power and information
from one point to another.
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UHF Transmission Lines

« At Ultra High Frequencies, the transmission lines can be used as
circuit elements like capacitor or an inductor .

* It means they can be used in circuits like a capacitor or an inductor.
Applications:

« UHF Television Broad casting fulfilled the demand for additional
over-the-air television channels in urban areas. Today, much of the
bandwidth has been reallocated to land mobile, trunked radioand
mobile telephone use. UHF channels are still used for digital
television
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UHF Transmission Lines

UHF spectrum is used worldwide for land mobile radio systems for
commercial, industrial, public safety, and military purposes.

« Many personal radio services use frequencies allocated in the UHF
band, although exact frequencies in use differ significantly between
countries.

« Major telecommunications providers have deployed voice and data
cellular networks in UHF/VHF range. This allows mobile phones
and mobile computing devices to be connected to the public
switched telephone network and public internet.

« UHF radars are said to be effective at tracking stealth fighters, if not
stealth bombers
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Input impedance Relations; SC
and OC lines
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Input Impedance Relations

= Let the voltage and current transmission line equations at any point on
the line from the source end can be written as

V. =V, coshyz-1.Z,sinhyz

S -
| = ——=sinhyz+ I coshyz

Zy

= A transmission line, which is terminated with some load impedance
Zy at a distance ‘| ‘from the load

= The voltage and current at the terminating end is V,and I

= Atz=1, the voltage and current can be written as

Vo, =V, coshyl-1.Z sinhyl

vV,
|, = ———sinh yl + 1_cosh yl
ZO
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Input Impedance Relations

= Now the load impedance from the terminating point can be written as

Z =VR
|

_ V coshyl—1,Z sinhyl

V., .
R ——=sinhyl+ 1 coshyl

Zy

= By solving the above equation, we obtain
(Z,sinhyl+Z, coshyl)

Z, =12,
(Z,coshyl+Z,sinhyl)

=  Where Zq is the source impedance, also called input impedance

= Above expression can be written in terms of hyperbolic tan
functions as

(Z,tanhyl +Z )

° (Z,+ Z, tanh yl)
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Input Impedance Relations

» Lossless Transmission line(a=0)

= Foraloss less line the input impedance can be written as

(Z,tanh jBl+Z )

" (Z,+2Z,tanh jBl)

(iZ,tanBl+2Z,)

(2, + iz, tanBl)

= A special cases from the above general lossless line input impedance
relations

* When the line is terminated with characteristics impedance, Z,=Z,
*  When the line is terminated with open circuited, Zp=infinity(c)

*  When the line is terminated with short circuited, Zg=0
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Input Impedance Relations

» Matched Load Zz=2,
= Foraloss less line the input impedance can be written as

(Z,tanh jBl+Z )

" (Z,+2Z,tanh jBl)

jZ,tan Bl + Z
, g Uz S
(Z,+ jZ,tanBl)

0

= The line iIs terminated with characteristic impedance, the input
Impedance is equal to the characteristic impedance

= This condition iIs called matched load condition

=  There is no reflections on the line
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Input Impedance Relations

» Open Circuited, 1.e. Zg=infinity()
= Foraloss less line the input impedance can be written as

[ Z
S (jZ,tanBl+Z ) LJZOtanBI+1)|
in O(ZO+jZRtanB|) L. =2Lyc =2, = R
| —>+ jtan Bl |
\ Zr )

Z..=2Zyc =—]JZ,cotpl

» Short Circuited, I.e. Z;=0

(jiZ,tanBl+2Z,)

"(Z,+ iZ, tan Bl)

Z..=2Zs. = JZ,tan Bl

n

= |If the line iIs terminated with open circuit or short circuit, the input
Impedance can be purely imaginary
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Input Impedance Relations

From the short circuit and open circuit impedance relations, the
characteristic impedance can be written as

ZO
jtan Bl

ZocZse =(jZ,tanBl)

The characteristic impedance of the line can be measured from open and
short circuit Transmission line
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Impedance Matching, Single
Stub Matching
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Impedance Matching

= |mpedance matching Is one of the Important aspects of high
frequency circuit analysis.

= To avoid reflections and power loss from transmission line sections
Impedance matching technigues can be used

*  Quarter Wavelength Transformer,
«  Stub Matching
v Single Stub Matching

v" Double Stub Matching
= The quarter wave transformer needs special line of characteristics
Impedance for every pair of resistances to be matched

= To add quarter wave transformer, cut the main line

= To avoid above difficulties, either open or short circuited transmission
line attached at some position parallel to line
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Impedance Matching

= Adding of either open or short line in parallel to main line is call stub

= The main advantage of this stub matching is
« The length and characteristic impedance remains same
 Since the stub Is added in shunt, there is no need to cut the main line
« The susceptance of the stub can be adjusted for perfect matching

= A short-circuited stub is less prone to leakage of electromagnetic
radiation and Is somewhat easier to realize.

= Open circuited stub may be more practical for certain types of
transmission lines, for example microstrips where one would have to
drill the insulating substrate to short circuit the two conductors of the
line
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Single Stub Matching

= Based on the number of parallel stubs connected to the line stub
matching techniques can be classified into two types

« Single-Stub Matching Technique
* Double- Stub Matching Technique

» Single Stub Matching

= A short-circuited section (stub) of a Y=Yy o>
transmission line connected in parallel to —y —
the main transmission line is shown in . .
Figure

= The stub is connected in parallel, so it is
easy to deal with admittance analysis
Instead of impedance
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Single Stub Matching

There are two design parameters for single stub matching

e The location of the stub with reference to the load can be
represented as d,

*  The length of the stub line L,

For proper impedance matching, the admittance at the location of the

stub can be written as 1
Y :Y +Y(dstub):Y0:_

A stub
V4 0

1
Y =Ytub +Y(dstub)=l/i] =

> >~ %

Input admittance Line admittance at location
of the stub line 1, before the stub is applied

I’ (dg u
Yoe | IR Yo=1/Zg

-

Lty ‘ H
dstub
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Single Stub Matching

» Location of the stub(d,,,)

= To determine the location of the short-circuited stubs, the input
Impedance of a lossless transmission line and convert it to admittance

Y, + JY, tan gl
0 .
Y, + JY_ tan gl

Yin:Y

= The normalized admittance can be written as

Y. y. + jtan gl
yin = =
Y 1+ jy, tan gl

0

= Separating the real and imaginary parts by rationalizing

Yot Ye tanzﬂl - ijZtan Al + jtan gl
1+ yRZtanz,BI

Y. (1+tan® gl) j(1-y, )tan Bl
= -
1+ yRZtanzﬂI 1+ sztanzﬂI
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Single Stub Matching

= For no reflection, at a distance 1=d,,, the real part of the admittance
IS unity
Rel[Y, 1=, or y., =1

=  Atl=dg,

Y, (1+ tan’ ,Bdstub)
1+ sz tanzﬂd

=1

stub

=  Simplifying the above expression, we obtain
Ve (14 tan’ Bd ) =1+ y. tan” gd

stub
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Single Stub Matching

= At this location the imaginary part of susceptance of b, can be

written as
(1- yRZ)tan sl (1- yRZ)tan pd._..

Im[yin]:bs: 2 2 - 2 2
1+ vy, tan” gl 1+y, tan” Bd

stub

. (1—yR2)tan Al (1—yR2)tan pgd_.,
o 1+ sztanz,BI B 1+ yRZtanzﬂd

stub

= Therefore at length dstub the mput admittance is Yin =1+ jbs
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Single Stub Matching

» Length of the stub(L,)

= To determine the length of the short-circuited stub consider the short
circuited impedance and write in terms of admittance

u That iIs Z._ = jX_ =jzZ, tan gl

Y.=-]B, =-]jY, cotgl

= The required normalized suspetance of the short circuited stub

B

b, = — = cot gl
Y0

= Equating with y,

cotfL,, = g R
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Single Stub Matching

Converting into impedance
1

Z_ 7

R™O0

tan g LStub =

‘ =

N

1
Z,

R

Therefore, the length of short circuited stub is

2 (Jz 7z )
LStUb = —tan_l - - for ZR > ZU
27 ZR—Z0
ﬂ’ 71( ZRZO \
L., = —tan for
° 2 LZO—ZRJ ZU>ZR

The drawback of this approach is that if the load Is changed, the
location of insertion may have to be moved

INSTITUTE OF AERONAUTICAL ENGINEERING



Smith Chart
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Smith Chart

» It i1s a polar plot of the complex reflection coefficient.

» It Is the transformation of complex impedance into
reflection coefficient nlane.

4 X=Im(2Z) Im (T)

- A —-
R+ Re (2)

Figure 1: Transformation of Z into
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Smith Chart

e Construction of smith chart:-
e |t consist of r-circles and x-circles

v M

Fig-2: r-circles Fig-3: x-circles
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Smith Chart

 Points to remember regarding smith chart:

= The value of r is always positive, X can be positive (for inducatance
Impedance) and negative (for capacitance impedance)

= Apart from the r and x circles, we can draw the VSWR-circles or (S-
circles)(ALWAYS NOT SHOWN ON THE CHART)

impedance Smith Chart

0.5

Figure 4. Some points on smith chart
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Smith Chart

O At point Psc on the chart r = 0 and x = 0, it represents short circuit point. Similarly
Poc on the chart r = infinity and x = infinity represents open circuit point.

O A complete revolution around the smith chart represents a distance of on the
line(360 degress).

O Clockwise movement on the chart is regarded as moving toward the generator.
Similarly, counter clockwise movement on the chart corresponds to moving towards
load.

O There are 3 scales around periphery of the smith chart

> Qutermost scale used to determine distance on the from generator end in terms
of wave length.

> The next scale determines distance from the load end interms of WL

> Qutermost scale used to determine distance on the from generator end in terms
of wave length.

> The innermost scale is a protractor and is primarily used in determining angle of
reflection coefficient
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a

a

Smith Chart

To the horizontal line upper part is inductive in nature and bottom part is
capacitive in nature.

As shown in figure (4):

> The left most point A on the smith chart corresponds to and therefore
represents ideal short-circuit load.

> The right most point B on the Smith chart corresponds to , and therefore
represents ideal open circuit load.

>The upper most point C represents a pure inductive load of unity
reactance and the lower most point D represents a pure capacitive load of
unity reactance.

Voltage Vmax occurs where impedance is maximum i.e point A and Vmin
occurs where impedance is minimum i.e point B.
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