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UNIT -1

 Introduction to FEM:

— Stiffness equations for a axial bar element in local co-ordinates
using Potential Energy approach and Virtual energy principle

— Finite element analysis of uniform, stepped and tapered bars
subjected to mechanical and thermal loads

— Assembly of Global stiffness matrix and load vector
— Quadratic shape functions
— properties of stiffness matrix



Review:

Axially Loaded Bar

BN

Stress:

Strain:

Deformation:
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Strain:

Deformation:



Axially Loaded Bar

Review:
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Stress:
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Deformation:



Axially Loaded Bar — Governing Equations
and Boundary Conditions

e Differential Equation

i{EA(X)OI—u}rf(x):O O<x<L
dx dx

e Boundary Condition Types

e prescribed displacement (essential BC)

e prescribed force/derivative of displacement
(natural BC)



Axially Loaded Bar —Boundary Conditions

e Examples

e fixed end

e simple support

* free end



Potential Energy

e Elastic Potential Energy (PE)

- Spring case
Unstretched spring

PE=0

Stretched bar ! 1

\_QAAfVVN&f—Q PE:Ekﬁ

- Axially loaded bar

AN

undeformed: PE 0
deformed: IggAdX
- Elastic body

PE::ljonv
2

Vv



Potential Energy

e Work Potential (WE)
f

—> —>—>—>—>—>—>—>p f: distributed force over a line
B P: point force
u: displacement

AN

2

L
WPz—ju- fdx—P - ug
0
e Total Potential Energy
1 L L
H:E_[agAdx—ju- fdx—P - ug
0 0

e Principle of Minimum Potential Energy

For conservative systems, of all the kinematically admissible displacement fields,
those corresponding to equilibrium extremize the total potential energy. If the
extremum condition is a minimum, the equilibrium state is stable.



Potential Energy + Rayleigh-Ritz Approach

Example:

AN

—> —>——>—> —>—>—>——> P

B

2

Step 1: assume a displacement field U= Zaiﬂ(x) I=1ton

¢ is shape function / basis function
n is the order of approximation

Step 2: calculate total potential energy



Potential Energy + Rayleigh-Ritz

Approach

Example:

AN

B

2

—> —>——>—> —>—>—>——> P

Step 3:select g, so that the total potential energy is minimum

X107
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Galerkin’s Method

Example:
P f
;—>—>—>—>—>—>—>—> P
“A B
E{EA(X)d_u}r () =0 Seek an approximation U so
dx dx d da f ;
w.| —| EA(X)— [+ f(X) [dV =0
u(X:O):O e \_[ I[dX|: ( )dX:| ( ))
eAc) Y —p U(x=0)=0
Xt da
EA(X)—| =P
dx

X=L

In the Galerkin’s method, the weight function is chosen to be the same as the shape

function.
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Galerkin’s Method

Example:

P f
;—>—>—>—>—>—>—>—> P
“A B
[w (d {EA( )—}+f(x)jdv 0 =—> jEA( )d“ aw dx+_[wfdx+WEA(x)— oy
v dx dx dx X1o
@ @ ©)

®



Finite Element Method — Piecewise

Approximation

13



FEM Formulation of Axially Loaded
Bar — Governing Equations

e Differential Equation

i[EA(x)d—u}+f(x):O O<x<L
dx dx
|

e Weighted-Integral Formulation
L [ d du
jo W(&[EA(X) &} + f (x)jdx =0

e Weak Form ‘
o dw du du
0= ! {&(EA(X) &j —wf (x)}dx —w( EA(X) &j

0
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Approximation Methods — Finite
Element Method

f
> » » » > » »|—>» P

Example:

AN

Step 1: Discretization

Step 2: Weak form of one element P, > — ol P,

J‘|:dW (EA( )—) w(x) f (X):|dX — W(X)(EA()() d_u) -0
dx

dx

X

— ﬂz—\;\/(EA(x) g—i) —w(x) f (x)}dx ~w(x,)P, —w(x, )P, =0 )



Approximation Methods — Finite
Element Method

f
> > » » > » »|—>» P

A ‘

Example (cont):

AN

- X

L I

Step 3: Choosing shape functions
- linear shape functions u= ¢1U1 + ¢2U2

I I > | ! >
—5 =1 &= el
X, — X X— X, _lme. , _1+g
¢ = I , h = I 4 2 Z 2
(& +1)
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Approximation Methods — Finite
Element Method

/] f
> > » » > » »|—>» P

A
- X

L I

Example (cont):

AN

Step 4: Forming element equation

E,A are constant EA EA X,
Let w=¢ weak form becomes j—%{EA-@}dx—J’;ﬁlfdx—;ﬁle—¢1P1=0 — Tul_Tuzzwlde”’l }

X
1
Xy

%10 uu % EA EA % fdx s P
Let w=¢, weak form becomes J’T[EA- ZI 1)dX_J.¢2fdx_¢2P2_¢2P1:0 — _Tul+Tu2_-[¢2 R

X

rTme

2 e

T@Mx
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Approximation Methods — Finite
Element Method

/] f
> > » » > » »|—>» P

A
- X

L I

Example (cont):

AN

Step 5: Assembling to form system equation

Approach 1:
1 -1 0 0]y f£'] [P
Element 1: E'A'|-1 1 0 0|ju,|_Jf, 4 P,
' |0 0 0 0f|o0 0 0
0 0 0 0|0 0 0
(0 0 0 O0ff0 0 0
Element 2: E'A"|O 1 -1 0 U1” f1” Pl” > e
— = + &
" 10 -1 1 0f|u f," P
0 0 0 0]0 0 0
Element 3: 000 0 0 0 0
EM"A"I0O O 0O 0|0 0 0 )
"o oo 1 —10um (= £ rt pli (
]ill 1|I| 1|I| 18
00 -1 1]|u, f, P,




Approximation Methods — Finite

Example (cont):

Element Method

/]

f

A

AN

- X

L

Step 5: Assembling to form system equation

Assembled System:

EIAI EIAI
T T 0 0
EIAI EIAI EIIAII _E“A“ O
II II III III
EIIAII EIIAII EIIIAIII EIIIAIII
0 B | | | N |
EIIIAIII EIIIAIII
0 0 B A E A

[N

w N

~

b+

> »> » > > »|—» P

+ 1

P2| + Plll
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Approximation Methods — Finite
Element Method

f
> > » » > » »|—>» P

A
- X

L I

Example (cont):

AN

Step 5: Assembling to form system equation

Approach 2: Element connectivity table Element 1 | Element 2 | Element 3
kije' —> K, 1 1 2 3
2 2 3 4
+ — —— _
local node global node index

(L)) (1,J)
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Approximation Methods — Finite
Element Method

/] f
> > » » > » »|—>» P

A
- X

L I

Example (cont):

AN

Step 6: Imposing boundary conditions and forming condense system

Condensed system: E'Al E'A! £l AN .

I + | o |

E||A|| E||A|| E|||A||| E|||A||| u2
T | T [ T Us =
E|||A||| E|||A||| u4

21



Approximation Methods — Finite

Element Method

/] f
> > » » > » »|—>» P

Example (cont):

AN

Step 7: solution

Step 8: post calculation

U=Ugd +Uyp, ==b s=—=U —ttu,—2 —2
19+ Ud, ST Mk 2 g dx dx

22



Summary - Major Steps in FEM

e Discretization
e Derivation of element equation
e weak form

e construct form of approximation solution
over one element

e derive finite element model
e Assembling — putting elements together
e Imposing boundary conditions
e Solving equations

e Postcomputation

23



Example 1:

Exercises — Linear Element

/
g
Zh |

24



Linear Formulation for Bar Element

u u () “
. P, o oo oo o oo s P

X
X=X, L =x,x, X=X,

{F)l}+{fl}:_Kll KlZ_{ul}
PZ f2 _K12 K22_ u2

where K, _J'EA(dqj 49, jdx Kii i=xf(¢if)dx

dx dx

! ; 4, 4 Q !
X=X, X=X,

_>X




Higher Order Formulation for Bar Element

u u; u, us
IS
I - . T
1 2 3

U(X) = u1¢1 (X)"' U2¢2 (X)+ u3¢3 (X)

u u, u, u; u,
B == B e R
X 1 2 3 4
U(X)= U1¢1( X)"‘ U2¢2( X)"‘ U3¢3( X)"‘ u4¢4( X)
u u; u, u; U  eeereeeiieen, u,
—
N — 0~ —>————0 —

U(X)= U@y (X)+ Uy, (X)+ Us@s (X)) + U@, (X)+o00000+U 9 (X)

26



Natural Coordinates and Interpolation Functions

&1 —¢& &1

X X =

(%
Natural (or Normal) Coordinate: &= 2
¢ . | /2
&=-1 |—> -
: e 2 : :
&=-1 1
O Tele %t 5(52 Y, g =er1)e-1), 4,=8 *1)5
1 3
T afe- B

s JUE T8 A SRR A0 O




Quadratic Formulation for Bar Element

r

\

>+ <

28



Quadratic Formulation for Bar Element

“  fix) “2 p, Us

p,— _ —— P,
X, X3
&=-1 5— ¢=1

U(E)= U (£)+ U, () + Uy (€)=, ‘5(52'1)—u2(¢+1)(5-1)+“3%

6,521 4 arfe-n), g E0IE

2 3 2
X, + X
o lgeig s 982
S= T 2 7 dx |

dg _2d4 _2£-1 dg _2dg, 4 dg_2dg 2641

dx 1dé | dx | dé& | ' dx  1de |

29



Exercises — Quadratic Element

Example 2:

ORI

Az

L=3m L=3m

E=100GPa, A;=1cm? A, =2 cm?

30



Some Issues

Non-constant cross section:

Interior load point:

AN

Mixed boundary condition:

AR

AN

31



UNIT -2
Finite Element Analysis of Trusses



Plane Truss Problems

Example 1: Find forces inside each member. All members have
the same length.

7

33



Arbitrarily Oriented 1-D Bar Element on 2-D Plane

V2 |52 , U,

’ u]_ Q1; v,

34



Relationship Between Local Coordinates and Global

Y

Coordinates

|
o c
S [

f<
N
I

' cosf sind 0
—sin@ cosé 0
0 0 :—sing

sin 6

\

COsd |

,
< C
)

|

N

35



Relationship Between Local Coordinates and Global

Coordinates

- cosd sind 0
-sing cosf; 0

0 0 icosf

0 0 :-sind

sin 0

coséd




Stiffness Matrix of 1-D Bar Element on 2-D Plane

2 Uy
P,, u,
0i-1 0]
0,0 0
0:1 0
0 0:0 0
(cosf —sing . 0 0 - cosd sind i 0O 0 |
|8 cosf 1 0 0 fpeqzsing cosg 0 0 |
0 0 :icosd -sin@d|" "] O 0 : cosd sing
0 0 sing coséd | | O 0 '-sing cosd |
(P, ] [ cos? O sinf@cosd | —cos’d  —sinfcosd |[u,]
Q|_AE|singcoso  sin’0 i-sinocos  —sin’6 ||v.|
P, L | —cos’d —sinfcosd® i cos’é sin @cosd ||u,
Q, | —sindcosd®  —sin®o ' sin@cosd sin®0 ||V, )
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N
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Arbitrarily Oriented 1-D Bar Element in 3-D Space

o, 5 Yy are the Direction
Cosines of the bar in the x-

N

y-z coordinate system

| ey B, 7,10 0 07]fu] P | [a. B 7 0 0 0]
=0| |@, By 7,10 0 0]y, Q=0 |ay By 7.0 0 0
=0 a, ﬂz 7: 1 0 0 0 W, <R1:0>_ a, B 7,0 0 0
Al Bt et T i < > — e P T T T

0 0 0 | A ﬂi Vx || Uz P2 0 0 0 L Oy ﬂx Vx

0 0 0 0 ay ﬂy Yy || V2 92 =0 0 0 0 ay ﬂy Yy
=OJ _O 0 0 ;az ﬂz 143 W, \RZ:O —0 0 0 ;af '87 Yz |




Stiffness Matrix of 1-D Bar Element in 3-D Space

a)‘(ﬁ)‘(
i
B
o axﬁx
2

X

— PxVx

©O O oo o o

O O OO0 o o

©O o oo o o
O O O o o o
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Matrix Assembly of Multiple Bar Elements

| — |
Hon
r 7\ N ﬁ nJ\_u” ™
- ! o
o o.0 o 1_:%1f_
1__ (@) m —i ([@»] @-- - -”.@ - Mﬂw.
- “ , oM
- ; _
o oo O | m
- o' o 1[4@
_ _ _ |
| |
=4
— | —
< A74
|| I
" ga'g o d
+ 4+
- c
e Q
S e
9 @
L L

-1

V3

1

-1

~J3 1

343

—~/3

_AE
4L

( A
i

Ql &
P3

Z

Element (I

kQ3 J
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Matrix Assembly of Multiple Bar Elements

41

[ - 11 -
L ™
00@0?[3 I%OOSB
. _
> > S5 > S > — | ™ 13 o
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Matrix Assembly of Multiple Bar Elements

) " 4+1 0++43] —4 0o | -1 ~J3 (u,)
, 0+v3 0+3 | 0 0 i —4/3 ~3 i||v,
2>=Ei _4 0 4+1 0-+431 -1 J3 Ju: |
| 4L|L_O0____( 0__10-43 0+31 <3 -3 ||v,
; -1 =J3 | -1 3 1+1  J3-+/31|u;
3 -3 -3 | ¥3 -3 |W3-3_ 3+3 (Vs

W 0 0O 0O nw O

Apply known boundary conditions

R, =7 5 V3 | -4 0 | -1 -v3|[u=0]
S, =0 V3 3 | 0 0 |=43 -3 ||vw=?
R,=F| AE| -4 0 5 —J3| -1 3 ||u,="
< b= ——— < >
S,=?| 4L| 0 0 |-v3 3 | J3 =3]|v,=0
Ry =7? -1 -V3| -1 J3 | 2 0 ||u=0
'S, =7 V3 -3 | V3 -3 ] 0 6 |(vs=0

42



Solution Procedures

0
v, =0

r A N\ O
O o~ & O O o I
I | O | A | I | I | —
— — N N o o
rU > O > D V\

v, =0

U,

3

6
J3

-3
_ 31|y, =
-3
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Stresses inside members

Element @ —

Element (||

Element (I
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Finite Element Analysis of
Beams



Bending Beam

Review
M M
c X

Pure bending problems:

Normal strain: g, = _y
yo,
Normal stress: o, = —a
yo,
Normal stress with bending moment: j_ o, ydA=M

2
M o m-plopdY

Moment-curvature relationship: 1
p El P dx

Flexure formula: - —_My | :jysz
" |



Bending Beam

Review

a(x)

11 TTI

e

Relationship between shear force, bending moment and

transverse load:

v _
dx

Deflection: d*y

Sign convention:

aM

—=V
dx

2 (L

| v

48



Governing Equation and Boundary Condition

e Governing Equation

d? d 2v(X
El ( ) q(x) O O<x<L
axe dx?
e Boundary Conditions -----
v=2& Y _rg Elﬂ—v& d Elﬂ _%  at x=0
dx dx? dx dx?
v=2 & Yorg EIM—’)& d E|M —2,  at x=L
dx dx* dx dx?
Essential BCs —ifvor is specﬂed at the boundary.

dx

Natural BCs - if or ., is ds c:flggl the boundary.
dv
El — EI —
dx® dx

49



Weak Formulation for Beam Element

e Governing Equation

2
d° [ 9V ) _g=0, % <x<x,
ax? dx*

e Weighted-integral Formulation for one element

0= W(x){ [ dd‘)’((x)] q(x)}dx

e Weak Form from Integration-by-Parts ----- (15"“ time)

0= j—d—Wi EI— “wg [dx+ w Eld—\zl
dx dx dx? dx dx

X
1 50



Weak Formulation

e Weak Form from Integration-by-Parts ----- (2" time)

X[ 42 2 2.\ 2
o= [|2% &1 2Y | -wg e w [ E1 Y| - g 0

v ax dx dx{ dx” ) dx dx
y V(x,) qa(x) V(x,)

L Mix, (“Mﬁ Y mixy

Xy

X

X
X=X, L = x,-x,

X2 2 2
o= [ 9% &1 9V |- wg dx+[V\N —d—WM}
- dXx dx dx

X5

X

51



Weak Formulation

o Weak Form

X2 2
0= W) 4V g dx+[wV—d—Wl\/I}
v dX dx’ dx
y(v) qa(x)

o mw 9a

L = x,-x;

Xy

X1

Q :V(Xl)’ Q,=-M (Xl)’ Q, :_V(Xz)’ Q=M (Xz)

Q.

2
52

T{de(E' ﬂj wq}dx W04 )Q, +W(X,)Q, +
RS dx’

dw
_I_ -
1Q2 dx




Ritz Method for Approximation

y( v) a(x)

L oy mu

L =x,x,

Let V()= Zu ¢;(x) andn=4

dv dv
where — — -
U1 V(Xl) u2 dX X=X UB (XZ) U4 dX X=Xy
J{d W[ J_WQ}CIX :W(X1)Q1+W(X2)Q3 +d—W Qz d—W Q4
X dX 1 dX 2
Let w(x)=¢.(x), i=1,234
¢ d2¢i - d2¢ ¢
le { — (EI DU ] ¢q}dx A 00Q+h06IQ + Qg Q.




y( v)

Ritz Method for Approximation

x az mg%

L =x,x,

{(¢ { ¢‘ J ﬁ[‘ﬁxjg}:é&juj -

where K. _IEI( gf ¢;j jdx and q :j¢iqu

dx dx
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Ritz Method for Approximation

y(v)
%)

55



Selection of Shape Function

The best situation is -----

Interpolation
Properties

>

= [\ ™ 4/
>0 S5 oSS

~~ J
S & & F

O O O -
OO O +dH O
O 4 O O
_1_ O O O
I
=<' =< > 9
o N o™ <
sls S5 Slx 3l
Ne—
—_— —_ — J—
<’ _ X o o
i (9V] 2] <
N S N = N
7~ N\
<! X o3 53
= N o <
x x > >
sls S5 Sl 3l
N
— — — —
53 53 3 3
1 eVl o -
S~—— ~— ~ N >
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Derivation of Shape Function for Beam Element —

and

Let

Local Coordinates

How to select ¢.???
V(&) = U@ + U0, + Uy + U, 0,
av($) _ d¢1 . 44 d¢3 dg,

de  tde tde cde d§

g=v, 6,=M g oy, g -
1— V7 W=7~ U=V, U=
dé dé

¢ =4 +bi§+ci§2 +di§3

Find coefficients to satisfy the interpolation properties.

57



Derivation of Shape Function for Beam Element

How to select ¢.???

& Lt g=a+bi+cd +dg

Similarly ¢ =—1-&f(1+¢)

58



Derivation of Shape Function for Beam Element

In the global coordinates:

| dv,

V(X) = Vi (X) + ——¢2(X) Vo (X) + 2 (%)

N 2
¢1 E(X—Xl{l— X=X j
¢2 | 2 =%

X
3 2 3
\¢4, X, =X X, =X




Element Equations of 4t" Order 1-D Model

y( v)

qa(x)

") myu

2

Q,
Qs

where K = ]' EI(

Q,

\Q4 J

dx® dx?

L =x,x,
¢1 ¢4 1
?;
X=X,
(q1\ I Ki Kp Kg Ky | (ul
q,| |Kp Ky Ky Kylju,
>+ 9 — < >
Qs Ke Kyp Ky Kyl
q4 K14 K24 K34 K44_ \u4)
d’, d°¢ de K; and ¢; = °¢iqu

60



Element Equations of 4t" Order 1-D Model

y(v) a(x)
L.y m, )
L =x,x,
Q.| (q, 6 3L -6 3L |[u=v]
Q, K 2EI|3L 21 -3L L (lu,=6,
S b = 3 -
Q |g| L’|-6 -3L 6 -3L|lu=v,
Q. la, 3L 12 -3l 2% ||y, =6,
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Finite Element Analysis of 1-D Problems -
Applications
y

§ L L L

Governing equation:

Example 1.

dx? dx?

Weak form for one element

j(EI d'wd V—wq]dx wix JQ, -~

L dx® dx’

where Q1 :V(xl) Q2 =—M (xl) Q3 =V (Xz) Q4 =M (Xz)

2
d (Eldvj— (x)=0 O<x<L

dw
2 _W(Xz )Q3 G

X X2
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Finite Element Analysis of 1-D Problems

Example 1.

Approximation function:

- ¢1 \
?,

;

P,

9.

¢

™ ¢,

-

.

| dv, l%
V(X) =V (X) + E&%(X) + Vo (X) + 5 dx @, (X)

X2

|1

X2

3

:

X=X,
63



Finite Element Analysis of 1-D Problems

Example 1.

Finite element model:

Q) 6 3L -6 3L](v]
<Q2>_2E| 3L 2LF -3L L 46’1>
Qf L*|-6 -3L 6 -3L|]v,
Q, ) 3L 12 -3L 2126,

Discretization:

il © ol @ me] @ o]
> ] @ ®
MI’ 01 ’ Mz; 92 ’ M3' 03 ’ M4l 04 ’
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Matrix Assembly of Multiple Beam Elements

[ 1
O O O 0O O © O
O O 0O oo o o o
O O O 0O O O O
O O 0O 00O O O O
LZm
—_ i
™ O O O o
o - _ n/_m
o = 1
P M © Mo o o o
| I
I_?_I_I_Zm
™ ‘o O o o
™M _ Lm
1 © _J:
_63 _3“0000_
L |2y
N
Il
TTTTo oo

/o
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6
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Matrix Assembly of Multiple Beam Elements

(0 ) 00000 0 0 07y

0 00000 O 0 016

0 0000:0 0 0 0 ||y

Element (I 0| 2610 000:0 0 0 0 ||6
Q"(TF o0 006 3L 6 3L ||v|

i 000 0i3L 2> 3L L*||4

3'“ 0000O0i-6 -3L 6 -3L||v,

" 000 0:3L L -3L 212|l6,

(P) 6 AL ALY 0 0 0 0]
M, 3L 28 3L E 0 0 0
P, ' -6 -3L 6+6 —3L+3L| -6 3L 0 0
M| _2EI|13L P 3Ly3l 2Us2l’i 3L L 1 0 0|
R | o o 6 ~3L 6+6 -3L+3L -6 3L
M, 0 O 3L L? ~3L+3L 2L%+21° -3L L7
P, 0 0 0 0 -6 3L 6 -3l
M, 0 0 0 0 3L 2 -3L 21%]
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Solution Procedures
Apply known boundary conditions
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Solution Procedures
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Shear Resultant & Bending Moment Diagram
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Plane Flame

Frame: combination of bar and beam

Q1/ V1 “ E, A, I, L W Q3, VZ
Py, uy —— ’_’ —P,, U,
Q,, 6, Q,, 6,
AE ) o -AE 0

L L
P 0 12|35| 6EZ| 0 _12|3E| 6EZ| U,
Q L L : L L v
1 0 6El E 0 B 6El ZE 1
1S O e L T S CA I LA
P, _E 0 0 | E 0 0 U,
Q L L Vv
3 12El 6El : 12El 6El 2
kQ4) O _ L3 _ L2 E O L3 — L2 \02)
0 6EZ| ZE 0 B 6EZ| E
L L L L




Finite Element Model of an Arbitrarily Oriented

Frame
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Finite Element Model of an Arbitrarily Oriented

local

global

Q
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Plane Frame Analysis - Example
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Plane Frame Analysis

Q4, 62 1‘23; v,
& 4 P,, u,

Q,, 6, 1
12 Vi1
12El 6El | 12El
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Plane Frame Analysis

Q;, v, Q;, v3
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Inflection
point

6,

Plane Frame Analysis

e
2
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UNIT-3
Finite element analysis constant
strain triangle




Finite element formulation for 2D:

Step 1: Divide the body into finite elements connected to each
other through special points (“nodes”)

~
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< €C < € < C©Cc < C©
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TASK 2: APPROXIMATE THE STRAIN and STRESS WITHIN EACH
ELEMENT

Approximation of the strain in element ‘e’

Ay Ny N ON4(%,Y) o+ Ny
OX OX OX OX OX
:, = vy NXY) o NBY) o N NY)
oy oy oy oy oy
_uy) vxy) NxY) - NXY)
oy OX oy OX

&

'y



£=1%
vy
NY) Ny Ny g Ny
X . OX . OX L oX
5 oN, (X, ) 5 oN,(X,Y) 0 ON,(X,Y) . ON (X, Y)
M) NG | Nyy) M) M) N NLGy) N6

oy OX g oy OX oy OX 0y OX

Lo

Ien
Il
Juy]
=X




Summary: For each element

Displacement approximation in terms of shape functions
u=Nd

Strain approximation in terms of strain-displacement matrix
e=Bd

Stress approximation
c=DBd

Element stiffness matrix

k=| B'DBAV

Element nodal load vector

. T T
f={.N XdV+| N'T,ds

.

NG -

4

—b is




Constant Strain Triangle (CST) : Simplest 2D finite element

e 3 nodes per element
e 2 dofs per node (each node can move in x- and y- directions)
e Hence 6 dofs per element



The displacement approximation in terms of shape functions is

u (x,y) = N,u, +N,u, +N,u,

V(X,y) = N,v, + N,v, + N,v, N

. u(Xx,y) N, O N2 0 N, O |[|u,
= = ! | < >
- v(XY) 0 N, i 0 N,;: 0 N,jv

Uy = Nzxa ngl V3

N, 0 N, 0 N, 0
N =
0 N, 0 N, 0 N,



Formula for the shape functions are

A thx+cy

Nl
2A
N :a2+b2x+c2y
2
b2A
a, +b,x+c¢
v, N3= 3 3 3y
2A
where
. 1 X, Y,
A = area of triangle =—det|1 x, 'V,
2
1 X5 y; |
ad =X, ¥3 = XY, D =Y,—-Y; C =X;—X,
&, =XgY1 =X Ys D, =Ys =Y Cp =X =X
a3 =X Y, = XY D =Y, =Y, C=X—X




Properties of the shape functions:

1. The shape functions N,, N, and N; are linear functions of x and

: Ny / s

v




2. At every point in the domain

Z
I
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M- £ 11
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=<
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3. Geometric interpretation of the shape functions
At any point P(x,y) that the shape functions are evaluated,

_—
A
A
N, =2
A
v A
A

v
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Approximation of the strains

o o
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Inside each element, all components of strain are constant: hence
the name Constant Strain Triangle

Element stresses (constant inside each element)

c=DBd




IMPORTANT NOTE:

1. The displacement field is continuous across element boundaries
2. The strains and stresses are NOT continuous across element
boundaries



Element stiffness matrix

k=| B'DBaV

Since B is constant

k = ET D BL dVv = ETQ B At t=thickness of the element
i A=surface area of the element
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Element nodal load vector




Element nodal load vector due to body forces

( t[ N.X, dA
1:blx ..A
fL t:Ae N, X, dA
f t| N,X, dA
fb — b2x L ..Ae 2
o 1:b2y { o Nsz dA
f I
"t NG X, dA
\bey ..A
y ) NsX, dA




EXAMPLE:

If X,=1 and X,=0

oy
N
<

| NLX, dA
| N.X, dA
[ N,X, dA
JA
| NoX, dA
[ N,X, dA
JA

] NaX, dA

rtjAe N dA

Jt] N, dA|

t[  N,dA

~

r

\ooo|$ooo|$ooo|$)




Element nodal load vector due to traction

N
1, :jsTeN T dS

EXAMPLE:
" f f N T.ds
S3y o t
1 / —3S l,_s° — lalong1-3 —3
r3 7
fS3x
Y\ 3
2

v



Element nodal load vector due to traction

EXAMPLE:

i
fo=tf N T, dS

— lalong2-3~

- t_‘]23e N 2 ‘along 2-3 (1) dy

fSZx
} :t(lszxlzt ‘
? A
X

Similarly, compute




Recommendations for use of CST

1. Use in areas where strain gradients are small
2. Use in mesh transition areas (fine mesh to coarse mesh)

3. Avoid CST in critical areas of structures (e.g., stress
concentrations, edges of holes, corners)

4. In general CSTs are not recommended for general analysis
purposes as a very large number of these elements are required
for reasonable accuracy.



Example 1000 Ib

2

Thickness (t) = 0.5 in
E= 30x10° psi
v=0.25

21in

" X
4 31in T

>
< »

(a) Compute the unknown nodal displacements.
(b) Compute the stresses in the two elements.
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Realize that this is a plane stress problem and therefore we need to use

c 1 v O (3.2 08 0]
D=—|v 1 0 |=[08 32 0 |x10 psi
1-v 1-v
00 =¥ [0 0 12

Step 1: Node-element connectivity chart

ELEMENT Nodel |Node2 |Node3 |Area
(sgin)
1 4 3
2 3 4 2 3
Node
1 Nodal coordinates

AT
QIO |WwW|w|X
O(N|DN| O I




Step 2: Compute strain-displacement matrices for the elements

Recall b 0 b 0 b 0] Wwith
1 1 2 3 b1:y2_y3 bZZY3_Y1 b3:y1_Y2
5:ﬂ0c10c20c3 C,=X,—X, C,=X,—X; C,=X,—X
I b ¢, b, c bs_ 1= A3 T A 2 =AM T A3 3= AT
For Element #1: 22) v,=0;y,=2,y,=0
X =3;X,=3; X, =0
Hence h =2 b,=0 b,=-2
c,=—3 C,=3 ¢,=0
4(3) 1(1) Therefore (2 0 00 -2 0]
(local numbers within brackets) B(l):E 0 -303 0 0
-0
_—3 2 30 0 —2_

For Element #2:

2.0 0 0 20
0 3 0 -300
3 -2 -3 0 02




Step 3: Compute element stiffness matrices

k® = atB® DBY = (3)(0.5B” D B”

10.9833

-0.5
14

-0.45
0.3
0.45

0.2
-1.2
0
1.2

—0.5333
0.2
0
-0.2
0.5333

x10’



k® = AtB® DB? = (3)(05)B? DB®

10.9833| -0.5-0.45| 0.2 |-0.5333 | 0.3
1.4 03 | -1.2 0.2 -0.2
0.45 0 0 -0.3

— x10"
1.2 -0.2 0
0.5333 0
0.2
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Step 4: Assemble the global stiffness matrix corresponding to the nonzero degrees of
freedom

Notice that
u,=v,=u,=v,=v, =0

Hence we need to calculate only a small (3x3) stiffness matrix

10.983] —0.45|0.2° u
K=|-045 0.983 | 0 |[x10" b,
02 0 |14 v,

u u, \p)

1



Step 5: Compute consistent nodal loads

AR
f=1f,r=70
\fzy) \fzy/

f,, ==-1000+ fg
The consistent nodal load due to traction on the edge 3-2

3 X
fo,, = | N, ,(~300)tdx N, =2

3-2

= (-300)(0.5)[ Ny,

3
=—-150 ’ 5dx
x=0 3

) 3
~ 50 {X} ~ _50 (g) _ _2251p
2 | 2



Hence
f,, =—1000+ fg
=-12251b

Step 6: Solve the system equations to obtain the unknown nodal loads

Kd=f

0983 045 0.2](u,] [ 0
10"x|-0.45 0983 0 [u,t={ 0 ¢
02 0 l4]lvy,] |-1225

1\

o
-
N

Solve to get

(u,) [ 0.2337x10™in |
du, b=4 0.1069x10~*in
—0.9084x10*in

Vo

J



Step 7: Compute the stresses in the elements

In Element #1

oY =pBYg®
With

g(l)T:[u1 Vi U Vp Uy V4]
=[0.2337x10* 0 0.1069x10* -0.9084x10* 0 0]

Calculate

[ _114.1 |
W=1-1391.1| psi
| -76.1 |




In Element #2

+? =D B?¢?

With

Q(Z)T:[ua Vs Uy Ve U Vz]
-[o 0 0 0 0.1069x10* -0.9084x10"*

Calculate
[ 114.1 |
o? =| 2852 | psi
| —363.35 |

Notice that the stresses are constant in each element



UNIT -4

Heat transfer analysis



Thermal Convection

Flow Free Stream

Newton’s Law of Cooling
q=h(T,-T.)

h: convective heat transfer coefficient (W/m?-C°)
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Thermal Conduction in 1-D

Boundary conditions:

Dirichlet BC:

Natural BC:

Mixed BC:

112



Weak Formulation of 1-D Heat Conduction

(Steady State Analysis)

e Governing Equation of 1-D Heat Conduction

d

—(K(x) ) T )
dx

j AQ(X) =0  O<x<L
dx

Weighted Integral Formulation -----

0= W(X){—(K(X)A(x) dT(X)] AQ(x)}dx

e Weak Form from Integration-by-Parts -----

N T R

0
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Formulation for 1-D Linear Element

T, T,
> @I ——
i 2 1
ol ol
f,(X)=—xA—, f = KA—
=-AT0 L0=AT]
Let T(X) =T, (X) + T, (x)
X, — X X=X
A =2 (0=
¢2T2
¢1T1
X, 114



Formulation for 1-D Linear Element

Let w(x)=4(x), i=1,2

2 X2 d Xa
0=>T, {jm[ dﬁ di jdx}j(ﬁAQ)dx[mxz)fz + (%) f,]

J=1 Xq X,

—ZK., —Qi [ (%) f, + 4 (x) T,

{fl} {Ql} Ky Klz_{Tl}
f, Q) [Kp Kyl
dg dé,

dx dx

dT
dx

, T, = KAd—T
dx

115

where K; jch( jdx Q. = J¢AQ dx f,=—xKA—

X Xy



Element Equations of 1-D Linear Element

el
=3 _

f, Q, L|1-1 1||T,
dT
dx

, T, :KAd—T

where Q. = I qﬁAQ dx f,=—xA—
dx
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1-D Heat Conduction - Example

A composite wall consists of three materials, as shown in the figure below.
The inside wall temperature is 200°C and the outside air temperature is 50°C
with a convection coefficient of h = 10 W(m2.K). Find the temperature along

the composite wall.
K, =40W/(m-K), &, =20W/(m-K)

Kk, =70W/(m-K),
t, =2.5cm, t;=4cm

t, =2cm,

To = ZOOOC Too = SOOC

v
x
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Thermal Conduction and Convection-
Fin

Obijective: to enhance heat transfer

i

Governing equation for 1-D heat transfer in thin fin

a

dT
dx(’(&d—x}“&@:o

A\

t

Q. = 2h(T -T,)-dx-w+2h(T -T,)-dx-t _2h(T -T,)-(w+t)
loss — -

N
*\

A, - A

x d dT
— &(m &j— Ph(T-T,)+AQ=0

where P = 2(w+1)
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Fin - Weak Formulation
(Steady State Analysis)

e Governing Equation of 1-D Heat Conduction -----

d

—(K(x) A(x) ST
dx

)+ PR(T-T,)-AQ=0  Owxet
dx

e Weighted Integral Formulation -----

dT (x)

0= j W(X){—(K(X)A(x) j+ Ph(T -T,) - AQ(x)}dx

e Weak Form from Integration-by-Parts -----

0= H (KA—)-I—WPh(T T.)- WAQ:|dX W(KAd—T)

dx

0
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Formulation for 1-D Linear Element

Let w(x)=4(x), i=12

0= ZT {j( f dﬁ +Ph¢¢jdx}j¢ (AQ + PhT, ) dx

B [¢| (Xz) fz + ¢| (Xl) fl]
=2 KT, —Q —6,(x,) f, + 6. () f.]

f} {Q} Ky Klz‘{n}
\f2 QZ K12 K22 T2

where K; = ( d¢ a9, +Ph¢¢jdx Q. = f¢ AQ+PhT )
’ dx dx
f, ——KAdT , f2:KAd—T
dx dx e




Element Equations of 1-D Linear Element

f] (Q <”,<_A‘1 —1‘+p_h|‘2 1“> T,
E’fz Q, L|-1 1| 6|1 2]|||T,

dT
dx

, f, :KAd—T

where Q. = j¢ (AQ +PhT,)dx, f, =-xA— :
X

X=X X=X,
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Time-Dependent Problems

122



Time-Dependent Problems

In general, U(X,t)

Key question: How to choose approximate functions?

Two approaches:

u(x,t)=> u.g (x,t)
u(x,t)= u;(t)g; (x)

123



Model Problem | — Transient Heat Conduction

(M _0 (aa_“j+ f(x.t)

ot ox\ ox

Weak form:

2 Ow ou ou
O=||la——+cW——WFf |[dXx—0O.wW(x,)—0O,w(X
Xl( OX OX ot j Q) =Q,W(x;)

du | | |, du
Ql‘_[a&lj Qz{ade
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Transient Heat Conduction

U= 2uh0) T W=

0= Xf(aa—wa—uﬂ: %—ijdx Qw(x,) —Q,w(X,)

OX OX

Xy 125



Time Approximation — First Order ODE

a%ﬁ+bu:f@) O<t<T

Forward difference approximation - explicit

At
Uy,a = Uy +Z[fk _buk]

Backward difference approximation - implicit

At
a+ bAt

Ugg = U+ [fk_buk]
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Stability Requirment

2
(1-2a)A

At< At =

Max

where (K]-2[M ]fu}={Q}

Note: One must use the same discretization for solving
the eigenvalue problem.
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Transient Heat Conduction - Example

ou o°u

— =0 O<x<l
ot  oOx°
ou
u(0,t)=0 E(l,t):O t>0

u(x,0)=1.0
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Transient Heat Conduction - Example

'P‘."TF

1
|

l‘]“’l I

Temperature, (1. 1)

2 linear clements
(o= 0.5, Ar = 0.063)

—-1.50

-
—_
)
=
&

‘HH:T'H’EH'I{!HIIIT.’I[‘-H‘]H'ﬁ

- LM.LJ_.LJ_U l Liee I-LLLLl 8 l ] HJJ;JJ__

2 linear elements (& = 0.0, Ar = 0.065)
ii:,:jT T:i;17ii"1!l:lflli1::i

0.0 1.0 2.0 3.0 4.0 5.0 6.0

Time, ¢

Figure 6.2.3 Stability of the forward difference («=0.0) and Crank- Nicolson (@ =0.5)
schemes as applied to a parabolic equation.
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Transient Heat Conduction - Example

1.50 — > e R L —
7 Ar=10.05 C
— =
) 7
i ¢ | guadratic clement (o = 0.5) -
- = A 1 quadratic element (o = 0.0) i
e e o 2 linear elements (¢ = 0.5) L1
= = 2 linear clements (o = 0.0) f"‘
o8 ‘ L
= & B
= 5 B
Z 7 &
5 ] #
e -
0.50 — t—
- L
) B
] [
% B
i {75
-4: t..
0.00 — :
(0.0 0.5 1.0 1.5 2.0 2.5

Iime, ¢

Figure 6.2.4 Transient solution of a parabolic equation according to linear and quadratic finite

clements.
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Transient Heat Conduction - Example

alpha =0; dt = 0675

u(l 4)

131



Transient Heat Conduction - Example

alpha=0; dt=06
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Transient Heat Conduction - Example

1.5

ui1 1)

alpha=0; dt=02
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UNIT =5

Dynamic Analysis



Axi-symmetric Analysis

Cylindrical coordinates: (r, (9, Z)

X=rcosd; y=rsing, z=z2

e quantities depend on r and z only
e 3-D problem ===2-D problem

135



-symmetric Analysis

AX

.1.4-4.?-00’“”“

WYATATATATAY A b‘bm
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Axi-symmetric Analysis — Single-Variable Problem

—16(ra11 our, Z)j—a(azz Gu(r’z)j+aoou —f(r,z)=0

r or or 0z 0z
Weak form:
0= er—avrv(aﬂ Zﬂ g‘;v(azz Zu j +ag,Wu —wr (r, z)}rdrdz
— §ands
T,
Where q = ou(r, z) N +a ou(r,z) "

Y, oz
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Finite Element Model — Single-Variable Problem

u :Zuj¢j where ¢;(r,z) =¢;(X, )
Ritz method: W= ¢|

Weak form —_— ZKU | = = f°*+Q°
j=1

where e 8¢ 8¢ ¢ ¢
K
- | (a“ o o 2 a

— + 3,09, j rdrdz

Q

e

= | ¢ frdrdz

Qie = _[ ¢,,ds
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Single-Variable Problem — Heat Transfer

Heat Transfer:

_l@(rk aT(r,z)j_ 0 (k aT(r,z)j_ f(r,z)=0
r or or 0z 0z

Weak form

g

{aw( j M(k@j Wf(r,z)}rdrdz
or\ or oz \ 0z

wd,ds
r

ot (r,z) n +k oT(r,z) .
or 0z

where q, = k
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3-Node Axi-symmetric Element

T(I’, Z) :T1¢_L +T2¢2 +T3¢3

rZ,—nIZ
_(1 r Z) 23_32
¢1— 2A\e Z2_23
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4-Node Axi-symmetric Element

T (r’ Z) :T1¢1 +T2¢2 +T3¢3 +T4¢4
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Single-Variable Problem — Example

/RLJ&_ To Step 1: Discretization

B -«

T(t,0)= T

T(Ro,z) =Th

— Step 2: Element equation

Ki=|

Q,

0o 0p.
or or 07 0z

fo=[gfrdrdz Q= [da.ds
Q, e
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Review of CST Element

e Constant Strain Triangle (CST) - easiest and simplest
finite element

— Displacement field in terms of generalized coordinates
u= P+ fx+ by
v=0+ Bsx+ fey

— Resulting strain field is

(3.2-1)

£=ps &=Ps Yo =By + fs (3.2-2}

— Strains do not vary within the element. Hence, the name
constant strain triangle (CST)
* Other elements are not so lucky.

e Can also be called linear triangle because displacement field is
linear in x and y - sides remain straight.



Constant Strain Triangle

* The strain field from the shape functions looks like:

1, |
t

£, | Yo 0 vy 0 ¥ 0 "
i E,‘. _—— {] IJ_: D Iu ﬂ ..‘::' 4 i" [3.2'3]'
: 2A U,

X Yu X Yu An Y2
i

LLI]'i

— Where, x. and y, are nodal coordinates (i=1, 2, 3)
— X; =X - X and y;=y,; -y,
— 2Ais twice the area of the triangle, 2A = X,,Y3;-X31Y51

* Node numbering is arbitrary except that the sequence 123
must go clockwise around the element if A is to be positive.



Constant Strain Triangle

e Stiffness matrix for element k =B'EB tA

 The CST gives good results in regions of the FE
model where there is little strain gradient

— Otherwise it does not work well.



Linear Strain Triangle

* Changes the shape functions and results in
guadratic displacement distributions and
linear strain distributions within the element.

u= B+ Bx+ By + B + By + By’
v=B;+ fyx + Boy + By x° + B I"‘}I+ﬁ]2.}lz (3.3-1)s

& =P+ 20.x + By
%-".‘%"’ﬁnx"' 20,2y
Yo = (Bs + Bg) + (Bs + 2B,0)x + (285 + B, )y

(3.3-2)
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Linear Strain Triangle

g

(k) {c)

Fig. 3.3-1. (a) A linear strain triangle and its six nodal d.o.f. (b) Displacement mode associated
with nodal d.o.f. v,. (¢) Displacement mode associated with nodal d.o.f. vy, (For visualization only,
imagine that displacement occurs normal to the plane of the element.) (b and ¢ reprinted from [2.2]
by permission of John Wiley & Sons, Inc.)

Will this element work better for the problem?
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Example Problem

* Consider the problem we were looking at:

1k

| n_ I
le » 1k

| 5in. | -

0.1in.

I=0.1x1°/12=0.008333 in*

O_:ch _ 1x0.5 — 60 ksi
I 0.008333
e=2 20.00207
E

MI? 25

0= = =0.0517 in.
2ET  2x29000 x 0.008333
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Bilinear Quadratic

* The Q4 element is a quadrilateral element
that has four nodes. In terms of generalized

coordinates, its displacement field is:

u= P+ fox + By + Puxy

(3.4-1)
v = fs + Pex + foy + By
E;. = JB.'.' + ﬁ-l}'
£, =B+ fex (3.4-2)

Y = {ﬁj + Jﬂﬁ-l + ﬁ.ﬁf + Jﬂiﬂ'I

7]
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Bilinear Quadratic

* Shape functions and strain-displacement
matrix |y =@=00=0 @00y

dab 4ab ]
3.4-
v @by (a-x)b+y) G4
: dab ) dab
4 ,// - 3
1 = Fig. 3.4-3. Shape function N, of the bilinear quadn-
y lateral. (For visualization only, imaging that dis-
placement occurs normal to the xy plane.)
i,
Y
A ] =(b=1y) 0 (b-y) 0 -
= — 0 —-(a = x) 0 —(a+x) | 4 "¢ (3.44)
’ dab U,
Yor —(a-x) =(b-y) —(at+tx) (b=y) - :
(Vs ) 150




Example Problem

* Consider the problem we were looking at:

0.1k

5in.

0.1in.

| =0.1x1%/12 =0.008333in*

_ M xcC _ 1x0.5 _ 60ksi
I 0.008333

e =2 -0.00207
E

o)

pL® 0.2x125

= =0.0345in.
3EI  3x29000 x0.008333

S =
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Quadratic Quadrilateral Element

The 8 noded quadratic quadrilateral element

uses quadratic functions for the displacements

=Py + Box+ By + B + Boxy + B + P’y + ey’

k ‘ (3.5-1)
v=fy+ Pox+ By +ﬂ11~r" + By + ﬁ“},z "'ﬂwr_"""'ﬁ]&r."'

(a) [{+1] (c)

Fig. 3.5-1. (a) A quadratic quadrilateral. (b,c) Shape functions ¥, and N, . (For visualization only,
imagine that displacement occurs normal to the xy plane.)
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Quadratic Quadrilateral Element

e Shape function examples:

u=2N, I, U=ZN, v,

of the eight shape functions are

Ny=5(1+8)(1-m-$(0-E)U-m=-+(1+&E(1-n%)
Ne=+(1+&(1-n%)

(3.5-2)

where index { runs from | to 8, which explains the “8" in the name Q8. As examples, two

(3.5-3)

e Strain distribution within the element

&= P+ 2Bux + Bay + 2Bpxy + By’
& =Py, + Piyx + 20,y + B + 2B, xy

Yo = (B + Bio) + (Ps + 2B,2)x + [Eﬁb + ﬁm}}’
+ B + 2(Bg + Bys)xy + By’

(3.5-4)
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Quadratic Quadrilateral Element

* Should we try to use this element to solve our
problem?

* Ortry fixing the Q4 element for our purposes.

— Hmm... tough choice.



Isoparametric Elements and Solution

* Biggest breakthrough in the implementation of the
finite element method is the development of an
isoparametric element with capabilities to model
structure (problem) geometries of any shape and size.

 The whole idea works on mapping.

— The element in the real structure is mapped to an
‘imaginary’ element in an ideal coordinate system

— The solution to the stress analysis problem is easy and
known for the ‘imaginary’ element

— These solutions are mapped back to the element in the
real structure.

— All the loads and boundary conditions are also mapped
from the real to the ‘imaginary’ element in this approach



Isoparametric Element
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Isoparametric element

 The mapping functions are|guite simple:

{X}_{Nl N, N, N, 0 0 0 0 |x,
Lo 0 0 0 N N, N, N/

Y
Y
V3
\y4)
1 . . . .
N=—(-&1-n) Basically, the x and y coordinates of any point in the

element are interpolations of the nodal (corner)
N, = 1 (1+&E)(1-n) coordinates.
4

From the Q4 element, the bilinear shape functions
Ny = Z(l +e)(i+n) are borrowed to be used as the interpolation
functions. They readily satisfy the boundary values

1
No=p(=90+n) o



Isoparametric element

* Nodal shape functions for gisplacements

H_{Nl N, N, N, 0 0 0 o}%
v] 0O 0 0 0 N N, N, N,

Ni= (-8

Ny =1+ &)= 1)
Ny =1+ )1+ 1)

Ny =5 1=+ 1)



* The displacement strain relationships:

L _ O _Au & du On
T A ax on
L & n
Ty aE oy on ov

But, it is too difficult to obtain > and —-

a5 G0 o
g, oX
)& L. lo o % on
> oy o5 & gy gy
v X é’iéj 0’; @i @Z
kaY @(}
Z on

°-

gwwwwg

e




Hence we will do it another way

Isoparametric Element

o’uéuéXé’ué’Y

P "
A _ & KX u oY

Yot

0”77

1

15
A

on)

@(&’nﬁYﬁn

2

o
X

on

3
=l ax

oy

X

2
o5
oY

on

| (a
é,g .<@(>
x| | A
ﬁﬂ_ \OfY/

It is easier to obtain 0”_ and —

= Jacobian

oY
24

defines coordinate transformation

_Zd\/l. o”Y_ZﬂNl.
o o5 23
:Zﬂv" ayzzﬂv
on on  on i
a) |
1 5
g>—[J] <_9g>
oY) Lon)
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Gauss Quadrature

The mapping approach requires us to be able to
evaluate the integrations within the domain (-1...1) of
the functions shown.

Integration can be done analytically by using closed-
form formulas from a table of integrals (Nah..)

— Or numerical integration can be performed

Gauss quadrature is the more common form of
numerical integration - better suited for numerical
analysis and finite element method.

It evaluated the integral of a function as a sum of a

finite number of terms n
I=)pdé  becomes I=2Wgp
—1 i=1



Gauss Quadrature

* W, is the ‘weight’ and ¢, is the vaIue of f(&=i)

/= d o
° ° ¢ = 9(&) 1=29) o

_\>

2
|'<—a—>-<—a+l
a=ﬁl3
L 3 g
1 0 1

Fig. 4.5-1. Integration of a function ¢ = ¢(&) in one dimension by Gauss quadrature of
orders 1, 2, and 3. Gauss points are numbered.
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Numerical Integration

Calculate: | :j‘ f (X)iJX

® Newton — Cotes integration

e Trapezoidal rule — 15t order Newton-Cotes integration

b (%)

F(x)= f,(x)=f(a)+ —-a)

f(b)—f(a)(x
b-a

f(a)+ f (b)
2

f (x)dx ~ jf(x)dx (b-a)

||
D C——— T

7

a b x

e Trapezoidal rule — multiple application

b (%) o

= j f (x)dx ~ j f(x)dx = j f(x)dx+_[ f (X)dX +-- +j f (x)dx

a

=§{f(a)+2z F(x)+ f(b)}
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Numerical Integration

Calculate: | :j‘ f (X)iJX

a

® Newton — Cotes integration

e Simpson 1/3 rule — 2" order Newton-Cotes integration

"y _ (X_X1)(X_X2) (X_Xo)(x_xz) (X_XO)(X_Xl)
B R R AR s S R A R T R
Fy f(X)
F(%)+41(x)+ T(x,)
6

f (x)dx = T f,(x)dx=(x, —X,)

\

v

NN
NN

g [y X
A\
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Numerical Integration

Calculate: | :j‘ f (X)iJX

® Gaussian Quadrature

Trapezoidal Rule:

- (@O
_(b- a)f() (b— a)f(b)

Choose CO : Cl’ XO’ )(1

Gaussian Quadrature:

I =¢, T (%) +C T(x)

according to certain criteria
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Numerical Integration

Calculate: | :j‘ f (X)iJX

a 1

® Gaussian Quadrature | = _[ f(x)dx =c,f(x,)+c,f(x)++c,,fF(x, )
X
e 2pt Gaussian Quadrature

oo () (5

*3pt Gaussian Quadrature
1

| = [ f(x)3x =055 f(~0.77)+0.89- £ (0)+0.55- f(0.77)

-1

Let: X = -1+

z f(x)dx:%(b—a)jlfB(a+b)+%(b—a)>~<}di
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