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UNIT - 1

* Introduction to FEM:

— Stiffness equations for a axial bar element in local co-ordinates
using Potential Energy approach and Virtual energy principle

— Finite element analysis of uniform, stepped and tapered bars
subjected to mechanical and thermalloads

— Assembly of Global stiffness matrix and loadvector
— Quadratic shape functions
— properties of stiffness matrix



Review:

Axially Loaded Bar
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Strain;
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Axially Loaded Bar

Review:
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Stress:
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Deformation:



Axially Loaded Bar — Governing Equations
and Boundary Conditions

« Differential Equation

d[ du |
— | EA(X)— [ +f(xX)=0 O<x<L

* Boundary Conéition Types

» prescribed displacement (essential BC)

prescribed force/derivative of displacement
(natural BC)



Axially Loaded Bar —-Boundary Conditions

* Examples

 fixed end

 simple support

e freeend



Potential Energy

» Elastic Potential Energy (PE)

- Spring case

Unstretched spring
- PE=0
~
" Stretched bar 1
AN @ PE=
- 2
~ P>

- Axially loaded bar

undeformed: PE =0
deformed: PE = E _T osAdx
2
- Elastic body °

PE = £ [o" edv

\Y



Potential Energy

« Work Potential (WE)

P f
2_’ ——>——>———PF f: distributed force over aline
A B P: point force

L .
WP = — J‘ u- fdx—P-uy, u: displacement

» Total Potential Energy
I1= EjagAdx—ju - fdx—P-ug
2 0 0
* Principle of Minimum Potential Energy

For conservative systems, of all the kinematically admissible displacement fields,
those corresponding to equilibrium extremize the total potential energy. If the

extremum condition is aminimum, the equilibrium state isstable.
8



Potential Energy + Rayleigh-Ritz Approach

Example:
P f
;—» —>—>—>—>—>—>—> P
“A B

Step 1: assume adisplacement field u = Zam (x) i=1ton

¢ Is shape function / basis function
n is the order of approximation

Step 2: calculate total potential energy



Potential Energy + Rayleigh-Ritz
Approach

Example:

P f
;—>—>—>—>—>—>—>—> P
~

A B

Step 3:select a; so that the total potential energy isminimum

X107

15
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Example:

P f

;—» —>—>—>—>—>—>—> P

“A B
d du | S
M LEA(x) ax I f(x)=0 Sezk ?n appzjoimatlon\u S0

u
| = 1+ f(x)|dV =0
U(X = O)= 0 —] \'!.W'(dx LEA(X) dx |J+ ( ))|
EA(X) dul _p U (x=0)=0
dx|,_, da
EA(X)—| =P
X X=L

In the Galerkin’s method, the weight function is chosen to be the same as the shape
function.

11



Example:

P f
;—>—>—>—>—>—>—>—> P
“A B

(d da ~ i dirdw, . art

J WiIK&[EA(x) d_x]+f(x)Jdv_o—> { EA(X)——tdx+ jo w fdx +w; EA(X) & -0
@ @ ©
@
@
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Finite Element Method —Piecewise
Approximation
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FEM Formulation of AxiallylLoaded
Bar — Governing Equations

 Differential Equation
d| du |

&|LEA(X)d_x|J+f(X):O 0<x<L

!

» Weighted-Integral Formulation

ILW(di EA(X) 3_“J + () }'dx -0
o | dx| X

e Weak Form ‘

0| Cg’)\:(EA(X) 35)—wr (09 }dx—w(EA(x) S‘Xj}

L

0



Approximation Methods —Finite
Element Method

f

Bample: s~ s - P

AN

Step 1: Discretization

Step 2: Weak form of one element P, o= ==+ P

il d d ] d
Jl| d—v)\(l(EA(X) d—)l:) —w(x) f (x) J|dx — W(X)|(EA(X) d_xuﬂx =0

X

S T[d—W(EA(x) g—ij—w(x) f (x)}dx—w(xz)P2 ~w(x, )P,=0

dx
15



Approximation Methods —Finite

Element Method

f
> > » » > » »|—>» P

A
- X

L I

AN

Example (cont):

N\

Step 3: Choosing shape functions
- linear shape functions U= @u,+aou,

I I > | ) >
_ 1-& 1+¢&
X— X X—X — _
@: 2 I ¢2 = I 1 @_ 2 1 @_ 2
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Approximation Methods —Finite
Element Method

. /] f
Example (cont). ] P
/A
7
L |
Step 4: Forming element equation
E,Aare constant EA EA .
Letw=¢, weakformbecomes f_%(EA.@\de_éfldx_¢E>2_¢,lpl:0 — Tul—Tuz=f¢1de+H }
X % EA  EA }
Letw = ¢, weak form becomes J’I%(EA.“Z__IUDJdX_WdX_¢E>2_¢5>1=0 ., —Tu1+Tu2=j¢zde+P2
Xo ]
EA[1 -1 |I¢lfdx| P f)1 [P)
— u X,
— SR e
-1 Y | 2 ) R
j¢1;de

17



Approximation Methods —Finite
Element Method

Example (cont):

AN

f

> »> » > > »|—» P

N\

A
- X

L I

Step 5: Assembling to form systemequation

Approach 1.

Element 1:

Element2;

Element 3:

(1 -1 0 0]y f1'|] p'|
EA-1 1 0 0Ju2'|%:<f2'}|+<PZJ}|
I 0 0 oljof Jo| of
0 0 0 o0jjo} [o] |o]
[0 0 0 offo] (0] (O]
EIIAII|O 1 _1 O Jull| flll |F;II —_—
| 0 -1 1 O uz"%jfz”ﬁsz”F
AR R
00 0 o7f0o] 0] (0]
EIIIAIII.O |

0 0 ojjo| O
0 0 1 —1fjum (= )fmw Ty pm
1 1
LO 0 -1 1 u Al p

18



Approximation Methods —Finite
Element Method

Example (cont):

AN

f

> »> » > > »|—» P

A

N\

- X ‘

L

Step 5: Assembling to form systemequation

Assembled System:
[
E'A ~EA
- - 0 0
_E'A E'A_E'A" “E'A ) ulw fJ' Pﬂl :1_' ﬂ
! ! [ [T |uz|:|42f| |J2Fr | f'2 f1” L+£
0 ~ EIIAII EIIAII | EIIIAIII ~ EIIIAIII u3 f3 P3 f2II + fllll
III III IIII IIII \U4 | f4 \P4 f2III
EIIIAIII EIIIAIII
0 0

|

Pl B
PII + P 11
2 1
PIII

-V
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Approximation Methods —Finite
Element Method

f
> > » » > » »|—>» P

A
- X

L |
Step 5: Assembling to form systemequation

AN

Example (cont):

N\

Approach 2: Element connectivity table Element 1 | Element 2 | Element 3
ki = K 1 1 2 3
2 2 3 4

——

local node global node index

(i.)) (1.J)

+ ~— —
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Approximation Methods —Finite

Example (cont):

Element Method

f

AN

> > » » > » »|—>» P

A

N\

- X

L

Step 6: Imposing boundary conditions and forming condense system

Condensed system:

|
E AI+ E IIAII
|I |II
EIIAII EIIA

-EA

B, ][] [0

0

E..!Z...Jifsf bRt

21



Approximation Methods —Finite
Element Method

f

Example (cont): S S

AN

Step 7: solution

Step 8: post calculation
du dg, d dg,

du_ d _Ee_py d%

22



Summary - Major Steps inFEM

* Discretization
 Derivation of element equation
*weak form

construct form of approximation solution
over one element

derive finite element model
« Assembling — putting elements together
 Imposing boundary conditions
 Solving equations

 Postcomputation

23



Example 1.

Exercises — Linear Element

NONNN\N

24



—

Linear Formulation for Bar Element

u Uy f(X) U
— Pp——@ > > —>——— = P,

X=X, L= XX X=X,

{Pl} +{f1}: Ky Klz'gul}
PZ f2 _K12 K22_ LUZ

Xy d . X9
where K, = | EA(‘?fi—‘éLde: Ko £ = | (df )

X dx

25



Higher Order Formulation for Bar Element

u U, u, Uj
B = = S
1 2 3
U(X) = U0, (X)+ U, 0, (X)+ U005 (X)
u U, u, Us Uy
— T E&E==e—==e=-===0 -
1 2 3 4
U(X)= Uy (X )+ Uy, (X )+ Us@hs (X )+ Uy (X))
u u, U, Us U U,
T o0~ —-0—0—0>r——>—>—>—0

U(X)= Us 1 (X)+ Uy (X )+ Ushs (X )+ Uy (X )+ 000000 4U,6,(X)



Natural Coordinates and Interpolation Functions

&1 — ¢ &1
F—x o R =,
X=0 X=I

v _ Xt X,
N : : _P
atural (or Normal) Coordinate: s
| /2
g |_>§ - =1 E+1l
o o ¢ =— ’) , 9, = y)
1 : ?—1
=1 — - E(E-1) 1
O O ® ¢1: 2 ’¢2:_(§+1X§_1)' ¢3:_(§+7)§
1 3 27 (. 1
(e Y Ly Ly 4 == (G- (E-D)

&1 — ¢ g1 97 16(5+3I§ 3}(5 RPN 3\){
[ @ @ [

1 2 3 a2 P= —i—g(& 1 (5+ %}(5— 1), ¢, = %6(& 1)( b 1%()!{_ l\gjl

27



Quadratic Formulation for Bar Element

— 1 A

( 31\ ( flj Ku Ky K[y
432}+‘f2‘L: K Ky, <23%”2>
\33) kfs, K1z Ky <33_ u,

where K =} EA(ds|dg] EALY [ dgldg, B =K
Ldx dx ) \dgdd)l !

X

Xo 1
and f, :j(goif)dx: j(gm‘ )% d&, i,j=1,2,3
X -1

¢;

28



Quadratic Formulation for Bar Element

U(E) = Uy (E)+Ug($) + U d( &)= ulﬂg—);l - u(&+ - Dru s%lié

PR R R W 2 -

2 2
X, + X
X — 1 2
5_ =>_Id§:dx — d_fzz
1/2 2 dx |

dg,_2dg_2E-1  dg,_2dg, 48 dg,_2dg,_2E+1
dx 1d& 1 dx 1dE 1 dx 1dE

29




Exercises — Quadratic Element

Example 2:

= —— = P =10KN

RN
=
I
=

E=100 GPa,A;=1 cmZ, A;=2cm?

30



Some Issues

Non-constant cross section:

Interior load point:

AN

Mixed boundary condition:

AR

AN

31



UNIT -2
Finite Element Analysis of Trusses



Plane Truss Problems

Example 1: Find forces inside each member. All members have
the same length.

33



Arbitrarily Oriented 1-D Bar Element on 2-DPlane

Q2. Vs, |52,|j2

34



Relationship Between Local Coordinates and Global

Coordinates
'
(0, | [cos@ sing . 0 0 |(u,
v,=0| (-sin@ cosf:@ O 0 Vl%
J RS (U L A AU o
u, 0 0  cos® sinfl|u,
=0 | o 0 —sin@ cosd | |vl]




Relationship Between Local Coordinates and Global

- cosd sin6’5 0 0

Coordinates

—sin @ cosé’ 0 0 ||Q,

36



Stiffness Matrix of 1-D Bar Element on 2-D Plane

( le [cosf —sind | 0 0
Q _fsin@ cos0 0 0 F—
X = : : K.
P 0 0 :cosfd —sind| "’
Q) L O 0 :sind cosd
( le | cos’@  sinfcosd
JQu{_ AE| sinfdcose __sin® 0
P T L | _cos?0  —sin Adosé
Q] |—sin fcos®  —sin? O

Q21 V2
A

k-,

[ cos§ sing; O

jine cosd 0

0 0
0 0 ' —sind cosd | (vl

. —cos’d
—sin dcosd
 cos’d
sin #cosé

 cos@ i

—sin&cosd |
—sin? @
sin &cosé
sin% @

—
—~—

no| u,

[uy |
v
{

| Uz

J| LV2|J 37




Arbitrarily Oriented 1-D Bar Element in 3-DSpace

o5, /4, 15are the Direction
Cosines of the bar in the x-
y-z coordinate system

Rl Jeo B 0 0 0
O|| a Py 7y 0 00
R=01| | b 7/2 0 0 0
0% 0w B Kuﬁ

szol| 0 0 0 a B 7
R=0l) [0 0 0'a. B 7.

D O T




Stiffness Matrix of 1-D Bar Element in 3-D Space

r PJ 0(?( 0!)-(,3)-( (,Z)_(j/)_( —0{2 _axﬂx o 0&7/7(_ (ul \
Ql 0!)_(,3)_( 'B)_f ﬂx%-( B O(XIBX _ﬁ)_(z  MRIx Vi
Rl AE LK xxxxx. ,@—7— 7/2 —ay- —ﬂ—j/— _7/2 Wy {

< r=——| 5
P, L —0()_3 _aiﬂi Yy & aYIBY Ozl s u,
Q2 B %ﬂi _18;_ — PsVx 0!)_(,8)_( IB)‘? IBTJ/)‘( V2
LRZU L Vs —Px)x _7/7% ay)x 1827/7( 7/; i \WZJ

39



Matrix Assembly of Multiple Bar Elements

Bement (1)

Hement (I

Element (Il

<

-

- 3\
Py

o U

=

1 0:-1 0]fy
AEYO 00 Oflv,
— | 0 ...... S O<u2%
0 0 0 offwl
1 -3 -1 J3lu,]
AE|-E 3 V3 -3y,
4L|"—1 J3 1 —\/3%u3
_\@ -3 -3 3 _|LV3|J
1 J3 -1 —\/g_xulj
E 4@ 3 _\@ -3 4\/1}
4L 1 -1 —\/3 1 \/3 ||U3
V3 -3 V3 3 |

40



Matrix Assembly of Multiple Bar Elements

Bement (1)

Hement (||

Element (Il

4

00

0

41



Matrix Assembly of Multiple Bar Elements

m\

[IEY
J

»

A »n O

N

N

w

‘n
w

J\

_AE
T4
J
(R,=7?]
S, =0
R,=F
S, =7
R,=?
LS?FOU

P 4+1 0++43] -4 0 i -1 ~J3 (u,)
0+43 0+3 0 i -3 -3 iV,
5—4 0 | 4+1 0-43]] -1 J3 jue
0.0 _10-48 043§ V3 -3 v,
1 3 -1 3 | 1x1 J3—d3ilu,
[-v3 -3 1 V3 -3 |W3-43 343 ilw
Apply known boundary conditions

s V3| -4 0 | -1 —43(u,=0)

| } V3 3 | 0 0 |-43 -3 v1=?\

AEL 4 0 [ s_ -3 -1 V3 [[u=2
4L 0 0 |-43 3 |3 -3 |V,= T

| 1 -3 -1 1 2 o u3:0||

V3 -3 | V3 -3 | 0 6 |(wol

42



Solution Procedures

(R,=F] 4 0 5 -3 -1 3lfu=0]
S, =0 J3 3 0 0 -3 -3|[v=?
JR=2l_aEl 5 [ J3 -4 0o -1 -J3[u, =
S,=?( 4L] o ‘ 0 ﬁ:’,—‘ 3 V3 -3 |, =0
R,= 7| V= V- o |lu, =0l
S:.=2l =B =38 3 3 2 6 [0l
. UsAFLBAE VSO
(R,=F 4 0 5 -3 -1 ﬁ_ﬁ U, =0
31:O| (\/5 3 0 0 -3 -3 V%7
R,="? :£|| 5 J3 . -4 0 -1 ‘@'“2:%}
S,=?| 4Ll 0 0_ -v3. 3 3 -3 vy,=0
R3:?|| -1 - f:/_%? 0 u, =0
S:=21 V3 -3 V3 -3 0 6 || v,=0




Recovery of Axial Forces

P 1 0/-1 0] W=0 ]
Q| _AE[0 0.0 o0f V=0
Hement =T ) _E
0 <|32> L|-1 0:1 O 2:_4FLF <
5AE
LQZJ _O O O_\ V2:O
P 1 3 -1 J3 | u, =
Bement (I <Q2>_AE -N3 3 _______ \@ ____________ —3L v, =0

N

v —o!
Element (Il <Q1¢:AE N3 3 -3 -3 jv;=0




Stresses inside members

4F
Bement (1) «— . —_—— o=__
4F _4F 5A

Hement (I

Element (Il

45



Finite Element Analysis of
Beams



Bending Beam

Review
¢

Pure bending problems:

Normal strain: g =Y
o,

Normal stress: o, = _Q
Yo,

Normal stress with bending moment:
Moment-curvature relationship:

Flexure formula:

1
p E

|:jymA

M

[-o.ydA=M

1 d?y
— I\/I:EIIEzEIdXZ—

a7



Bending Beam

Review Q(X)

11110,

Relationship between shear force, bending moment and
transverse load:

dx dx
Deflection: g1 dy _
0

Sign convention:

D LN AN

) v

48



Governing Equation and Boundary Condition

« Governing Equation

i[EI d2v(X))_q(X):O’ ooel

dx® dx?
* Boundary Conditions -----

2 2
v=28 Y g 19V _0g i(Eld—\zl =7, at x=0
dx dx? dx{  dx

2 2
v=2& M oog 19V _0g Y g9V 0, atx=L
dx dx® dx\  dx
Essential BCs—if vor  is spectiMedat the boundary.
dx

Natural BCs—if OIEI iy ISOSIT(Eﬁded?V {the boundary.

dx® dx dxzj 49




Weak Formulation for Beam Element

« Governing Equation

d2
— {Eldd\;()()j q(x)=0, X <X<X,

* Weighted-Integral Formulation for one element

T 2 d2v(x)
o_lew(x) ~ (EI ™ j q(x)J|dx

« Weak Form from Integration-by-Parts ----- (1sttime)

():J'[_de(EI d_"\\ W }dxwv (g ﬂ)
dx dx(  dx*) dx | dX)

50



Weak Formulation

* Weak Form from Integration-by-Parts ----- (2nd time)

0= T[de(EI d'v —Wq:|dX+Wd(EI d—sz X2—d—W(EI d—z\/\

X
2

O dx? ) dx | dxzjxl dx | dxzjxl
y V(xy) q(x) V(X,)
[_'x M(x) cWMﬁ )M(Xz)
X=Xy L= Xo-X4 X=X

X
2

X[ 42 2 ]
0| d ‘Q’(El M\—wq dx+ | W — 2V m
dx L dx2) dx

X1

o1



Weak Formulation

 Weak Form

0= f[d W(Eld—"\ Wq}dx+[wv —d—WM}

dXK x) dx

y(v) C1(><)

X o 9 !H ‘ IHHTWH

L=X5>X

2

X1

Q=V() Q=-M() Q=-V(X) Q=M()

j{iXW(EI SXV\‘ wq}dx w(x )Q+wW(x ,)Q, +

dw
1Q2 +d—X 2Q4




Ritz Method for Approximation

y(V) e[09)
S w
X 2 9 m ‘)
L=X5X
Let v(x)=Zuj¢j(x) andn=4
j=1
h _ v L L _dv
where y —v(x, ) u, = N u, =v(x,) u, .
Hdaw( &A% d d
ﬂLdXVZVLEIJZ;uj e J—Wq:|dX=W(X1)Q1+W(X2)Q3+d\)/(lez +O|—\:(V2Q4
Letw(X)=¢x), i=1234
f 4% d* | dg
xJ‘JLdXZ (EI; i dx 2] ¢q}dx 9, (x)Q+ ¢:(x)Q ;5 + X*Ljé dx 2Q4

93



Ritz Method for Approximation

y(v) Q Qs
Iﬁ Q ‘)”m 9
X=X L= X>X; X=Xz

6k (4] o h (W Rl ma

x ) | =

X @2
where K = IEI dx and g, = jgqux

dx? dx

o4



6. (%
¢l.)
6l.)
Gl.)

Ritz Method for Approximation

dg,

dg,

dx |,

de,

dx |,

de,

dx |,

W\)

@)

@)
¢.)

Kp Kg K14_ [U1 qlw
Kuo Ky Ky J 2l P
K Ki Ky | 3 | CI3
K Ki Ky _| LU4 Lq4 | J

(Where K =K )
]

55



Selection of Shape Function

(¢
¢
¢

doy
)

4

—

)
@)

6l.)
6l.)

dg,
dx

dg,

dx |

dg,

dx |

dg,

dx |

The best situation Is

Xj @
dg,
Xl) dx |
do,
D

dg
Xl) dx4'

x2)|

N
N

w

o o +— O

o — O O

w
&

X XXX

Interpolation
Properties

56



Derivation of Shape Function for Beam Element —

Local Coordinates
How to select ¢???

V(S) = Ui+ Uy b+ Uz + Uz,
and  Qv(c) _, dg d¢z dg, | d¢4

dé& 1d.§ g 3d<§ "dg
dv, dv,

where 0,=v, 0,= ~ N

O,=v, 0,=—2
dé dg
et @ =a+DbE+cs +dS’

Find coefficients to satisfy the interpolation properties.

S7



Derivation of Shape Function for BeamElement
How to select ¢?7?

0 & d=a+bf+cd +dS7

— =, (- )

Smiarly g, = (1- £@+£)
=5 1+ £12-¢)
=70+ £

58



Derivation of Shape Function for BeamElement

In the global coordinates:

| dv, | dv,
V(X) = V@ (X) + E&@(X) +VoB5(X) + 5&@( X)

| 1_3(_39]_X \2+2(—m_x v

sz j \Xz _\XJ
(¢ | 1_ X=X
4 ¢, L= (X { %) (

¢3 3(_R§]—X \Z_Z(Erx \3
LQJ KXZ_le \Xz_xlj _|

2 X=X
Z(X_Xl{(x—xg] B 1
| XZ_Xl X, =%

\__—



Element Equations of 4t Order 1-D Model

y(V) Uy q(x) Us
I_)z u2 ’“ , U4
X:X1 L: X2‘X1 X:X2
1 ¢1 ¢4 1
&, ?;
X=X5
X=X1
(Qlw (qlw Kll KlZ Kl3 K14_ [ulw
<Q2 >+<qz L _ K Ky K23 K24 <u2%
Q3 q3 K13 K23 K33 K34 u3
Q:) () Ky Ky Ky Ky Hul)

X2 2 \ xg
where K. = | El oo | X = K - and g, = | ¢qdx
., I [ w0 o | G, = [ 4a

X1



Element Equations of 4t Order 1-D Model

0 Uy qx) .
X 2 ’W ) Uy
X=X L= XX X=X,
Q] (@) 6 3L -6 3L u=v)
Q! 1ol 281t 22 -3 2 |lu =4

"+ = £= J
Q| |%] L |-6 -3L 6 -3L|lu=v,

Q) (g 3L P -3L 2 ||y g,

61



Finite Element Analysis of 1-D Problems-
Applications

Example 1.

Governing equation:

d2
Eld—v —q(x)=0 0<x<L
dx? dx?

Weak form for one element

le(a d'wd V—wq)dx w(x)Q:-

, —W(X, p?, -

X1 X2

dx? dx?

where  Q=V(x) Q=-M(x;) Q=-V(x,) Q=M(x,)

62



Finite Element Analysis of 1-DProblems

Example 1.

Approximation function: v(X) = v,é (X) + __1¢2(x) +V,4 (X) + l%@( X)

_3(_ £ X \2+2(— o X v

\Xz 1j sz—le

(| X —X,

. (X Xl)(l— —x /

4, 3(19T _}|_ﬂ|fx x v

4] e =x) (=% .

£ (x-n)f| 2 o
\I X2_X1 X2_X1_
& &

e :

X=X5

N
Il
/\

—~

\__—

63



Finite Element Analysis of 1-DProblems

Example 1.

Finite element model:

Q,) 6 3L -6 3L]v,)
JQ2}:2EI|3L 212 -3L L <|<91%
Q) LUl-6 -3L 6 -3LJy,
Q) 3L 12 -3L 2%||g]

Discretization:;

P, Vlw @ P, VZW Il P3,V3W 1l Py, V4
e @ [ ) ©
M1a61§ |\/|2,32§ |\/|3,93§ M4,94§

64



Matrix Assembly of Multiple Beam Elements

Q! 6 3L -6 3L 0 0 0 Offv,

Q 3L 2 3L L 00 0 0

Q; 6 3L 6 -3L:0 0 0 Oflv,

Element (1) JQil_2E1{3L ¥ 3L 21" 0 0 0 0 )
0| C|p 0o 0 00000y

0 | 0 0o o0 0 .0000|l@

0 0 0 0 0 :00 0 0,

0| 0 0o o o0 000 0]

”0] 00,0 0 0 0 0 0]fv]

0 0)g:0 0 0 0 004

Q' 0 0:6 3L -6 3L:0 0|ly

JQ: | _ 2E1|0 0:3L 218 3L L' 0 o{'@}

Element (I N 10 0:6 3L 6 -3L:0 0]y
' 0|q3L > 3L 212 0 06,

0 | 00 0 0 0 0 .0 0]y,

o | 000 0 0 0 0 0]|g




-

Matrix Assembly of Multiple Beam Elements

(0 00000 0 0 0[v
0 00000 0 0 018
0 0000 0 0 0 0 [lv
Element (Il ) 0 %:2E| /[0 0 O o 0 o O Jé;}
Q"] 0000i6 3 -6 3Ll
Q| 00003 22 -3L L |lg
. 0000 -6 -3L 6 -3L||y
" 00003 L2 -3 22 [l4]
A i 6 3L -6 3L 0 0 0 0 |
1 3L 22 -aL L 0 0 0
P, i -6 -3L (646 -3L+3L| -6 3L 0 0
J_2ENiSL L osLed 2U2l7) 3L L 0 0
3|%_ £l o o . -6 3L |l6w6 “3L+sL 6 30
; 0 0 3L L> -3L+3L 2L%+2L% -3L L
0 0 0 o i -6 -3L 6 -3L
) | 0 0 0 0 i 3L 2 -3L 2%|lq




Solution Procedures

Apply known boundary conditions

3L
2L°

L2
0
0
0
0

L2

-6
3L
~3L

12
0

-
3L

3L

L2
0
4.2

L2

—3L L
3L

3L L

0 0

12 0
0 412

_3L

3L

| 0

3L

212
—-3L

0

3L |

12
-6

L2
0

-

|v,=0]




Solution Procedures

3L L* 0 i-3L: 42 L2 0 0 |[v,=0)
0 o0 3L 0  L* 4a? -3 U |¢91:O||
0 0 0 ' -6'0 '-3L 6 —3L|v,=0|
CoEilo o o0 s 0 12 -3 2 ||v,=0]
|6 3L -6 0 3 0 0 0492=?|>
3L 212 -3L 0 L2 0 0 0 |&=2
-6 -3L 12 —6 0 3L 0 0 V4=7||
0 0 -6 -12.-3L. 0 -6 3L[g=7
a2 2 0 0 [[g="1 [(P=?) 3L 0 O
2 42 -3L 12 J93;'2' lell—?| JEIl 2 0 0 0
0 -3L 6 -3 v4=?f P=" T:? 0 3L 0 0
0 ¥ -3 2 ||lg=9l Ip=2] 3L 0 -6 3L

o




Shear Resultant & Bending Moment Diagram

6

Z 0 3
Z 2 \<
gt J
/A I /<\ s E > IU4
Inflection | ! Yy
point ! I : l l
- 3F | -
| f7’ | :
Shear HHEHIIHIL |
: P, : |
i : 9F )
i 7EFL i {
Moment F l ‘-\\\\\\\\\‘\\ a \\\
=1 \\\§®
-

FL
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Plane Flame

Frame: combination of bar and beam

Ql,Vl W EAIL W Q3,V2
P, U —= ‘,_’ — P,, U,

QZ’ 01

AE 0 0
L
12El  BEI
0 E L2
) 6EI 4E1
_AE 0
: 12EI 6
O - T
) 6EI  2EI
| |2 L

—AE

0 0
12El  6El
IE |2
_6El  2El
S
0 0
12E| 6EI
K
-6El  4EI
2 L

Q41 92
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Finite Element Modelof an Arbitrarily Oriented
Frame

y
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Finite Element Modelof an Arbitrarily Oriented

local

global

Erame
[ 12EI
L3
o AE
L
qﬁEl 0
NE—
_ G 0
o AE
L
_6EI
L2

— 6El | —12EI
EEE K
0 0

AE| 6EI

6ET " 12EI
2 L3
0 0

2EI | 6El
L |2

_GEI]

L2

0 (U, ]
2EI ||
L
6E1 o,

E |y,

0 \(a
AEl

L |




»

lane Frame Analysis - Example

lis sl ! £ L
- ; jJ
e 6 i ©Xe
L % /
. Rigid Joint cE Hinge Joint
~—HO -~—HO e
L L
_‘L-L‘ L j 1 g £l __‘JJ
Beam || Bar
> e
Beam | Beam
4— 4—
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Plane Frame Analysis

LV
Q4 0 , 1 Q3 2
\ © 4 P,, U,
O Cmmmmp P, U4
QZ’ 91 T
Q1,Vq
12EI 6El 12El
E O T T
0 E 0 0
L
_ 6E 4EI | 6El
B . I A L L.
12El 6EI 12El
L3 0 |2 L3
0 —E 0 0
L
6ElI 2El 6El
_ O -
L2 L L2
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Plane Frame Analysis

Q1 Vv, Qs, V3

T T

PLU; O o —p P,, U;

\® 4 \ % 4
Qz,ez Q4133>
(P1" 12El  6El 12El  6El |[y))
| 0 E ER E
N o 6El 4El . o _6El 2EI ||*
Rl |12 Lo S 1‘9%
Q: , _12El _6El 1261 _GEl Ys
Qi) I N L o2 |G
0 6El 2Bl -6El 4El
| L L L L
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Plane Frame Analysis

| ~ AE
L A_LE 0 o7 =0 0
L3 L2 i 12EI  6EI ~12El  6EI
I R oL s i3
L v, Q| | 6El AE| —-6EI  2EI
o 2 |lal ol (| ™ 1| © L
L |0y f o I=A AE
12EF 6EF ||V z|| = 0 0 | — 0 0
2| | Qs L —12EI —6El 12El  6EI
AE 6,) 0 -
2 Q4 0 L3 E K 12
S 6El  2EI 6EI  4El
0 =1 ] E AT
L 0 L




Plane Frame Analysis

1k
2
Shear
6,
1
..} i
0 2 U3
1
8

Inflection
point Moment




UNIT- 3
Finite element analysis constant
strain triangle




Finite element formulation for 2D:

Step 1: Divide the body into finite elements connected toeach
other through special points (“nodes”)

Py
o8 b
U3
Y/ 2 Element ‘e’
1
Sr U,
{ X /4 d
S S,
X Vv




U, y)= Ni(X Y)u, + Ny(X,y)u, +Na(X, ) Us +N,(X, Y) U,
VX Y)= Ny(X Y)VE + No(X, YV, +N5(X, Y) V3 +N4(X, )V,

u_{u(x,y)}_{Nl 0 /N, 0O/N, O N

0 N, 0 N, 0 N,




TASK 2: APPROXIMATE THESTRAINand STRESSWITHIN EACH
EL EMENT

Approximation of the strain in element ‘e’

_ou (X, Y)zaNl()Q Y)u n oN, (x,y) u _|_5N3(X’ y)u +5N4(X’ Y)u

E

X ox 1 x x x
o —VXY) ON(XY) v 4 ON, (X, y)\,2 L ONG(X, y)v3+8N4(x,y)V4
oy oy oy oy oy

_uxy) vy ONi(XY) ONi(XY)



AN (x,Y)
OX

0

0 oNy(x,y)
oy

ON(x,y)  Ny(x,Y)

t] @IDDDD%DE

000 |

ONfXY) 0
X
0 ON,(X,y)
oy
NEXy)  NEXY)

Ny

0 ON;(X, )
oy

ON{x,y)  ON{x,y)

] [ @,D OO D% 00O

DD%DDDD%DD[
B

W)

oN V1||
X1

% 0 u2|

0 aN4(va) VZF

& D

N, (X,y) N,X,Y) |v3||

D@IDDDD%(DEMUA

\V

4



Summary: For each element
Displacement approximation in terms of shape functions

u=Nd

Strain approximation in terms of strain-displacement matrix

e=Bd
Stress approximation
o=DBd

Element stiffness matrix
k= B'DBdV
Element nodal load vector

j;:% N"Xdv+[ N'T, dS

0ao0 ‘oS> mooo

At fs




Constant Strain Triangle (CST) ; Simplest 2D finite element

« 3 nodes per element
« 2 dofs per node (each node can move in x- and y-directions)
« Hence 6 dofs per element



The displacement approximation in terms of shape functionsis
u (X,y)~Nu,+ N,u,+N,u,

V(X,y) = NV, + N, vV, +N,Vv,

u,

Vl

QZ(U(X’yﬂ}:l—Nl 0 N, 0 N O—ILUZ}
Vv (X,Y)] LO N, 0 N, O N3J vV,

U,

U oq= Ny Dy V5 U

[N, O N, 0 N; 0
0 N, 0 N, 0 N,



Formula for the shape functions are

a, +hx+cy
N,=-* = 4
2A
_a,+bx+c,y
T
v, N, _ a3+ hX+Cyy
2A
where
1 1 X, Y|
A = area of triangle:Edetl X, Y,
11 X3 y;

al — X2 y3_X3y2 bl — y2_ y3 Cl — X3 _X2
a2 — X3 yl _X1y3 b2 — y3 — y]_ C2 — Xl — X3
a3:X1y2 _X2y1 b3:y1 _y2 C3:X2—X1




Properties of the shape functions:

1. The shape functions N,, N, and N; are linear functions of xand

y
N,
_ N, / N;
ol 1
3
N 3 2 3
1 2
: X

at node 'I'
N :{1

" 10 at other nodes




2. At every point in thedomain




3. Geometric interpretation of the shape functions
At any point P(x,y) that the shape functions are evaluated,
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Approximation of the strains

o
(gx 1 OX
DI
& 483/ % ~Bd
U ny aiy , OV |
oy ox |
N, (%,Y) N,X,Y)
X X
B=| 0 _a\lg/,y) 0
AN(Y) ONXY)  ,AN(Xy)
oy oX oy
m 0Ob O0b O]

_40q 0c 0oc
e b6 b oo b

ANEXY)

6%

L ON(XY)

X

IN4(X,y) 0
X |
AN{X,Y)
N
AN{XY)  ANEX,Y)

Y X



Inside each element, all components of strain are constant. hence
the name Constant Strain Triangle

Element stresses (constant inside each element)

o=DBd




IMPORTANT NOTE:
1. The displacement field is continuous across elementboundaries
2. The strains and stresses are NOT continuous across element

boundaries



Element stiffness matrix

k= B'DBdV

Since Bis constant

Kk=B'DB L dvV=B"D B At t=thickness of the element
i A=surface area of the element
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Element nodal load vector

] LT

b is

f=£uTde+ N'T, dS
— OvVDooo  ns
f




Element nodal load vector due to bodyforces

t[ N,X, dA
t| N.X, dA
t'Ae N, X, dA

yA b2y t.AeNZXb dA

)t NGX, dA

), NoX, dA|



EXAMPLE:

If X.=1and X,=0

>

Utb?» y

| NLX, dA
| N.X, dA
[ N, X, dA
JA

N, X, dA

JA

[ N_X_ dA

[, N5 X, dA|

t[ NdA|
Ae

t[ N, dA
Ae

t[ N,dA
Ae

—~

-

~

r

cw [Fow Fow &




Element nodal load vector due totraction

-
fo=] N'T ds

— T

EXAMPLE:

T, dS

along1-3~

fo=t| N

Ya




Element nodal load vector due totraction

EXAMPLE:

f. =t N'

|23

along2-3~

! N

n Iong 2-3

=t(})x2x1:t
2

(0,0) (2,30) T Similarly, compute
f. =0

2y

fo =t

3x

f. =0

3y

(1) ay

i

1
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Recommendations for use of CST
1.Use in areas where strain gradients aresmall
2.Use in mesh transition areas (fine mesh to coarse mesh)

3.Avoid CST in critical areas of structures (e.g.,stress
concentrations, edges of holes, corners)

4.In general CSTs are not recommended for general analysis
purposes as a very large number of these elements are required
for reasonable accuracy.



Thickness (t) =0.51In

2In E=30x108 psi

v=0.25

Example 1000 1b
Y, 300 psi
’ i
| H2
Ell
» 1
/ }
Z 4 _ X
31N T

(a) Compute the unknown nodal displacements.
(b) Compute the stresses in the two elements.
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Realize that this is a plane stress problem and therefore we need to use

|t v 0|32 08 0
D=—=_|v 1 0 |-[08 32 0 |<10" ps
"lo 0 1‘—2‘/ lo o0 12]

Step 1: Node-element connectivity chart

ELEMENT Nodel | Node2 |Node3 | Area
(sqin)
1 1 2 4 3
2 3 4 2 3
Node X y
1 3 0 Nodal coordinates
2 3 2
3 0 2
4 0 0




Step 2: Compute strain-displacement matrices for theelements

b=Yy,-y; D,=Yy,—y; DbBy=y -y,
C]_: X3_X2 C2:X1_X3 C3 :XZ_Xl

c,=-3 ¢,=3 ;=0

(2 0 00-20
0 303 0 O

6
-3 2 30 0 -2

Recall b 0 b, 0 b 0] With
5=i|o ¢ 0c 0c
c b b ¢ b
For Element #1; 22 y,=0;y,=2;y,=0
X;=3;X,=3; X;=0
Hence h_2 b,=0 b,=-2
4(3) 1(1) Therefore
(local numbers within brackets) B(l):1_|
For Element #2:
2 0 0 0 2 0]
g@:lé'o 3 0300
3 -2 -3 0 0 2




Step 3: Compute element stiffness matrices

k®=AtBY' DBY=(3)(0.5B" DB"

109833 —05|-045| 02 |-05333 | 0.3
14 | 03  -12| 02 |-02
045 | O 0 -0.3

— x10’
1.2 -0.2 0
05333 | O
0.2 |

U, A U Vs, Uy V,




k®=AB® DB?=(3)(0.5)8% DB

10.9833| —05 | -045| 02 |-05333 | 03
14 | 03  -12| 02 |-02
045 | O 0 -0.3

— x10’
1.2 -0.2 0
05333 | O
0.2 |

Us V3 Uy Vy U, Vo




Step 4: Assemble the global stiffness matrix corresponding to the ponzero degrees of
freedom

Notice that
U;=Vy=U,=V,=V,=0

Hence we need to calculate only a small (3x3) stiffness matrix

0.983| -0.45 | 0.2] u
_ | I

K = —0.45 0.983 0 'x10’ ]L&
| 0.2 0 |14l v,

u U, Vo
1




Step 5: Compute consistent nodal loads

rflx\ (01
f_: |J.I:Zx}:<O f
\fzyJ \fzy

f,, = —1000 +f;

y

The consistent nodal load due to traction on the edge3-2

fo, =] N, ,(-300)tdx N

= (—300)(0-5) J‘j:o N3‘3—2 dx

=150, *dx
x=0 3

x2 |’ 9
=-50 [21 =-50 (5) =-2251b



Hence
f,,=—1000+ f,

=-12251b

y

Step 6: Solve the system equations to obtain the unknown nodal loads

Kd=f

0983 -0.45 0.2(u,| [ 0 |
10’x{-0.45 0.983 0 Ru,r=¢ 0
0.2 0 1.4 ||v

L _k2)

Solve to get

(u,] [ 0.2337 x10*in |
=1 0.1069x10* in
)l |- 09084x10+in]

.
c
N




Step 7: Compute the stresses in theelements

In Element #1

0W=DBOJ®

With

)
d¥ =[u, v, u, v, u, v,]

—p2337x104 0 0.1069x10* -0.9084x10* 0 0]

Calculate
[ —114.1 |
o" =|-1391.1} psi
| —76.1 ||



In Element #2
0@=DB@d®
With

d? =[u, vs u, v, U, v,]
=[0o 0 0 0 01069x10* -09084x10*]

Calculate
[ 114.1 |
o= 2852 | psi
—363.35 |

Notice that the stresses are constant in each element



UNIT -4

Heat transfer analysis



Thermal Convection

Flow Free Stream

Newton’s Law of Cooling
q=h(T,-T,)

h: convective heat transfer coefficient (W /m? - C°)

m



Thermal Conduction in 1-D

Boundary conditions:

Dirichlet BC:

Natural BC:

Mixed BC:

112



Weak Formulation of 1-D Heat Conduction
(Steady State Analysis)

» Governing Equation of 1-D Heat Conduction -----

~d dT(X)\_ B g
k0000 ST} ag =0 00

* Weighted Integral Formulation -----

dT (x)

0= jw(x)[ (K(X)A() ) AQ(x)]dx

« Weak Form from Integration-by-Parts -----

0= JLH\:(V(KA(;TJ WAQ}CIX W|(1<AdT>|
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Formulation for 1-D Linear Element

T T,
> e «———
oo 2 f2
oT oT
1 2

Let T(X) =T, (X) + T,0(X)

X, =X X — X,

#(Xx)= PX)=—

X1 X5 114



Formulation for 1-D Linear Element

Letw(X)=gx), =12

2 rxz _ X2
0= JZ:;Tj U‘KA(%% dﬁ )dX}—J‘(ﬁAQ)dX—[Q(XZ) f,+ ¢?()£)f1]

:ZZ:KIJTJ -Qi - [¢(X2)f +¢(X1)f]
— {eferle cliv)
fz Q, Ky Ky [T,

where K. _jKA{dfd—?gjdx Q, = j(¢Aq)dx f,=—KkA—




Element Equations of 1-D LinearElement

{fl} {Ql} Al 1 —1'4(T1}
— 1Mo " Lle1 1T,

where Q, = j (4AQ)dx, f——KAc(jjT

X=X1
116



1-D Heat Conduction - Example

Acomposite wall consists of three materials, as shown in the figure below.
The inside wall temperature is 200°C and the outside air temperature is50°C
with aconvection coefficient of h =10 W(mZ2.K). Find the temperature along

the composite wall.
K=T0W/(m-K), x=40W/m-K), x=20W(m-K)
t,=2cm, t,=2.5cm, t;=4cm

T,=200°C T.=50"C
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Thermal Conduction and Convection-

VAN

v
t

N
\

h 4

dx
)

Fin

Objective: to enhance heat transfer

Governing equation for 1-D heat transfer in thin fin

d( ,dT) _
d_x|kKACd_xﬁAQ =0

Q :2h(T—TOO)-dx-W+2h(T—Tw)-dx-t:2h(T—TOO)-(W+t)
loss IAbdX A:

d( . dT)

A 'EPh(T-T)+AQ=0

A G (T-T)+AQ

where P =2(w+t)
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Fin - Weak Formulation
(Steady State Analysis)

» Governing Equation of 1-D Heat Conduction -----

dTE(X))erh(T_TOO)_AQ:O O<x<L

d
i (K‘(X) A(X)

* Weighted Integral Formulation -----

dT (x)

0= jw(x)[ (K‘(X)A() ) Ph(T—TOO)—AQ(x)]dx

« Weak Form from Integration-by-Parts -----

0= JT ( )—I—WPh(T ~-T,)— WAQ}dX W(K‘AdT)
0 dx

0
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Formulation for 1-D Linear Element

Letw(X)=gx), =12

i, dd dg %
0= ZT M df dx‘+Ph¢l¢j}dx}—x{¢2(AQ+PhTO®)dx

o [ﬂ (Xz) fz + ﬁ(xl) fl]
- ZZ:KU'TJ -Qi - [¢|(X2) f, +a(X,) fl]

<r :1} {Ql} i Kll KlZ_ %(Tl}

L2 Q, K12 Kz, i LTz
where K. = Xg(KA%—¢j + Ph¢¢.)dx Q. = T¢(AQ + PhT_ )dx
! L dx dx Ty Xl' w7

ﬁ:—KAgL
dx

, T, = /{Adl
dx

120
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Element Equations of 1-D LinearElement

e %KK_A_l -1], PhI[2 1-\} T,
—> 14, o, L]t 1] 61 2|/ 1T,

dT
dx

dT

fZ:KAd

where Q.= fﬁ (AQ+PhT,)dx, fi=-xA——

X=Xq X=Xy
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Time-Dependent Problems

122



Time-Dependent Problems
In general, U ()(, I )

Key question: How to choose approximate functions?

Two approaches:

u(x,t)=2 u;g; (xt)
u(x,t)= 2 u; (1) (x)

123



Model Problem |- Transient Heat Conduction

c M _ (’9( aX)+f(xt)

ot OX
Weak form:
?( 6w au ou
0= La&&+ E_Wf jdx QW(X,) —QwW(X,)

osegl s elegl,
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Transient Heat Conduction

let: U(X, t): jzn:lu j ('[)¢J (X) and - w=g (X)

|

‘#_owou ou
0= j(a&& + CWE — wf jdx—Qlw(xl) —Q,w(X,)

X1

X 125



Time Approximation — First Order ODE
u(0)=u,

du

bu = f(t
dt+u () O<t<T

Forward difference approximation - explicit

+ At
Uy = Uy 3 [f —bu ]

Backward difference approximation - implicit
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Stability Requirment

At <At = -
(1-20) A,

where ([K]_ ﬂ,[M ]){U}={Q}

Note: One must use the same discretization for solving
the eigenvalue problem.
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Transient Heat Conduction - Example

ou_o%u _

0 O<x<l
ot ox?

u(0,t)=0 % (Lt)=0  t>0

u(x,0)=1.0
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Transient Heat Conduction - Example

Temperature, w1, 1)

| | |
[ s W Y| VYA XA A

| WA

200 —L it il
1 linear element (o = 0.0. At = 0.675)

.00 -

(.50

0.00

2 linear ¢lements

: ‘THTT':’ l"l”?’TTT'TTTTIT'] FrrT [”TTTTTT "-‘l‘l"'l 1 '[T”{T"

i (0. = 0.5, At = 0.065)
2.00 —
7 —5 2 linear elements (o = 0.0, Ar = 0.065)
-2.50 ,;."'1‘_:,; T 1:;';ng,1'1:5"f'liHr;'
0.0 1.0 2.0 3.0 4;() 5.0 6.0

Time, ¢

Figure 6.2.3 Stability of the forward difference («=0.0) and Crank—Nicolson (@ =0.3)

schemes as applied to a parabolic equation.
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Transient Heat Conduction - Example

—
O
.

1.50 L L L ,
N 0 0s I
% Ar=0.035 [
3 C
& ¢ | guadratic clement (o = 0.5) f—
-~ ' A4 1 quadratic element (o = 0.0) =
A R | ' 2 linear elements (¢ = 0.5) 0k
= 7 # 2 linear elements (o = 0.0) I
o B I
- -
5 n r
5 _ 2
0.50 — b
1 [
] [
/2 [
L
0.00 — 17171 5 7 | ‘
0.0 0.5 1.0 1.5 2.0 2.5

Iime, ¢

Figure 6.2.4 Transient solution of a parabolic equation according to linear and quadratic finite

clements.
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Transient Heat Conduction - Example

alpha =0; dt = 0.675

u(l 4)
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Transient Heat Conduction - Example

alpha=0; dt=06
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Transient Heat Conduction - Example

alpha=0; dt=02

1.5

uf1 1)
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UNIT—5

Dynamic Analysis



Axi-symmetric Analysis

Cylindrical coordinates: (r, 0, z)

X=rcosd; y=rsin@, z=12

* quantities depend on r and zonly
* 3-D problem ==2-D problem
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-svmmetric Analysis

Axi

3

B

O

| ! \ )
= ff _. | _\.s.\\x..\. .. .\. .\ .\\.
" ISR \
. A. . ...\.\\..\\. { .\_s.\_ \.\ i)
4

"
.

|

il
1...\\\\.\.__
i it ..\. [}
/ "y .\. \...\

..
it

// ...\ /

..‘.. .\_\: / / .s.. \
g......\\. \f

)
—()

ﬁ.J\

S’

WTATATAVATAY A

AV
,.,s..‘..,.ﬁm

AV,
7
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Axi-symmetric Analysis — Single-Variable Problem

16 ou(r,z)) 0 ou(r, z
rar( " f?r )J Gz( gz )j+aoou—f(r,z)=0
Weak form:
oW 0
0= j[ ( a, arj = (azza‘;)+aoowu—wf(r,z)]rdrdz
—§quds
re

where qn = all émé—rer) nr+ a22 6“(@2 Z) nz
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Finite Element Model — Single-Variable Problem
u=Yug e 4 z)=g(xy)

Ritz method: W = ﬁ

Weak form —_— Z Ku = fe+Q8

where K e— J‘(a 5¢ a¢1 ¢ ¢J

= +a rdrdz
Qe\ 11 5r (9[‘ 22 62 6 OO¢¢}

= | ¢, frdrdz
Q

:jﬁqps
T,
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Single-Variable Problem — Heat Transfer

Heat Transfer:
1 a( aTgr,z)) ai oT(r,z) )
_ rk — K —f(r,z)=0
ﬁr\ a 0z 0z J (r.2)
Weak form

I ow(, oT ]
IL(’BVrV[ ar) VzVLk az) wf(r,z)J|rdrdz

—[ﬁqu ds
re

‘ oT(r, z) n+k oT(r, z) "
or 0z

where q,= ,
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3-Node Axi-symmetric Element

T(r,z2) =T+ T,0, +T;0,

(1 , Z) I‘223 r322
¢ =
ZAE r r

(1 r Z) (rszl_ 4 \

X Z—Z1

2A, ’

Z,— I’;l

1l r z
( 2A ) 1 2
i =r,

®

VvV~
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4-Node Axi-symmetric Element

T(r,z2) =T+ T,0, + T30, + T,
(3
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Single-Variable Problem —Example

/RLJ__Q_ T, Step 1: Discretization

B -«

T(Ro,z) =Th

NI Step 2: Element equation

¢j a¢' ¢J\
_'[( ar or e 0z 0z J{drdz

= [gfrdriz Q= [ #ads
Q. T,
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Review of CSTElement

 Constant Strain Triangle (CST)- easlest and simplest
finite element

— Displacement field in terms ofgeneralized coordinates
u= P+ fox + Bsy
v =B+ Bsx + gy

— Resulting strain field is

=P &=B Tu=Byth (322)

(3.2-1)

— Strains do not vary within the element. Hence, the name
constant strain triangle (CST)
« Other elements are not solucky.

« Canalso be called linear triangle because displacement field is
linear in xand y - sides remainstraight.



Constant Strain Triangle

» The strain field from the shape functions lookslike:

3 5
I,

Y

£, Y., 0 ¥y 0 yp 0 L

' < E, =—l- 0 xy, 0 x5 0 x4 L (3.2-3)4
; 2A } U,y
Yo X2 Y Xy Yu An i

Uy

kv31

— Where, x,and y; are nodal coordinates (i=1, 2, 3)
— X;=X;- Xjand yi=Y;- Y
— 2Ais twice the area of the triangle, 2A=X,1Y31-X31Y21

 Node numbering Is arbitrary except that the sequence 123
must go clockwise around the element if Ais to be positive.




Constant Strain Triangle

o Stiffness matrix for element k =B'"EBtA

* The CSTgives good results in regions of the H
model where there is little straingradient

— Otherwise it does notwork well.




Linear Strain Triangle

* Changesthe shape functions and results in
guadratic displacement distributions and
linear strain distributions within the element.

u=ﬁ,+[3,x+ﬁ;y+ﬁ.:xz+ﬁs-"}’;ﬁo)’z

o= By + Byt + By + Bioi® + By + Biay? Sl

E.r - ﬁz + 2[34.1’ + ﬁs)'
&= o+ i1 x+ 2B,y (3.3-2)
Yo = (By + By) + (Bs + 2B,0)x + (26 + B,,)y
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Linear Strain Triangle

v2
w2

(a) (b) (c)

Fig. 3.3-1. (a) A linear strain triangle and its six nodal d.o.f. (b) Displacement mode associated
with nodal d.o.f. v,. (c) Displacement mode associated with nodal d.o.f, vs. (For visualization only,
imagine that displacement occurs normal to the plane of the element.) (b and ¢ reprinted from [2.2]
by permission of John Wiley & Sons, Inc.)

Will this element work better for the problem?
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Example Problem

» Consider the problem we were lookingat:

1k
1 n‘_j I
le » 1k
| 5in. | 1

0.1in.

| =0.1x1° /12 =0.008333 in*

0=M X C _ 1x0.5 _ 60 ksi
I 0.008333

e=2 = 0.00207
E

2
ML _ 25 _ 0.0517in.
2El _ 2x 29000 x 0.008333

o
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* The Q4 element is aquadrilateral element

Bilinear Quadratic

that has four nodes. In terms of generalized

coordinates, its displacement field is:

u=f,+ Px + By + Bexy

(3.4-1)
v =Ps+ Bex + Boy + Bexy
E.K — ﬁ.’. + ﬂ-‘)'
E.=f; + Pex (3.4-2)

Yoo = (Bs + Bo) + Box + Py

4|
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Bilinear Quadratic
 Shape functions and strain-displacement

matrix |y -@=0e-» , _@+x6-y
' 4ab : 4ab
(a+x)(b+y) (a=x)(b+y) (3.4-3)
N, = N, =
4ab 4ab
4 / 3

Fig. 3.4-3. Shape function N, of the bilinear quadn-
lateral. (For visualization only, imaging that dis-
placement occurs normal to the xy plane.)

Vir

; [—(b-)')
w ol D
4ab

—(a-x) =(b-y) —(a+x) (b=y) -~

0

-(a-x)

u,
v
(b-y) 0 ”
0 —(a+x) - <U: » (3.4-4)
Lv"J
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Example Problem

» Consider the problem we werge lookingat:

0.1k
1.
0.1k
- . . -
Sin. 0.1in.

| =0.1x 1°/ 12 =0.008333in*
0=M X C_ 1x0.5 _ 60ksi
I 0.008333

e=< =0.00207
E

_PL® 0.2x125
3El  3x29000x0.008333

o =0.0345in.
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Quadratic Quadrilateral Element

The 8 noded quadratic quadrilateral element
uses quadratic functions for the displacements

=P+ Box + Pay + B + Boxy + By’ + Brx’y + fxy?
v=Po+ Pox + Py + Biax* + Biaxy + By + By + Bieo”

(3.5-1)

ul .‘~ -‘.

4 - / /

e
e e e v /
4 ; 3 X —

o % / éé ;%ij b
) 8 l—:.u 69
2
3/

1

e o i

(a) (b) (c)

Fig. 3.5-1. (a) A quadratic quadrilateral. (b,c) Shape functions N, and N, . (For visualization only,
imagine that displacement occurs normal to the xy plane.) 152




Quadratic Quadrilateral Element

 Shape function examples:

u=zN,u, U=ZN, v,

of the eight shape functions are

Ny=5(1+8)(1-m-+(1=-EHU-m=-+1+E(1=-n%)
Ne=3(1+&)(1-n%)

(3.5-2)

where index / runs from | to 8, which explains the “8" in the name Q8. As examples, two

(3.5-3)

e Strain distribution within the element

€= Py +2B.x + Bsy + 2By + B’
&= By + Biax + 2B,y + B + 2B,6xy

Yo = (B3 + Bio) + (Bs + 2B1)x + (265 + By3)y
+ B + 2(Bs + Bis)xy + By’

(3.5-4)
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Quadratic Quadrilateral Element

« Should we try to use this element to solve our
problem?

* Ortry fixing the Q4 element for our purposes.
— Hmm...tough choice.



Isoparametric Elements and Solution

 Biggest breakthrough in the implementation of the
finite element method is the development of an
Isoparametric element with capabillities to model
structure (problem) geometries of any shape andsize.

* The whole idea works on mapping.

— The element In the real structure is mapped to an
imaginary’ element in an ideal coordinate system

— The solution to the stress analysis problem is easyand
known for the ‘imaginary’element

— These solutions are mapped back to the element inthe
real structure.

— All the loads and boundary conditions are also mapped
from the real to the ‘imaginary’ element in this approach



Isoparametric Element

()(1, yl) (X21 y2)

Xu
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Isoparametric element

%)

* The mapping functions are( cq\rite simple:

N=2(1-9)(1-7)
N, = 1+ (1= 1)

N, =2 (1+ )1+ 7)

1
4
N, =3 (1- )1+ 1)

X3

0 0 0 O } X, }
N, N, N; Ngl|lw
Y, ||
Ys |

ly, )
Basically, the x and y coordinates of any point in the

element are interpolations of the nodal (corner)
coordinates.

From the Q4 element, the bilinear shape functions
are borrowed to be used as the interpolation
functions. They readily satisfy the boundary values
too. o



Isoparametric element

U,

* Nodal shape functions for @IiTpIacements

u3
H_m N, N, N, 0 0 0 0llu,
vi10 0 0 0 N N, N, val

N=2(1-9)(1-7)
N, =1+ £)(1-7)

N, = (1+ E)(1+ )

N, =5 (1-9)(1+ 1)



 The displacement strain relationships:

LA _ A A, Oy
X GE X On X
LN A P, A on
VN 8E A Oy Y

2

OX

TR Z:;f( 2’(7 0 O

ng 2 L 0 o & 4

SN X (T wm X2

n n

WAL A S N X o
Loy x|

But it is too difficult to obtain 2% and 22

OX

S E
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Isoparametric Element

Hence we will do itanother way

)
1 )
anl
N

It is easier to obtain — and—

X &

X
n
a
X
A
N
X
P
a &
X N

& anl

defines coordinate transformation

= Jacobian

[
I

.
.
.
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Gauss Quadrature

The mapping approach requires usto be able to
evaluate the integrations within the domain (-1...1) of
the functions shown.

Integration can be done analytically by using closed-
form formulas from atable ofintegrals (Nah..)

— Or numerical integration can be performed

Gauss quadrature Is the more common form of
numerical integration - better suited for numerical
analysis and finite element method.

Itevaluated the integral of afunction asasum of a

finite numb:er of terms n
| = g d& becomes | ~2 W, ¢
-1 i=1



Gauss Quadrature

* Wiisthe ‘weight’ and ¢, is the value of f(&=I)

= Pl saed 129 "
T -
o 0 1 : -1 0 1 :

I=014+02

1 -——-‘—3~\
a—>--<-a->l
a=+313
-1 6 1 .

Fig. 4.5-1. Integration of a function ¢ = ¢(£) in one dimension by Gauss quadrature of
orders 1, 2, and 3. Gauss points are numbered.
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Numerical Integration

Calculate: | = jz f (x)dx

a

* Newton — Cotes integration

* Trapezoidal rule — 1storder Newton-Cotes integration

b (%)

@) (x -a)
a

F) = () = (a) + (b)b‘

b b

/ | =] f(x)dx~ [ f,(x)dx=(b—a) f(a)z”(b)

a b x
* Trapezoidal rule — multiple application
b (%)

== | :j‘) f (x)dx zT f. (x)dx :XJL f (x)dx +X2_[ f (x)dx +[J +an f
(X)d?( Xo Xo il

h n-1
| = 2{f(a)+2;f(xi)+f(b)}

Xn-1
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Numerical Integration

Calculate: | = jz f (x)dx

a

* Newton — Cotes integration

« Simpson 1/3 rule —2"d order Newton-Cotesintegration

. KOREX) (x = %)(x =) (x=X)(x=x)
B A N P W A O TP

Y f(X)

b

= ] foodes [ 1, 0dx= (¢, -x,) f(xo)”féxl)”(xz)

a

\

v

NN
N\

P,

AN

>
ey
=
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Numerical Integration

Calculate: | = jz f (x)dx

a

® Gaussian Quadrature

Trapezoidal Rule:

f(a) +f (b)
2
(b-a)

1=(b—a)

_(b-a)
2

f(a) + f(b)

Choose C01 Cl’ XO’ )(1

Gaussian Quadrature:

I =CT(X)+CiT(Xy)

according to certain criteria
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Numerical Integration

Calculate: | = jz f(x)dx
a 1
* GaussianQuadrature 1= [ f(xHx=cof (% )+ ¢ f (x }+ 0 +Coyf (%)
1

* 2pt Gaussian Quadraturé

| :ljf(x)dx=f(\:/%)|+f|(17;j|

« 3pt Gaussian Quadrature
1

= | f (x)dx=0.55-f (~0.77)+ 0.89 - f (0)+ 0.55- f(0.7)

-1

-1

2(x—a)
b—a

Let: = —1+

! f (x)dx = %(b - a)j1 f |[%(a+ b) + %(b - a)>'<’]|d>’<’
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