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COURSE OBJECTIVES (COs):

The course should enable the students to:
I Enrich knowledge in principles of quantum mechanics and semiconductors.

I Correlate principles and applications of lasers and fiber optics.
i Meliorate the knowledge of light and optics and also their applications.
\Y] Develop strong fundamentals of transverse, longitudinal waves and harmonic waves.

COURSE LEARNING OUTCOMES (CLOs):
Students, who complete the course, will have demonstrated the ability to do the following:

S. No Description
AHSB04.01 | Recall the basic principles of physics and apply these concepts of physics in
solving the real-time problems.
AHSB04.02 | Acquire knowledge about fundamental in quantum mechanics
AHSB04.03 | Interpretation of dual nature of matter wave concept using Davisson &
Germer’s experiment
AHSB04.04 | Estimate the energy of the particles using Schrodinger’s wave equation and
apply it to particle in potential box.
AHSB04.05 | Recollect the conductivity mechanism involved in semiconductors and
calculate carrier concentrations.




S. No Description
AHSB04.06 | Understand the band structure of a solid and classify materials as metals,
insulators, or semiconductors, and sketch a schematic band diagram for each
one
AHSBO04.07 | Understand the basic principles involved in the production of Laser light
and also real time applications of lasers.
AHSBO04.08 | Recollect basic principle, construction, types and attenuation of optical
fibers.
AHSB04.09 | Understand the importance of optical fibers in real-time communication
system.
AHSB04.10 | Apply different laws of radiation to understand the phenomenon behind
production of light.
AHSB04.11 | Apply the phenomenon of interference in thin films using Newton's rings
experiment.
AHSBO04.12 | Identify diffraction phenomenon due to slits
AHSBO04.13 | Acquire knowledge of basic harmonic oscillators and discuss in detail
different types of harmonic oscillators
AHSBO04.14 | Describe the steady state motion of forced damped harmonic oscillator
AHSBO04.15 | Acquire knowledge of reflection and transmission of waves at a boundary of
media
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Module-I QUANTUM MECHANICS

Introduction to quantum physics, Black body radiation, Planck’s law, Photoelectric effect,
Compton effect, De- Broglie’s hypothesis, Wave-particle duality, Davisson and Germer
experiment, Time-independent Schrodinger equation for wave function, Born interpretation
of the wave function, Schrodinger equation for one dimensional problems—particle in a box.
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Bloch’s theorem for particles in a periodic potential, Kronig-Penney model (Qualitative
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carrier-concentration and temperature, Carrier generation and recombination, Hall effect.

Module-111 LASERS AND FIBER OPTICS

Characteristics of lasers, Spontaneous and stimulated emission of radiation, Metastable state,
Population inversion, Lasing action, Ruby laser, He-Ne laser and applications of lasers.

Principle and construction of an optical fiber, Acceptance angle, Numerical aperture, Types of
optical fibers (Single mode, multimode, step index, graded index), Attenuation in optical
fibers, Optical fiber communication system with block diagram.

Module-1V LIGHT AND OPTICS

Huygens’ principle, Superposition of waves and interference of light by wave front splitting




and amplitude splitting; Young’s double slit experiment, Newton’s rings, Michelson

interferometer.
Fraunhofer diffraction from a single slit, circular aperture and diffraction grating.

Module-V HARMONIC OSCILLATIONS AND WAVES IN ONE DIMENSION

Mechanical and electrical simple harmonic oscillators, Damped harmonic oscillator, Forced
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transmission of waves at a boundary, Longitudinal waves and the wave equation for them,

acoustics waves.
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MODULE-I
PRINCIPLES OF QUANTUM MECHANICS

Introduction

At the end of nineteenth century, physicists had every reason to regard the Newtonian
laws governing the motion of material bodies and Maxwell’s laws of electromagnetism, as
fundamental laws of physics. They believed that there should be some limitation on the validity
of these laws which constitute classical mechanics. To understand the submicroscopic world of
the atom and its constituents, it become necessary to introduce new ideas and concepts which led
to which led to the mathematical formulation of quantum mechanics. That had an immediate and
spectacular success in the explanation of the experimental observations.

Quantum mechanics is the science of the submicroscopic. It explains the behavior of
matter and its interactions with energy on the scale of atoms and its constituents.

Light behaves in some aspects like particles and in other aspects like waves. Quantum
mechanics shows that light, along with all other forms of electromagnetic radiation, comes in
discrete units, called photons, and predicts its energies, colors, and spectral intensities. A single
photon is a quantum, or smallest observable amount, of the electromagnetic field because a
partial photon has never been observed.

Considering the above facts, it appears difficult to accept the conflicting ideas that
radiation has a dual nature, i.e., radiation is a wave which is spread out over space and also a
particle which is localized at a point in space. However, this acceptance is essential because
radiation sometimes behaves as a wave and at other times as a particle as explained below:

(1) Radiations including visible light, infra-red, ultraviolet, X-rays, etc. behave as waves in
experiments based on interference, diffraction, etc. This is due to the fact that these phenomena
require the presence of two waves at the same position at the same time. Obviously, it is difficult
for the two particles to occupy the same position at the same time. Thus, we conclude that
radiations behave like wave..

(2) Planck’s quantum theory was successful in explaining black body radiation, the photo
electric effect, the Compton Effect, etc. and had clearly established that the radiant energy, in its
interaction with matter, behaves as though it consists of corpuscles. Here radiation interacts with
matter in the form of photon or quanta. Thus, we conclude that radiations behave like particle.

Black body radiation
A body that completely absorbs all wavelengths of radiation incident on it at low

temperatures or emits different wave lengths of radiation at higher temperatures is known as a
black body.




Figure 1 Black body

An approximate realization of a black surface is a hole in the wall of a large enclosure.
Any light entering the hole is reflected within the internal surface of the body indefinitely or
absorbed within the body and is unlikely to re-emerge, making the hole a nearly perfect absorber.
The radiation confined in such an enclosure may or may not be in thermal equilibrium,
depending upon the nature of the walls and the other contents of the enclosure.

144 5000 K

- -t
(=] N
1 1

Intensity (arbitrary)

Wavelength (um)

Figure 2 Black body radiation distribution

Plank’s law

Plank assumed that the walls of the black body consist of large number of electrical
oscillators, vibrating with their own natural frequencies. An oscillator possesses energy equal to
hv. Where h is Planks constant and v is the frequency of oscillator.

An oscillator may lose or gain energy by emitting or by absorbing photons respectively.
Plank derived an equation for the energy per unit volume of black body in the entire spectrum of
black body radiation. The spectral radiance of a body, B,, describes the amount of energy it gives




off as radiation of different frequencies. It is measured in terms of the power emitted per unit
area of the body, per unit solid angle that the radiation is measured over, per unit frequency.
Planck showed that the spectral radiance of a body for frequency v at absolute temperature T is
given by

2
E(MT) = b —— —ereeeememmenmneees (1)

T

Where k is the Boltzmann constant, h is the Planck constant, and c is the speed of light in
the medium, whether material or vacuum. The spectral radiance can also be expressed per unit
wavelength A instead of per unit frequency.

Photoelectric effect

Figure 3 Photoelectric effect

The photoelectric effect is the emission of electrons or other free carriers when light
shines on a material. Electrons emitted in this manner can be called photo electrons. This
phenomenon is commonly studied in electronic physics, as well as in fields of chemistry, such as
quantum chemistry or electrochemistry.
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Figure 4 Black diagram of Photo electric effect

Einstein assumed that a photon would penetrate the material and transfer its energy to an
electron. As the electron moved through the metal at high speed and finally emerged from the
material, its kinetic energy would diminish by an amount ¢ called the work function (similar to
the electronic work function), which represents the energy required for the electron to escape the
metal. By conservation of energy, this reasoning led Einstein to the photoelectric equation Ey =
hf — ¢, where Ey is the maximum Kinetic energy of the ejected electron.

Compton Effect

It is defined as scattering of a photon by a charged particle like an electron. It results in a
decrease in energy of the photon called the Compton Effect. Part of the energy of the photon is
transferred to the recoiling electron.

The interaction between an electron and a photon results in the electron giving part of the
energy (making it recoil) and a photon of the remaining energy being emitted in a different
direction from the original, so that the overall momentum of the system is also conserved. If the
scattered photon still has enough energy, the process may be repeated. In this scenario, the
electron is treated as free or loosely bound.

Compton derived the mathematical relationship between the shift in wavelength and the
scattering angle of the X-rays by assuming that each scattered X-ray photon interacted with only
one electron. His paper concludes by reporting on experiments which verified his derived
relation:
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Figure 5 Compton Effect

de- Broglie Hypothesis

In quantum mechanics, matter is believed to behave both like a particle and a wave at the
sub-microscopic level. The particle behavior of matter is obvious. When you look at a table, you
think of it like a solid, stationary piece of matter with a fixed location. At this macroscopic scale,
this holds true. But when we zoom into the subatomic level, things begin to get more
complicated, and matter doesn't always exhibit the particle behavior that we expect.

This non-particle behavior of matter was first proposed in 1923, by Louis de Broglie, a
French physicist. In his PhD thesis, he proposed that particles also have wave-like properties.
Although he did not have the ability to test this hypothesis at the time, he derived an equation to
prove it using Einstein's famous mass-energy relation and the Planck equation. These waves
associated with particles are named de- Broglie waves or matter waves.

Expression for de- Broglie wavelength

The expression of the wavelength associated with a material particle can be derived on the
analogy of radiation as follows:

Considering the plank’s theory of radiation, the energy of photon (quantum) is

E=th == (3

Where c is the velocity of light in vacuum and A is its wave length.




According to Einstein energy — mass relation
E = mc — (4)
Where mc = p is momentum associated with photon.

If we consider the case of material particle of mass m and moving with a velocity v , i.e
momentum mv, then the wave length associated with this particle ( in analogy to wave length
associated with photon) is given by

h

1= == — (6)

mv p

Different expressions for de-Broglie wavelength

(a) If Eis the kinetic energy of the material particle then

1 m2p2 p?

E=im/? = 2 = L
2 2 m 2m
= p? =2mEor p= \2mE
Therefore de- Broglie wave length A1 =

h

o —(7)

(b) When a charged particle carrying a charge ‘q’ is accelerated by potential difference v, then
its kinetic energy K .E is given by
E = qV
Hence the de-Broglie wavelength associated with this particle is

A= \/2:17 — (8)

For an electron ¢ =1.602x10™"
Mass m = 9.1 X 103 kg

6.626 x 10734
V2 %x9.1x 1031 x 1.602 x 10-19V

_ [1s0 _ 1226 L0
N W A —9)

A =

Properties of Matter Waves

Following are the properties of matter waves:
(a) Lighter is the particle, greater is the wavelength associated with it.

(b) Smaller is the velocity of the particle, greater is the wavelength associated with it.

(c) Whenv =0, then A = oo, i.e. wave becomes indeterminate and if v = oo then
A = 0. This shows that matter waves are generated only when material particles are in
motion.

(d) Matter waves are produced whether the particles are charged particles or not

A= 7:—0 is independent of charge). i.e., matter waves are not electromagnetic waves but
they are a new kind of waves.




(€) It can be shown that the matter waves can travel faster than light i.e. the velocity of

matter waves can be greater than the velocity of light.

(f) No single phenomenon exhibits both particle nature and wave nature simultaneously.

Distinction between matter waves and electromagnetic waves

S.No | Matter Waves Electromagnetic Waves
1 Matter waves are associated with moving | Electromagnetic waves are produced only by
particles (charged or uncharged) accelerated charged particles.
Wavelength depends on the mass of the
2 particle and its velocity, Wavelength depends on the energy of photon
A= —
mv
Matter waves can travel with a velocity | Travel with velocity of light
3 greater than the velocity of light. c= 3x10® m/s
Matter wave is not electromagnetic wave.
Electric field and magnetic field oscillate
4. Matter ~wave require medium  for | perpendicular to each other.
propagation, i.e, they cannot travel through
vacuum. Electromagnetic waves do not require any
5. medium for propagation, i.e., they can pass

through vacuum.

Davisson and Germer’s Experiment

The first experimental evidence of matter waves was given by two American physicists,
Davisson and Germer in 1927. The experimental arrangement is shown in figure 3.1(a).

The apparatus consists of an electron gun G where the electrons are produced. When the
filament of electron gun is heated to dull red electrons are emitted due to thermionic emissions.
Now, the electrons are accelerated in the electric field of known potential difference. These
electrons are collimated by suitable slits to obtain a fine beam which is then directed to fall on a
large single crystal of nickel, known as target T which is rotated about an angle along the
direction of the beam is detected by an electron detector (Faraday cylinder) which is connected
to a galvanometer. The Faraday cylinder ‘c’ can move on a circular graduated scale s between
29% to 90°c to receive the scattered electrons.
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Figure 6Davisson and Germer’s experimental arrangement for verification of matter waves

First of all, the accelerating potential V is given a low value and the crystal is set at any
orbital azimuth (0). Now the Faraday cylinder is moved to various positions on the scale’s’ and
galvanometer current is measured for each position. A graph is plotted between galvanometer
current against angle 6 between incident beam and beam entering the cylinder [Figure 3.1(b)].
The observations are repeated for different acceleration potentials.

a b

44V 48V 34V 04V T AY

Figure 7Variation of Galvanometer current with variation of angle 0 between incident beam and beam
entering the cylinder

It is observed that a ‘bump’ begins to appear in the curve for 44 volts. Following points are
observed.
(@) With increasing potential, the bump moves upwards.

(b) The bump becomes most prominent in the curve for 54 volts at 6 = 50°.
(c) At higher potentials, the bumps gradually disappear.
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The bump in its most prominent state verifies the existence of electron waves. According to
de- Broglie, the wavelength associated with electron accelerated through a potential V is given

by

1226 0
A= o A,
Hence, the wavelength associated with an electron accelerated through 54 volt is
1226 _ 0
A= N 1.67 A

From X-ray analysis, it is known that a nickel crystal acts as a plane diffraction grating
with space d = 0.91 A° [see Figure 3.1(c)]. According to experiment, we have diffracted electron
beam at 6 = 50°. The corresponding angle of incidence relative to the family of Bragg plane

1_180-50 _ A0
0" = ” =65
Using Bragg’s equation (taking n=1), we have
A = 2dsinf

= 2(0.91AY sin 65°
This is in good agreement with the wavelength computed from de-Broglie hypothesis.

54 V Electrons

Figure 8 Bragg planes in Nickel crystal

As the two values are in good agreement, hence, confirms the de-Broglie concept of
matter waves.

Schrodinger's time independent wave equation

Schrodinger developed a differential equation whose solutions yield the possible wave
functions that can be associated with a particle in a given situation. This equation is popularly
known as Schrodinger equation. The equation tells us how the wave function changes as a result
of forces acting on the particle. One of its forms can be derived by simply incorporating the de-
Broglie wavelength expression into the classical wave equation.

If a particle of mass ‘m” moving with velocity v is associated with a group of waves, let
1 be the wave function of the particle. Also let us consider a simple form of progressing wave
represented by the equation

Y = YPosin(wt — kx) ------------ 1)
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Where ¢ = 3 (X 1)
Yo 1s amplitude
Differentiating eq (1) partially with respect to ‘x’, we get

Z—f = -Kypcos(wt — kx)
Again differentiating equation (1) with respect to ‘x’
TV = Ky sin (wtkx)
s K
T e @)
sincek= 22, 2L 40 20 e @)

Eq (2) or Eq (3) is the differential form of the classical wave equation. Now, incorporating de-
Broglie wavelength expression A = % in to eq (3), we get

0%y | 4m’m?v?

S W =0 -
The total energy E of the particle is the sum of its kinetic energy k and potential energy V
e, E=K+V

Butk = %mv2
E = % mv? +V

“m? =E-V

mi? = 2m (E-V) — (5)
Substituting eq (5) ineq (4), we get

0%y 8u’m(E - V) . _

o ¥ =0 —(6)
In quantum mechanics, the value % occurs most frequently. Hence we denote 1) = %

using this notation, we have
%y 2m(E — V) _
et T W =0 —(7)
For simplicity, we have considered only one dimensional wave extending eq(7) for a
3 — dimensional wave
oy, o, Py, mE-V)
dx2 + ayZ + 922 + B2 l/J =0 _)(8)
Where ¥ (X, Y, z); here, we have considered only stationary states of yafter separating the
time dependence of ¥

The Laplacian operator is defined as

2 _ 08? 92 a2
V - m W + ﬁ — (9)
Hence eq (10) can be written as
Vi + 239%;)Q_¢, =0 — (10)
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This is Schrodinger wave equation. Since time factor doesn’t appear, eq(8) or eq(10) is called
‘time independent Schrodinger wave equation’ in three dimensions.

Physical significance of wave function ¥

(1) The wave function yhas no direct physical meaning. It is a complex quantity representing
the variation of matter wave.

(2) It connects the practical nature and its associated wave nature statically.

(3) |y P (or yy * if function is complex) at a point is proportional to the probability of
finding the particle at that point at any given time. The probability density at any point is
represented by | ¢

(4) If the particle is present in a volume dxdydz, then | ¢ [fdxdydz =1

If a particle is present somewhere in space

fl/)z dxdydz =1

Or fl,bl,b* dxdydz =1

The wave function satisfying the above condition is said to be normalized.

Particle in Infinite square potential well

A free electron trapped in a metal or charge carriers trapped by barriers trapped by the
potential barriers of a double hetero junction can be approximated by an electron in an infinitely
deep one- dimensional potential well.

Consider one — dimensional potential well of width L as shown in fig. Let the potential

V =0 inside well and V = oo outside the well.

f T

Vix

0 >

Fig.4.4 Square potential well infinite height

The time independent Schrodinger wave equation in one dimensional case

d*p 2m(E — V) _

14




For a particle present inside the well where V=0and i =1 (x)
2
d“y + 2mE llJ -0 N (2)

dx? h2
Let the general solution of eq (2) be
Y(x) =Asinkx + B sinkx —(3)

Where A and B are constants which can be determined from boundary conditions
PY(x) =0at x=0

And Y(x) =0 at x =L —(4)
Since Y(x) =0at x=0
0= Assink(0) + B cos k(0)
= B=0 — (5)
Since Y(x) =0 at x=L

0=AsinkL
Which means A =0 or sin kL = 0 since both A and B cannot be zero, A# 0. If

A =0, then ¥ = 0 everywhere. This means that the particle is not in the well. The only
meaningful way to satisfy the condition is
sinkL =0,
OrkL=nm ; n=1,2,3,...
k = =~ — (6)
Thus, eq (3) simplifies to
—(7)

Y(x) = AsinnL—nx
Differentiating v ineq (7)

d
—lp:A =% cos— X
dx L L
Again Differentiating, we get
dz_l,b_ _ n?n? . nm
dxz_ 2 Sin . X
d*% _  nZr? _
-
d* nn?
oz TEY =0 —®)
Comparing eq (2) and eq (8), we get
2mE _ n’n? 12
B2 7
£ = nZ.‘TZ}-)Z
2mlL2

n is called the quantum number. Thus we obtain an important result. The particle cannot possess
any value of energy as assumed in classical case, but it possesses only discrete set of energy

values.
The energy of the n™ quantum level,

15




2 22 242
_ n°m“h _ n“h . _ h
En= 0 = e (since h = py ) —(9)

The wave functions and the corresponding energy levels of the particles are as suggested in
Figure 3.5

(@) (b)

Fig.4.5 Ground state and first two excited states of an electron in a potential well: a) the electron wave functions and
b) the corresponding probability density functions. The energies of these three states are shown on the right.

We are still left with an arbitrary constant ‘A’ in eq (7). It can be obtained by applying
normalization condition i.e.; the probability of finding the particle inside the box is unity.

L
j wxlZdx = 1
0
L o . onux _
Jy A*sin* ==dx = 1
2L 1 2nm _
A, E[l—cosTx]dx =1
A2 L . 2TNX 4L _
7 — E Sin L ] 0 —1
AZ
= S[L-0-(0-0] =1
A’L _ 2
— = lor A= \E — 10)
~.The normalized wave function is
Y, = \E sin—— —(11)

Notice that the number of nodes (places where the particle has zero probability of being located)
increases with increasing energy n. Also note that as the energy of the particle becomes greater,

16




the quantum mechanical model breaks down due to the energy levels get closer together and
overlap, forming a continuum. This continuum means the particle is free and can have any
energy value. At such high energies, the classical mechanical model is applied as the particle

behaves more like a continuous wave. Therefore, the particle in a box problem is an example of
Wave-Particle Duality.

17




MODULE-II
INTRODUCTION TO SOLIDS AND SEMICONDUCTORS

Bloch's theorem

Crystalline solid consists of a lattice which is composed of a large number of ionic cores
at regular intervals and the conduction electrons move throughout the lattice.

Let us consider the picture of the lattice in only one dimension, i.e., only an array of ionic
cores along x-axis. If we plot the potential energy of a conduction electron as a position in the
lattice, the variation of potential energy is as shown in figure. The potential is minimum at the
positive ion sites and maximum between the two ions.

; Vo |
Y Surface potential

\
(@) (b)

® ®® e
®®® e
® ®®®
® ®® e

Nuclei

periodic positive ion cores inside metallic crystals. b) One dimensional periodic potential in crystal.

The one dimension Schrodinger equation corresponding to this can be written as
dzl,b 8mm

L+ EV)] vy =0 - ()
The periodic potentlal V(x) may be defined by means of the lattice constant ‘a’ as

V(X) = V(x+a) —(2)
Bloch considered the solution as

W X) =exp(ikx)Uk(X) — (3)

Eqgn (2) is known as Bloch function. Ui (X) is periodic with the periodicity of the crystal
lattice. The free electron wave is modulated by periodic function Ug(x) is periodic with the
periodicity of the crystal lattice. The free electron wave is modulated by periodic function U ((x).
For a linear chain of atoms of length ‘L’ in one dimensional case with ‘N’ (= even) number of
atoms in the chain,

Uk(X) = Ux (x+Na) dC))

From egn (3) and eqn (4)
¥ (x +na) = U (x+Na) elik(x+Na]
= e(tkNa) | (x) e ()
= yi(x) eV —(5)
This is referred to as Bloch condition.
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Now,
YilxHNa)y* (x+Na) = yi(X)e Ny x(x) eH
= ye(x) i< (x) e©
Yi(x+Na) W *(x+na) = We(x) Ye*(X) — (6)
This means that the electron is not located around any particular atom and the probability of
finding the electron is same throughout the crystal.

The Kronig-Penny Model

The periodic potential assumed by Kronig and Penny is shown in Figure. i.e., a series of
rectangular wells of width ‘a’ and are placed at a separation of b. in the regions where 0<x<a, the
potential energy is zero and in regions such as —b < x < 0, the potential energy is V.

One dimensional periodic potential assumed by Kronig and Penny

The main features of the model and its predictions can be explained qualitatively

Main features of the model
A. Schrodinger equation:
The dynamical behavior of electrons in the Kronig-Penny model is represented by the following
Schrodinger equation,

dzp | 2m _
E-F[F] Ey=0 forO<x<a
And
d? 2
L [FI(E — V)Y =0 for—b<x<0 (1)
Let us assume that total energy ‘E’ of the electron under consideration is less than V.
Further, let us substitute a2=2:lf and p*= zh—’?(VO-E) —(2)
Where a and B are real quantities.
Now Eq(1) becomes
%—}— az\llzo, fOI’ 0<X<a
And
dzp

Bry=0, for-bh<x <0 — (3)

These equations can be solved with the help of block theorem. The final solution of eq (3) is
given in the form of the following condition.

19




sinaa
P —+ cosaa =coska —(4)

Where P :YZ—I:Voa is scattering power of the potential barrier and V, is barrier strength. That

means, eq (3) will have a solution only when the condition (4) is satisfied.
inaa

Ps
Graph of aa versus + cosaa

aa
For the best understanding of the meaning of eq(4), let us consider the plot of the
condition(4) i.e. L.H.S versus aa. Since the values of coska on R.H.s of eq (4) lie between +1 and
-1, aa (which is a measure of energy) can take only those values for which the total left hand side
(L.H.S) value lies between -1 and +1. Other values are not allowed. This means that energy E is
restricted to lie within certain ranges which form the allowed energy bands or zones.

_3m

Plot of the left hand side of eq (4) as a function of aa for p =
correspond to allowed and forbidden energy regions of the energy spectrum respectively that are plotted in fig.

. The solid and broken lines on the abscissa (aa- axis)

Conclusions of the graph
1. The energy spectrum consists of alternative regions of allowed and vacant bands.

Forbidden band implies that the energy levels that lie in this region are not occupied by
the electrons.

2. The allowed (shaded) bands are narrowest for low values of energy and become broader
as energy increases, the unallowed (forbidden) bands becoming narrower.

3. a) For P=0 (i.e. on the extreme left), the whole energy spectrum is quasi-continuous. That
is all allowed bands are joined together forming an almost continuum.
b) However, the width of a particular allowed band decreases with increase in the value
of P. As P— o, the allowed energy bands compress into simple energy levels and thus
result in a line spectrum.

Origin of Energy band formation in solids

In an isolated atom, the electrons are tightly bound and have discrete, sharp energy levels
[Figure]. When two identical atoms are brought closer, the outermost orbits of these atoms
overlap and interact.

When the wave functions of the electrons of the different atoms begin to overlap considerably,
the energy levels split into two
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. Splitting of energy levels due to interatomic interaction

If more atoms are bought together, more levels are formed and for a solid of N atoms, each of the

energy levels of an atom splits into N levels of energy [Figure].
The levels are so close together that they form an almost continuous band. The width of

this band depends on the degree of overlap of the electrons of adjacent atoms and is largest for

the outermost atomic electrons.
In a solid, many atoms are brought together that the split energy levels form a set of

energy bands of very closely spaced levels with forbidden energy gaps between them.
Overlapping of these atoms occurs for smaller equilibrium spacing r,.

— Energy

Equilibriur;x Sp;cin r, =
for different elemen%s : o

. With decrease of interatomic spacing overlapping of enerﬂgyﬁbands take place

teratomic
acing

The band corresponding to outermost orbit is called conduction band and the next band is called
valence band. The gap between these two allowed bands is called forbidden energy gap or band
gap. According to the width of the gap between the bands and band occupation by electrons all
solids can be classified broadly into three groups namely, conductors, semiconductors and

insulators

Classification of materials into conductors, semiconductors and insulators

On the basis of band theory, solids can be broadly classified into three categories, viz, insulators,
semiconductors and conductors. Their band structures can be as shown in figure.
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Insulators
1. In case of insulators, the forbidden gap is very wide. Due to this fact electrons cannot jump

from valence band to conduction band.
2. They have completely filled valence band and completely empty conduction band.

3. The resistivity of insulators is very high.
4. Insulators are bad conductors of electricity.

Empty 3s

!

About 3 eV -6 eV Forbidden
Gap
|
Filled 2p
Filled 25

=

1s
.Valence and conduction bands of insulator separated by large band gap

Semiconductors
1. Insemiconductors, the band gap is very small (0.7 eV for germanium and 1.1 eV for silicon).

2. At 0k, these are no electrons in the conduction band and the valence band is completely filled.
As the temperature increases, electrons from the valence band jump into conduction band

3. .3.The resistivity varies from 10 ** to 10’Q meter.
4. They have electrical properties between those of insulators and conductors.
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About 0:1 gV —1¢V  Forbidden Gap

Filled ; . 2s

1a.

. Valence and conduction bands of semiconductor separated by small band gap

Conductors
1. In case of conductors, there is no forbidden gap and the valence band conduction band overlaps
each other.

2. Plenty of free electrons are available for electrical conduction.
They posses very low resistivity and very high conductivity values.
Metals like copper, iron etc. are best examples of conductors.

Partially Field

3s

3s

Overlapping

Filed

2p

Filed 1 2  Filled

1s
. Metals having (a) partially filled valence band and (b) overlap of completely filled valence band
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Intrinsic Semiconductor
Pure germanium or silicon called an intrinsic semiconductor. Each atom possesses four valence
electrons in outer most orbits. At T = OK a 2-D representation of the crystal of silicon & band

diagram is shown in the figure.

T=0K
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Hn N Jr ‘\ ® ai ‘u. . fr Valence band
“;."-".‘.' o ".‘.’—“ Valence electrons
il JRht i ~ b T Occupy all levels

,I\ LK ;.‘ 1

1 ] r 1 ! \

(a) (b)

Intrinsic silicon crystal at T =0K (a) 2-D representation of silicon crystal
(c) Energy band diagram of intrinsic semiconductor

Explanation: At OK, all the valence electrons of silicon atoms are in covalent bonds and their
energies constitute a band of energies called valance band (VB). So at 0K, VB is completely

filled & conduction band (CB) is empty.
If we rise temperature (T>0K), some of the electrons which are in covalent bonds break

the bonds become free and move from VB to CB. The energy required should be greater than the
energy gap of a semiconductor (E>Eg). The electron vacancy or deficiency created in VB is
called holes. This is shown in the figure 3 below.

T>0K
Vi Conduction band

| ! | !
\ ] \ ' \ '
\e! Tel \e/
g s o e
° L L] ° . Ld
- Sen=e=” Ceane=” Sea ~

I\ I\ Free 'e! Y
! \ r n /! \ ' \ — —0 e
¢ 1 B !} electron| | Ec = —
\ Jeovalemt! ! <77 ]
\eo! bond 7 © ‘e
e @ @ TTTTTT e
. ° ) % . .
l,.‘\ I'.\\ I’.\\ Ev e e C - 3
' ) | 1 ! ) < r i
' ' 1 Vacancy ' = <
\ ] \ ' \ [ ___.‘:’_.____
v ve: (hole) \e: ——eo— °
~; ;—-~\.~ :n ‘~; ;’ '4' - ’
- S . ~-- - ——
Gl B Lo Valence band

(a) (b)

Silicon crystal at temperature above 0K (a) Due to thermal energy breaking of
Covalent bonds take place (b) Energy band representation
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Electron concentration in intrinsic semiconductor in conduction band (n)
Definition: The no. of free electrons per unit volume of the conduction band of a given intrinsic
semiconductor is called electron concentration, represented by ‘n’.

Ea Ey
Conduction — Conduction —
band  — o Y band —
o Q
Ec EC o [0k S —
— Electron
S i R Eer-""7""7>"~"=°~ E_ —————————
Eg Electron | | g Hole
E, 2] @"/- fo) o) -
e v - o c Ey o —

Q 0 o o}

o Q o Q

o o Valence —— ® o Valence

o g  band T o o band

o & 0 o]

o ; Q o)
Ep Ex P )

(a) Energy band diagram of silicon at T = 0K
(b) Energy band diagram of silicon at T > 0K

Derivation: Let the no. of free electrons per unit volume of the semiconductor having energies E
and E + dE in CB is represented by n (E) dE. It is obtained by multiplying the density of energy
states Z¢ (E) d (E). [No. of energy states per unit volume] and Fermi — Dirac distribution
function for the Probability of occupation of electrons F¢ (E)
Therefore n (E) dE = [Zc (E) d (B)] [Fc (BE)] — (1)
Where Z , (E) d (E) = Density of energy states
F 1 (E) = Probability of occupation of electrons given by Fermi — Dirac function

The total no. of electrons in CB per unit volume between the energies Ec to E  is given by
integrating equation (1) with limits Ec to E

n= f}fgt n(E)dE — (2)
But equation (2) can be written as

n= [ n(E)dE + [P n(E)dE — (3)

n= f;; n(E)dE — f;; n(E)dE —(4)

In equation (4) the second term vanishes (disappears).
Since, above E ¢ electrons do not present. Hence equation (4) becomes

n= f;; n(E)dE
n =[5 [ Zc(E)AE] X [Fe(E)] —(5)

{Since from equation (1)}

But [F-(E)] is Fermi — Dirac distribution function;
1

Fe(E) = —F=7 —(6)
1+e KBT
E-Ep
Here E>Efrie. eksT>>1
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Hence ‘1’ can be neglected in equation (6)

1
FC(E) = E-Ep

e KgT

Epb
Fc(E) = e T — (7)
Also the density of electrons
Zc (B)d (E) = 22357 (EY? dE — (®)
Here E > E¢ .Since Ec is the m|n|mum energy state in CB. Hence equation (8) becomes
Ze (E) d (B) = 2 [54]7 (E — Ec)? dE — (9)
Substituting equations (7) & (9) i |n equatlon (5) we get

o T 8m} 1 Epk
= [ 2 e] (E—Ec)zeXs™ dE
7 8m} 3 1 Ef-E
[h:] Jy. (E—EQ)Te®s™ dE— (10)

Lete =F — E;
de = dE { E.isconstant}. The limits are e =0 to €=
Hence equation (10) can be written as
1 Ep—(e+Ec)

T 8mi.3 o =
n=3EFE 2, @7e M7 de

7 gme.3 EEZEQ 1 =5
n= [hze]ze T[T, (€)2eFsTde — (11)
- 3
In equation (11) But [ _, (e)z eKBng = 7”(1(37")2 —(12)

Substituting (12) in (11) we get

n=" [8;2]236(511;350 i3 (kBT)§

= 41; [8nmh2KBT]23e(ElF(B+iC)

= P

n= 2[2”’”,;’(”12 e RT L (13)
—EcEF)

2mmy KBT

{Here N¢c =2 12} Therefore n=Nce KsT

Hole concentration in the valance band of intrinsic semiconductor(p)

Definition: The number of holes per unit volume of the valance band of a given intrinsic

semiconductor is called hole concentration, represented by ‘p’

Derivation: Let the number of holes per unit volume of the semiconductor having energies E, E
+ dE in VB is represented by p (E) dE. It is obtained by multiplying the density of energy states
Zy (E) d (E) [No. of energy states per unit volume] and Fermi — Dirac distribution function for

the Probability of occupation of holes F ,, (E).
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(a) Energy band diagram of silicon at T = 0K
(b) Energy band diagram of silicon at T > 0K

Therefore p(E)dJE=[Z,(E)d (E)][Fr(E)]— (1)
Where Z , (E) d (E) = Density of energy states.
F 1 (E) = Hole probability given by Fermi — Dirac function

The total no. of holes in VB per unit volume between the energies E , , t0 E

integrating equation (1) with limits E ,pto E
p=J;" p(EYAE —(2)

But equation (2) can be written as
p= [, p(E)AE + [ p(E)AE — (3)
p=— [0 p(E)AE + [ p(E)dE— (4)

In equation (4) the first term vanishes (disappears).
Since, below E ,, holes do not present Hence equation (4) becomes

p=["" p(E)dE
p= f [Z, (E)dE] X F,, (E)— (5)

{Since from equation (1)}
But [F}, (E)] is Fermi — Dirac distribution function;
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Fo(E) =1—Fc(E) —(6)

=l
1+e KBT
E-Ep
. . . e KpT
Simplifying; Fo(E) =—F=2
1+e KBT
E-Ep
Divide by e 8T  we get
_ 1
Fh(E) - 1+ EiEp
e KBT
1
Fy(E) =—F=—(6)
1+e KBT
Ep—E
Here Er>E,i.e. ef7T>>1

Hence ‘1’ can be neglected in equation (6)

1
Fh(E) = Ep—E

eKBT

E-Ep
F(E) = e®8T — (7)
Also the density of holes
Z, () d (E) = 21227 (B)7 dE — (8)
Here E <E .Since E , is the maximum energy state in VB. Hence equation (8) becomes
Z,(E)d (B) =% L] (B, — E)2 dE — (9)
Substituting equations (7) & (9) in equation (5) we get

8mp

1 E-EF

p= [ ST (By — B)re o dE
- 8m 1 E— EF
p=> p f (Ey —E)ze 8T dE —(10)

Let e = EV —F
de = —dE { Eyis constant} . The limits are e= cotoe =0

Hence equation (10) can be written as
% (Ev—E)—EF
T 8mp 3 .0 1
p=2[=2 f,_, ()ze T de
gms 3 (Ey—EF)

1 &
p=7[1re KT [ ()2 efsTde — (11)

0 1 == 3
In equation (11) But [ (¢)z e¥s7de = 7” (kgT)2 — (12)
Substituting (12) in (11) we get
3 (EV EF) \/
p=-[7lze © _(kBT)Z

1 8mmyKpT 3 M

=i e
3 (Ey—Ef)

T] 2e KBT

8mp

_ § [Zﬂm;KB
4 h?
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—(EF—Ey)

3
p 2[27Tm KBT] 7e KT _)(13)
{Here Ny = Z[M]z}
—(Er—Ey)

p=Nye KpT

Fermi energy level in intrinsic semiconductor
At temperature T k , the electron concentration ‘n’ is equal to hole concentration ‘p’ in intrinsic
semiconductor.

i.e. n=p
2mm KT, —(Ec—EF) 2nm KT, 3 —(Ep—Ey)
z[mnh—zB] e KT = z[h—z] e KpT
On simplifying we get
3 —(Ec-EFp) 3 —(Ep—Ey)
(mZ)Ee KpT = (m;)ie KpT
—(Ec—EF) 3
e KT (my)2
—(Ep—Ey) 3
e KgT (mZ)Z
Ec+Ep+Ep—Ey m* .3
KpT = P12
e 2]
26p _(Ec=Ey) + 3
ekpT KT :[_’:]E
me
Taking logarithms on both sides we get
2E E—E 3. m}
K I;_( IC( TV)z_ln[_p]
B B
2Bp _ (Ec—Ey) | l [m_;]
KBT KBT 2 m;
Ec+E 3 m;,
Ep= S 2K Tin[S 2] {ALT > 0K}
Ec+E
LetT=0K Ep= (CZ—V)

This means Eg lies in the middle between (E &E},) of the energy gap ‘E ¢’

As the temperature increases the electrons move from VB to CB. Also the Fermi level slightly
(Ec+Ey) my

rises upwards towards CB. Hence Ep = ] It is shown in the figure 6

below.
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(a) Fermi level Er at T = 0K (b) Upward shift of EF near Ec at T> 0k
Intrinsic carrier concentration (n;)

Definition: The no. of free electrons and holes per unit volume of the intrinsic semiconductor is
called intrinsic carrier concentration (n ;) remains constant.

i.e. n=p=n;
np = (ni (nj

=(n p)1—> (1)
n; = (mp)2—(2)
Consider equation (1) nf =(np)

—(Ec—EF) —(Ep—Ey)

_ 2[2nm KBT]23€ KCBT y 2[21rmh2K3T]3e_ KFBTV

3 _EC+EF_EF+EV
:4[27TKBT] (memp)ze KgT

3 3 —fg
2mKpT . : -
n? = 4[”}1—23] (mymy)2e¥s” {Since E; — Ey = Eg}

2nKpT]z 3 Lo
2[ ] (mgmy, )se? 67

Ifm = my;=m", the above equation becomes

P~
3 ~Eg
n — Z[ZHKBT (m )ZQZKBT
2mm*KgT > o
— o|stm 8812 SKkpT
n;, = 2[ W2 ] e“tB
2rm*KpT]2
Let 2[ o B]
3 Lo
Then n; = C[T]ze?¥sT

Extrinsic (or) Impure semiconductor

Introduction: The conductivity of an intrinsic semiconductor can be increased by adding small
amounts of impurity atoms, such as 11 ™ or V" ., atoms. The conductivity of silica is increased
by 1000 times on adding 10 parts of boron per million part of silicon. The process of adding
impurities is called doping and the impurity added is called dopant.
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N — Type semiconductor
In a pure (intrinsic) semiconductor, when pentavalent an impurity like Phosphorous atom
consisting of five valance electrons is doped, and then concentration of electrons increases than
holes. Hence the given semiconductor formed is called N — type semiconductor. This is shown in
the figure 7a below. By adding donor impurities, the free electrons generated or donated, form an
energy level called as “Donor energy level” i.e. Ep is shown in the figure below.
1ULLHIHINN
NN \El‘ppdyct:pn panu AR
£ NN
@ Free electron ) N ?
(.) 0/ = e -.-! f‘Df:;:::pr levels
@@@@@ Eig occupied
® T=0K |

Y
JIBHNS
SN AN :.\\\\\§\ \

N N
\\\Jalence band AN
. . _.}\\:3\'\%}
%\ TNy

(b)
(a) Representation of n- type silicon at T = OK (b) Energy band diagram at T = 0K

/

In the figure (b) Ef is Fermi energy level is in between Ec & Ep at T = OK.
Hence Ef = E*E0  The donor level‘Ep’ is near to Ef consisting of free electrons. But CB is
empty.

Variation of Fermi level Er with respect to temperature in N -type

As temperature increases the electrons in the Donor level 'Ej, 'moves into CB leaving holes. Also
The Fermi level slightly shifts upwards towards CB. If further increase of temperature is done,
the hole concentration also increases with respect to electron concentration. Hence it reaches
again the concentration of n = p i.e. an intrinsic semiconductor. At lasts the Fermi level drops in
the middle of the energy gap (or) Forbidden band gap, indicating a pure semiconductor that is
towards ‘E;’. This happens only for very high temperatures as shown in the figure 8 below.
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Fig.8 Variation of Fermi level wrt temperature in n- type semiconductor

Donor level lonised (a)

Variation of Eg with respect to donor concentration
As the donor concentration increases the Fermi level decreases (lowers) as in case of intrinsic
semiconductor ‘E;. This is shown in the figure below

EC
EI
E, _\
S Ny = 1024/m?
£ Ny = 102Y/m?
T (Y SEELTRN, L ETR .
E
. —> T 500K

Variation of Fermi level with temperature for different donor concentrations in an n-type semiconductor

Carrier concentration in N — type semiconductor & Density of electrons in CB
Let Np is the donor concentration (no. of donor atoms per unit volume). Let it be written as

Or written as = Npexp [M]

—(Ep-Ep)
=Npe KT —(1)
The density of electrons in CB in pure semiconductor is given by

2emiKgT 3 —EcFF)
= 2[R

]2 e KT  —(2)
At very low temperatures the no. of electrons in CB must be equal to the no. of donor atoms per
unit volume. Hence equating equations (1) & (2) we get
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—(Ec-EF) —(EF—Ep)

2mmyKgT

KpT - KpT
PRl Jre ks = Npe ks
—(Ec+EF)
e KpT Np
—EF+ED) T 2mm iKpT. S
i 2Ty
—Ec+EpEp_Ep ND
KpT -  ~c
€ 2mm KT S
22Ty
2Ep—(Ec+Ep) N
_ D
e KpT - * 3
2mm o KpT >
plEELE,

Taking logarithms on both sides we get

2Ep—(Ec+Ep) _ o Np
T —log-..[W]
h
- Np
ZEF—(EC + ED) = KBTIOg'[ 2mm KpT i]
L
B = S5+ S log ] (AT T-0K = (3)

L2

Case I: At T=0K
Ep = @ . That is Ef lies betweenE &E),

Case II: At T>0K. As temperature increases the Fermi level slightly shifts upwards towards CB,

hence Ep = Eectio) 4 KBT £ log: [~—3]
2 2nm GKpT =
2[—5=12

h

Density of electrons in CB in extrinsic semiconductor:
Here consider equation (2). That is
2nmiKpT 3 —Ec=Fr)

= [T]z e KgT
OR
ZﬂmeKBT 3 (EF_EC)
= Ayl T
Substitute the value of Er from equation (3) in equation (2), it beCOMES 1 (gytrinsicn —type)
2nmKpT 2[—hz—12
N(ExtrinsicN —type) — =2 [h—]z expt { KpT }
On simplifying
We know that exp (a + b) = exp (a) x exp (b)
Also exp (log x) =x
1
2emiKgT 3 Ep—E Np)Z
= 7 nmh2 B |z exp [( 2DK Tc) z(mf)l( —
5T 1N ekalyy
1 an*KBT 3 (EC ED)
N(ExtrinsicN —type) — (ZND)Z [h—ez]4 exp T]
B

OR

33




1 2mm; KBT 3 ~Ec~Ep)
n(ExtrinsicN —type) — (ZND)2 [ KT

P- type semiconductor

P — Type semiconductor is formed by doping with trivalent impurity atoms (acceptor) like 111 ™
group atoms i.e. Aluminum, Gallium, and Indium etc to a pure semiconductor like Ge or Si. As
the acceptor trivalent atoms has only three valance electrons & Germanium , Silicon has four
valence electrons; holes or vacancy is created for each acceptor dopant atom. Hence holes are
majority and electrons are minority. It is shown in the figure a below. Also an acceptor energy
level ‘Ep’ is formed near VB consisting of holes, as shown in the figure below.

Conduction band

Ec
Hol
() °/’Ele?:t?on from 1
@B O & oo
(:) band L

£ 8 8.8 8
E *
\\ Valence band
(a) A\ \\\\\

(a) Representation of p- type silicon at T = 0K (b) Energy band diagram at T =0K

/
//Ab

As temperature increases (T>0K) the electrons in VB which are in covalent bonds break the
bonds become free and move from VB to acceptor energy level E a

Variation of Fermi level Er with respect to temperature in P- type semiconductor

As temperature increases the Fermi level Eg slightly drops towards VB. For further increase of
high temperatures the electron concentration also increases with respect to hole concentration.
Hence a condition is reached such that ‘n = p’ i.e. it becomes an intrinsic or pure semiconductor.
Hence the Fermi level increases and reaches to intrinsic level E;j as in case of pure
semiconductor. This is shown in the figure below
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Variation of Fermi level wrt temperature in p- type

Variation of Fermi level with respect to acceptor concentration:

Also as the acceptor concentration increases we find that Fermi level Er reaches (increases)
towards intrinsic level E;as in case of pure or intrinsic semiconductor. This is shown in the figure
below.

N, = 102/m?3
N, = 10%4/m3

— T

Variation of Fermi level with temperature for different acceptor concentrations in a p-type

Carrier concentration of P- type semiconductor & Density of holes in VB
Let N 4 is the acceptor concentration (no. of acceptor atoms per unit volume). Let it be written as

= Nyexp [o]

Or written as
(Ep—E4)
=Nge BT — (1)
The density of holes in VB in pure semiconductor is given by
2em KT 3 —EEEV)
= 2[;3] e KsT  —(2)
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At very low temperatures the no. of holes in VB must be equal to the no. of acceptor atoms per
unit volume. Hence equating equations (1) & (2) we get

, (=Ep+Ey) (EF—Ex)
2mmyKpT 3 =202 SECAD
2[——7—1ze KBT =Nye T
(EF+Ey)
e KT Ny
Er—Ep T KT 3
. QBTA ) anhPKBT]Z
_EF+EV_EF+EA
e el =3 A{‘AK T 3
mm =
2[— 51
—ZEF+(EV+EA) N
e KpT = *A 5
2mm pKpT 3
2[5 2
Taking logarithms on both sides we get
—2Ep+(Ev+Ea) T A
_ " & = H——
KgT logi¥ 2mm pKgT 3]
2 ]2
2Ep+(Ey + E KgTlogt——— N
— — 7o
rt+(Ey + Eq) = KpTlogs 2em KT 3]
2[—5—2
(Ey+Es)  KpT N "
|4 A B bl oy} A
= — e —_—
Er - > logl py—— 7] {At T>0K} — (3)
2 P
Case I: At T=0K

Er = (EVZLA) .That is Eg lies betweenE}, &E 4
Case II: At T>0K. As temperature increases the Fermi level slightly drops towards VB, hence

(Ev +E4) KgT . Ny
Er = 2 2 log:p 2nm KpT 5]
[

Density of electrons in CB in extrinsic semiconductor
Here consider equation (2). That is
2nmy KT 3 —Er—fy)

= Z[T]ze KpT
OR
2rmp KT 3 CEe*Ev)
= Z[T]ze KpT

Substitute the value of Er from equation (3) in equation (2), it beCOMeS N gytrinsice —type )

_(EV+EA),KBT| o N4
[+ logl 2nm KT 3l+Ey
_ op2mmpKpT 3 Az
n(ExtrinsicP —type) — 2[ K2 ]2 eXpifEJ KpT }

On simplifying
We know that exp (a + b) = exp (a) x exp (b)
Also exp (log x) = x

1
2nm;;1<BT]ZE [(EV—EA) (N4)Z )

=2 h2 2kpT 1%

1[2ﬂm;KBT 3
22—

36
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Energy band diagrams of (a) Intrinsic semiconductor (b) N- type & (c) P- type semiconductors

Hall Effect

Determination of Hall coefficient Ry, Hall voltage V& Applications of Hall Effect
Definition:

If a piece of semiconductor carrying a current ‘I’ is placed in a transverse or perpendicular
magnetic field, then an Electric field ‘Ey’ is generated in perpendicular to both ‘I’ and ‘B’.
Hence production of Hall electric field ‘Ey’ and generation of Hall voltage Vi by applying
current ‘I’ & ‘B’ in perpendicular directions is called Hall Effect.

Derivation of Ry Vy, &ER:

Assume an N — type semiconductor. Let ‘I’ be the current passed along X- axis. Let ‘B’ the
magnetic field applied along ‘Z’ axis. Due to current ‘I’, due to the flow of electrons, the force
acting on electrons is in opposite direction to the direction of conventional current.

Due to the magnetic field ‘B’ there is a down ward force act on each electron given by Bev.
This makes the electrons deviated in a down ward direction along Z — axis. This causes a
negative charge to accumulate on the bottom face.

Hence Fg - Bev
Where ‘e’ = charge of electron, v = velocity of electron

Face 2 B
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A semiconductor applied to current and magnetic field perpendicularly in Hall Effect

A potential difference is formed from top to bottom of the specimen. The potential difference
causes a field Ey to flow along negative Y- axis. Due to Ey along negative Y- direction a force of
eEn acts in upward direction along positive Y- axis.

Hence Fe=eEq

Under equilibrium condition

Upward force due to Ey = Downward force due to B.

FB = FE
e En=Bev
V=t (1)
If J is the current density then J = nev
-1
e —(2)
Equating (1) & (2) we get ?H = r{—e
Ey= B
"
En :[E] BJ
Let Hall coefficient Ry = ;—el for electrons
Ry = L forholes
pe
Hence En=RuBJ—(4)
Ru= 2t —(5)

Where n= electron density, P = hole density, Ey = Hall electric field, Ry = Hall coefficient
B = magnetic field, J = current density

Experimental determination of Ry
Consider equation (5)

RH = EB—H]
Let V4 is the Hall voltage across the sample of thickness‘t’
Generally V = Ed
In Hall effect Vu=Enxt

En =2 —(6)

If ‘b’ is the width of the sample semiconductor, Area ‘A’, thickness‘t’
Area = breadth x thickness

A=bxt
We know that current density  J = %
)
Substituting equations (6) & (7) in (5) we get
- [VTPI’]
B[;;
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Hall coefficient Ry = V;':;b — (8)

Where Vy = Hall voltage, b = breadth of a semiconductor, B = magnetic field
| = current due to flow of electron
Vi ==L (9)
Applications of Hall Effect
1. For determination of type of given semiconductor.
For N-type, Hall coefficient Ry = negative; For P-type, Hall coefficient Ry = Positive

. . : . 1
2. To determine carrier concentration ‘n” and ‘p’ ; thatis n =p= P
HE

3. Determination of mobility of charge carriers (u)
o =neu
1
U= [E] 0 = Ryo
U= [VBLIb]O' . Where o = electrical conductivity

4. For measurement of magnetic flux density ‘B’ & Hall voltage.
5. To determine the sign of charge carriers, whether the conductivity is due to electrons or
holes.
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MODULE-III
LASERS AND FIBER OPTICS

Introduction

LASER stands for light amplification by stimulated emission of radiation. It is different
from conventional light (such as tube light or electric bulb), there is no coordination among
different atoms emitting radiation. Laser is a device that emits light (electromagnetic radiation)
through a process is called stimulated emission.

Spontaneous and stimulated emission
In lasers, the interaction between matter and light is of three different types. They are:
absorption, spontaneous emission and stimulates emission. Let E; and E, be ground and
excited states of an atom. The dot represents an atom. Transition between these states
involves absorption and emission of a photon of energy E»-E;=hvi,. Where ‘h’ is Planck’s
constant.

(a) Absorption: As shown in fig8.1(a), if a photon of energy hviy(E»-E;) collides with an
atom present in the ground state of energy E; then the atom completely absorbs the
incident photon and makes transition to excited state E,.

(b) Spontaneous emission: As shown in fig8. 1. (b), an atom initially present in the excited
state makes transition voluntarily on its own. Without any aid of external stimulus or an
agency to the ground. State and emits a photon of energy hvi, (=E»-Ej).this is called
spontaneous emission. These are incoherent.

(c) Stimulated emission: As shown in fig8.1.(c), a photon having energy hvi,(Es-
E,)impinges on an atom present in the excited state and the atom is stimulated to make
transition to the ground state and gives off a photon of energy hvi,. The emitted photon is
in phase with the incident photon. These are coherent. This type of emission is known as
stimulated emission.

Before After
Atom _
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== on
— 2
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NS N of energy vy
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E, [] - E.
Emitted photon
SN NS N ST S —— of energy hvyp
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Fig.2.1 (a) Absorption ;(b) Spontaneous emission;(c) Stimulated emission

Differences between Spontaneous emission and stimulated emission of
radiation

Spontaneous emission Stimulated emission

1. Polychromatic radiation 1. Monochromatic radiation

2. Less intensity 2. High intensity

3. Less directionality, more angular 3. High directionality, so less angular
spread during propagation spread during propagation.

4. Spatially and temporally in 4. Specially and temporally coherent
coherent radiation radiation.

5. Spontaneous emission takes place 5. Stimulated emission takes place
when excited atoms make a when a photon of energy equal to
transition to lower energy level h vi2(=E,-Ej)stimulates an excited
voluntarily without any external atom to make transition to lower
stimulation. energy level.

Characteristics of Laser Light

(i).Coherence: Coherence is one of the unique properties of laser light. It arises from the
stimulated emission process. Since a common stimulus triggers the emission events which
provide the amplified light, the emitted photons are in step and have a definite phase relation to
each other. This coherence is described in terms of temporal and spatial coherence.

(if). Monochromaticity: A laser beam is more or less in single wave length. I.e. the line width
of laser beams is extremely narrow. The wavelengths spread of conventional light sources is
usually 1 in 10°, where as in case of laser light it will be 1 in 10°.1.e. if the frequency of radiation
is 10"Hz., then the width of line will be 1 Hz. So, laser radiation is said to be highly
monochromatic. The degree of non-monochromaticity has been expressed as

& =(dA/A) =dv/v, where dA or dv is the variation in wavelength or variation in
frequency of radiation.
(iii) Directionality: Laser beam is highly directional because laser emits light only in one
direction. It can travel very long distances without divergence. The directionality of a laser beam
has been expressed in terms of divergence. Suppose r; and r, are the radii of laser beam at
distances D; and D, from a laser, and then we have.
Then the divergence, Ab6= (11 - 12)/ D,-Dy
The divergence for a laser beam is 0.0lmille radian where as incase of search light it is
0.5radian.
(iv) High intensity: In a laser beam lot of energy is concentrated in a small region. This
concentration of energy exists both spatially and spectrally, hence there is enormous intensity for
laser beam. The power range of laser is about 10w for gas laser and is about 10° w for pulsed
solid state laser and the diameter of the laser beam is about 1 mm. then the number of photons
coming out from a laser per second per unit area is given by

N=P/ hvnrzz1022t01034é)h0t0ns/m'2-sec

By assuming hv=10"° Joule, Power P=10to10°watt r=0.5x10"meter
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Based on Planck’s black body radiation, the number of photons emitted per second per unit area
by a body with temperature T is given by

Nin= (2hnC/ 3% (1/e'hv/kT-1) dA=10"photons/m?.sec

By assuming T=1000k, A=6000A"

This comparison shows that laser is a highly intensive beam.

Population inversion
Usually in a system the number of atoms (N;) present in the ground state (E;) is larger than the
number of atoms Ny) present in the higher energy state. The process of making N,>N; called
population inversion. Conditions for population inversion are:
a) The system should posses at least a pair of energy levels (E>>E;), separated by an energy
of equal to the energy of a photon (hv).
b) There should be a continuous supply of energy to the system such that the atoms must be
raised continuously to the excited state.

Population inversion can be achieved by a number of ways. Some of them are (i) optical
pumping (ii) electrical discharge (iii) inelastic collision of atoms (iv) chemical reaction and
(v) direct conversion

Helium-Neon gas laser

Helium-Neon gas laser is a continuous four level gas laser. It consists of a long, narrow
cylindrical tube made up of fused quartz. The diameter of the tube will vary from 2 to 8 mm and
length will vary from 10 to 100 cm. The tube is filled with helium and neon gases in the ratio of
10:1. The partial pressure of helium gas is Imm of Hg and neon gas is 0.1mm of Hg so that the
pressure of the mixture of gases inside the tube is nearly 1 mm of Hg.

Laser action is due to the neon atoms. Helium is used for selective pumping of neon
atoms to upper energy levels. Two electrodes are fixed near the ends of the tube to pass electric
discharge through the gas. Two optically plane mirrors are fixed at the two ends of the tube at
Brewster angle normal to its axis. One of the mirrors is fully silvered so that nearly
100%reflection takes place and the other is partially silvered so that 1%of the light incident on it
will be transmitted. Optical resources column is formed between these mirrors.

i<—- Electrodes ———I
¢; -

He-Ne gas I
/ Polarized
\ laser beam
Brewster

Fully silvered windows Partial!y
mirror silvered mirror

Fig.2.3 Helium-Neon gas laser
Working
When a discharge is passed through the gaseous mixture, electrons are accelerated down
the tube. These accelerated electrons collide with the helium atoms and excite them to higher
energy levels. The different energy levels of Helium atoms and Neon atoms is shown in
fig.2.3 the helium atoms are excited to the levels F, and F3 these levels happen to be meta
stable energy states.
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Energy levels and hence Helium atoms exited levels spend sufficiently large amount of
time before getting de excited. As shown in the fig 2.5(a), some of the excited states of neon
can correspond approximately to the same energy of excited levels F, and Fs. Thus, when
Helium atoms in level F, and F3 collide with Neon atoms in the ground level E;, an energy
exchange takes place. This results in the excitation of Neon atoms to the levels E4 and Egand
de excitation of Helium atoms to the ground level (F;). Because of long life times of the
atoms in levels F, and F3, this process of energy transfer has a high probability. Thus the
discharge through the gas mixture continuously populates the neon atoms in the excited
energy levels E4 and Eg. This helps to create a state of population inversion between the
levels E4 (Es) to the lower energy level (Es and Es). The various transitions Ec—Es, E4—Ej,
Es—E3 leads to the emission of wave lengths 3.39mm, 1.15 um and 6328 A°. Specific
frequency selection may be obtained by employing mirrors

The excited Neon atoms drop down from the level E; to the E; by spontaneously emitting
a photon around wavelength 6000A°. The pressures of the two gases in the mixture are so
chosen that there is an effective transfer of energy from the Helium to the Neon atoms. Since
the level E; is a meta stable state, there is a finite probability of the excitation of Neon, atoms
from E; to E3 leading to population inversion, when a narrow tube is used, the neon atoms in
the level E; collide with the walls of the tube and get excited to the level E;. The transition
from Es to E3 may be non radioactive. The typical power outputs of He-Ne laser lie between
1 and 50 mw of continuous wave for inputs of 5-10W.

__—w Through atomic collisions
3

3.39um

Non radiative
transition

Energy

Excitation
Spontaneous emission
A = 6000A°

De-excitation

by collisions

He Ne

Fig.2.4. Energy level diagram of He-Ne atoms.

Ruby Laser

Ruby Laser is a solid state pulsed, three level lasers. It consists of a cylindrical shaped

ruby crystal rod of length varying from 2 to 20cms and diameter varying 0.1 to 2cms. This end
faces of the rod are highly flat and parallel. One of the faces is highly silvered and the other face
is partially silvered so that it transmits 10 to 25% of incident light and reflects the rest so as to
make the rod-resonant cavity. Basically, ruby crystal is aluminum oxide [Al ;03] doped with
0.05 to 0.5% of chromium atom. These chromium atoms serve as activators. Due to presence of
0.05% of chromium, the ruby crystal appears in pink color. The ruby crystal is placed along the
axis of a helical xenon or krypton flash lamp of high intensity.
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Laser beam

Highly
silverred
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Fig.2.5 Ruby laser

Energy bands
*F, | ==
Pumping 3 e Metastable
radiations E N doublet energy levels
A 6943 A
4000 A 6929 A Stimulated
Ground state transitions

Fig.2.6 Energy level diagram of chromium ions in a ruby crystal
Construction:

Ruby (Al,O3+Cr,05) is a crystal of Aluminum oxide in which some of Al** ions are
replaced by Cr *®ions. When the doping concentration of Cr** is about 0.05%, the color of
the rod becomes pink. The active medium in ruby rod is Cr*3ions. In ruby laser a rod of 4cm
long and 5mm diameter is used and the ends of the rod are highly polished. Both ends are
silvered such that one end is fully reflecting and the other end is partially reflecting.

The ruby rod is surrounded by helical xenon flash lamp tube which provides the optical
pumping to raise the Chromium ions to upper energy level (rather energy band). The xenon
flash lamp tube which emits intense pulses lasts only few milliseconds and the tube
consumes several thousands of joules of energy. Only a part of this energy is used in
pumping Chromium ions while the rest goes as heat to the apparatus which should be cooled
with cooling arrangements as shown in fig.2.5. The energy level diagram of ruby laser is
shown in fig.2.6.
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Working:

Ruby crystal is made up of aluminum oxide as host lattice with small percentage of
Chromium ions replacing aluminum ions in the crystal chromium acts as do pant. A do pant
actually produces lasing action while the host material sustains this action. The pumping
source for ruby material is xenon flash lamp which will be operated by some external power
supply. Chromium ions will respond to this flash light having wavelength of 5600A°. When
the Cr *%ions are excited to energy level Es from E; the population in E; increases. Chromium
ions stay here for a very short time of the order of 10-8 seconds then they drop to the level E;
which is mat stable state of life time 10s. Here the level Egis rather a band, which helps the
pumping to be more effective. The transitions from EstoE, are non-radioactive in nature.
During this process heat is given to crystal lattice. Hence cooling the rod is an essential
feature in this method. The life time in mete stable state is 10 °times greater than the lifetime
in E3. As the life of the state E, is much longer, the number of ions in this state goes on
increasing while ions. In this state goes on increasing while in the ground state (E;)goes on
decreasing. By this process population inversion is achieved between the exited Meta stable
state E; and the ground state E;. When an excited ion passes spontaneously from the
metastable state E; to the ground state E;, it emits a photon of wave length 6943A°. This
photon travels through the rod and if it is moving parallel to the axis of the crystal, is
reflected back and forth by the silvered ends until it stimulates an excited ion in E, and
causes it to emit fresh photon in phase with the earlier photon. This stimulated transition
triggers the laser transition. This process is repeated again and again because the photons
repeatedly move along the crystal being reflected from its ends. The photons thus get
multiplied. When the photon beam becomes sufficiently intense, part of it emerges through
the partially silvered end of the crystal.

Drawbacks of ruby laser:
1. The laser requires high pumping power to achieve population inversion.
2. Itis a pulsed laser.

A

. Fig.2.7 the output pulses with time.

Applications of Lasers

Lasers find applications in various fields. They are described below:

a) In Communications :
Lasers are used in optical fiber communications. In optical fiber communications, lasers are
used as light source to transmit audio, video signals and data to long distances without
attention and distortion.
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b) The narrow angular spread of laser beam can be used for communication between earth and
moon or to satellites.

c) As laser radiation is not absorbed by water, so laser beam can be used in under water (inside
sea) communication networks.

2. Industrial Applications

a) Lasers are used in metal cutting, welding, surface treatment and hole drilling. Using lasers
cutting can be obtained to any desired shape and the curved surface is very smooth.

b) Welding has been carried by using laser beam.

c) Dissimilar metals can be welded and micro welding is done with great case.

d) Lasers beam is used in selective heat treatment for tempering the desired parts in
automobile industry

e) Lasers are widely used in electronic industry in trimming the components of ICs

3. Medical Applications

1. Lasers are used in medicine to improve precision work like surgery. Brain surgery is an
example of precision surgery Birthmarks, warts and discoloring of the skin can easily be
removed with an unfocussed laser. The operations are quick and heal quickly and, best of all,
they are less painful than ordinary surgery performed with a scalpel.

2. Cosmetic surgery (removing tattoos, scars, stretch marks, sunspots, wrinkles, birthmarks and
hairs) lasers hair removal.

3.Laser types used in dermatology include ruby(694nm),alexandrite(755nm),pulsed diode
array(810nm), Nd:YAG (1064nm), HO:YAG(2090nm), and Er:YAG (2940nm)

4. Eye surgery and refracting surgery.

5. Soft tissue surgery: Co, Er:YAG laser.

6. Laser scalpel (general surgery, gynecological, urology, laparoscopic).

7. Dental procedures.

8. Photo bio modulation (i.e. laser therapy)

9. “No-touch” removal of tumors, especially of the brain and spinal cord.

10. In dentistry for caries removal, endodontic/periodontic, procedures, tooth whitening, and
oral surgery.

4. Military Applications
The various military applications are:

a) Death rays: By focusing high energetic laser beam for few seconds to aircraft, missile, etc
can be destroyed. So, these rays are called death rays or war weapons.

b) Laser gun: The vital part of energy body can be evaporated at short range by focusing
highly convergent beam from a laser gun.

c) LIDAR (Light detecting and ranging): In place of RADAR, we can use LIDAR to
estimate the size and shape of distant objects or war weapons. The differences between
RADAR and LIDAR are that, in case of RADAR, Radio waves are used where as incase of
LIDAR light is used.

5. In Computers: By using lasers a large amount of information or data can be stored in CD-
ROM or their storage capacity can be increased. Lasers are also used in computer printers.
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6. In Thermonuclear fusion: To initiate nuclear fusion reaction, very high temperature and
pressure is required. This can be created by concentrating large amount of laser energy in a small
volume. In the fusion of deuterium and tritium, irradiation with a high energy laser beam pulse
of 1 nano second duration develops a temperature of 10*°, this temperature is sufficient to
initiate nuclear fusion reaction.

7. In Scientific Research: In scientific, lasers are used in many ways including

a) A wide variety of interferometric techniques.

b) Raman spectroscopy.

c) Laser induced breakdown spectroscopy.

d) Atmospheric remote sensing.

e) Investigating non linear optics phenomena

f) Holographic techniques employing lasers also contribute to a number of measurement
techniques.

g) Laser (LADAR) technology has application in geology, seismology, remote sensing and
atmospheric physics.

h) Lasers have been used abroad spacecraft.

i) In astronomy lasers have been used to create artificial laser guide stars, used as reference
objects for adaptive optics telescope.

FIBER OPTICS

Introduction
1. An optical fiber (or fiber) is a glass or plastic fiber that carries light along its length.
2. Fiber optics is the overlap of applied science and engineering concerned with the design and
application of optical fibers.
3. Optical fibers are widely used in fiber-optic communications, which permits transmission over
long distances and at higher band widths (data rates) than other forms of communications.
4. Specially designed fibers are used for a variety of other applications, including sensors and
fiber lasers. Fiber optics, though used extensively in the modern world, is a fairly simple and old
technology.
Principle of Optical Fiber
Optical fiber is a cylinder of transparent dielectric medium and designed to guide visible
and infrared light over long distances. Optical fibers work on the principle of total internal
reflection.
Optical fiber is very thin and flexible medium having a cylindrical shape consisting of three
sections
1) The core material

2) The cladding material
3) The outer jacket

The structure of an optical is shown in figure. The fiber has a core surrounded by a cladding
material whose reflective index is slightly less than that of the core material to satisfy the
condition for total internal reflection. To protect the fiber material and also to give mechanical
support there is a protective cover called outer jacket. In order to avoid damages there will be
some cushion between cladding protective cover.
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Protective jacket

Core material

%

Fig. 12.1 Structure of an optical fiber

Fig..Structure of an optical fiber

When a ray of light passes from an optically denser medium into an optically rarer
medium the refracted ray bends away from the normal. When the angle of incidence is increased
angle of refraction also increases and a stage is reached when the refracted ray just grazes the
surface of separation of core and cladding. At this position the angle of refraction is 90 degrees.
This angle of incidence in the denser medium is called the critical angle (0c) of the denser
medium with respect to the rarer medium and is shown in the fig. If the angle of incidence is
further increased then light gets totally reflected. This is called total internal reflection. Let the
reflective indices of core and cladding materials be n; and n; respectively.

Normal Normal

Y

Normal

“ "
//fﬁ\

-0
Fig. Total internal reflection.

When a light ray travels from an optically denser medium into an optically rarer medium
is incident at angle greater than the critical angle for the two media. The ray is totally reflected
back into the medium by obeying the loss of reflection. This phenomenon is known as totally
internal reflection.

According to law of refraction,

nq Sil’lelz no Sil’lez
Here 0,=06¢, 62=90
n 1 sinfc=n, sin 90
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Sinfc = =2
oc = sin'l(Z—j) —(1)

Equation (1) is the expression for condition for total internal reflection. In case of total
internal reflection, there is absolutely no absorption of light energy at the reflecting surface.
Since the entire incident light energy is returned along the reflected light it is called total internal
reflection. As there is no loss of light energy during reflection, hence optical fibers are designed
to guide light wave over very long distances.

Acceptance Angle and Acceptance Cone

Acceptance angle: It is the angle at which we have to launch the beam at its end to enable the
entire light to propagate through the core. Fig.8.12 shows longitudinal cross section of the launch
of a fiber with a ray entering it. The light is entered from a medium of refractive index nq (for air
no=1) into the core of refractive index n;. The ray (OA) enters with an angle of incidence to the
fiber end face i.e. the incident ray makes angle with the fiber axis which is nothing but the
normal to the end face of the core. Let a right ray OA enters the fiber at an angle to the axis of
the fiber. The end at which light enter the fiber is called the launching pad.
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Fig. Path of atypical light ray launched into fiber.

Let the refractive index of the core be n; and the refractive index of cladding be n,. Here n;>n;.
The light ray reflects at an angle and strikes the core cladding interface at angle 6. If the angle 6
is greater than its critical angle Oc, the light ray undergoes total internal reflection at the
interface.
According to Snell’s law

Nosinai=nN;sino,— (2)
From the right angled triangle ABC

o +0=90°

«=90° -0 — (3)

Substituting (3) in (2), we get
Nosinad =nssin (90° —6) = nycos O
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sinui:(:—l) cos 0 —(4)
0
When 6= 0c¢, 0= oy=maximum o value
sinam=(;£) cos 0.—(5)
0
ny

From equation (1) Sinfc = —=

ni

cos 0.=V1 — sin?0c :\/1 - (Z—Z)Z :M —(6)
1

2
ni

Substitute equation (6) in equation (5)

2_,.2 2_,.2
;i)\/m ny - \/Tl1 ny _)(7)
0 ni no

sinom=(

If the medium surrounding fiber is air, then ny=1

sinom=y/n12% — ny? —(8)

This maximum angle is called the acceptance angle or the acceptance cone half angle of the
fiber.

The acceptance angle may be defined as the maximum angle that a light ray can have with the
axis of the fiber and propagate through the fiber. Rotating the acceptance angle about the fiber
axis (fig.) describes the acceptance cone of the fiber. Light launched at the fiber end within this
acceptance cone alone will be accepted and propagated to the other end of the fiber by total
internal reflection. Larger acceptance angles make launching easier. Light gathering capacity of
the fiber is expressed in terms of maximum acceptance angle and is termed as “Numerical
Aperture”.
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Acceptance cone . \"“Cladding n,
Fig. Acceptance cone
Numerical Aperture
Numerical Aperture of a fiber is measure of its light gathering power. The numerical
aperture (NA) is defined as the sign of the maximum acceptance angle.

Numerical aperture (NA)= sinam =/n;2 — n,? —(9)

=J(n1 — np) (ng + np)
= ((ny + nz) ny4) — (10)
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Where A = (nln;’”)called as fractional differences in refractive indices n and n,are the

1
refractive indices of core and cladding material respectively.
AS ni= ny, We can take ny+ np= 2n,
Then numerical aperture= (2n;°A) ¥2= n; (24) Y2 (11)
Numerical aperture is a measure of amount of light that can be accepted by a fiber. From
equation (9) it is seen that numerical aperture depends only on the refractive indices of core and
cladding materials and it is independent on the fiber dimensions. Its value ranges from 0.1 to 0.5.
A large NA means that the fiber will accept large amount of light from the source.
Proof:
We shall show that the light emitted by a small defuse source situated on the fiber axis near to
one end face, only a fractionNA? can be collected by the fiber and propagated along the fiber.
Consider a small defuse light source such as the isotropic radiator in which the power radiated
per unit solid angle in a direction 0 to the normal to the surface

::\.\ | / "“‘Q.
is given by ' :
Fig. Diffuse light source
1(0) =IpCos 6— (12)
The total power ¢g emitted such source is obtained by integrating I (0) over all forward directions

@ = J,"* Iy Cosbd 0  (13)
Where dQ=small element of solid angle=2xSin6 do — (14)
@o=[3"* Iy CosB2rSinG d 6

[}/ 1y Sin20d6=nlo— (15)
But the power from such source that can be collected by an adjacent fiber whose core diameter
is greater than the diameter of the source is given by ¢, where

®=" I, CosB2IISin6 do

=I110sinZ2am

(@ /go)= (sinam) >= (NA) >=2n,°A — (16)

Where A= %
Equation (16) represents the light gathering power of the fiber. In order to collect as much light
as possible it is necessary to make n; and A large.
In some cases it is customary to use An which can be defined as An = nj- n,
But A= 11200

" (&l)l/q)o)= (sinam)?=(NA)*=2n;An—(17)
NA= (2n1An) — (18)
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Step index fibers and graded index fiber -transmission of signals in them:

Based on the variation of refractive index of core, optical fibers are divided into: (1) step index
and (2) graded index fibers. Again based on the mode of propagation, all these fibers are divided
into: (1) single mode and (2) multimode fibers. In all optical fibers, the refractive index of
cladding material is uniform. Now, we will see the construction, refractive index of core and
cladding with radial distance of fiber, ray propagation and applications of above optical fibers.

i.  Step index fiber: The refractive index is uniform throughout the core of this fiber. As
we go radially in this fiber, the refractive index undergoes a step change at the core-
cladding interface. Based on the mode of propagation of light rays, step index fibers are
of 2 types: a) single mode step index fiber & b) multimode step index fibers. Mode
means, the number of paths available for light propagation of fiber. We describes the
different types of fiber below

a) Single mode step index fiber: The core diameter of this fiber is about 8 to
10pm and outer diameter of cladding is 60 to 70 um. There is only one path for ray
propagation. So, it is called single mode fiber. The cross sectional view, refractive
index profile and ray propagation are shown in fig. (i). In this fiber, the
transmission of light is by successive total internal reflections i.e. it is a reflective
type fiber. Nearly 80% of the fibers manufactured today in the world are single
mode fibers. So, they are extensively used.

Fig (i).Single mode step index fiber ;( a) Cross sectional view and refractive index
profile ;( b) Ray propagation

Multimode step index fiber: The construction of multimode step index fiber is
similar to single mode step index fiber except that its core and cladding diameters are
much larger to have many paths for light propagation. The core diameter of this fiber
varies from 50 to 200 pum and the outer diameter of cladding varies from 100 to 250
pum. The cross-sectional view, refractive index profile and ray propagations are
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shown in fig 2. Light propagation in this fiber is by multiple total internal reflections
i.e it is a reflective type fiber.

b) Transmission of signal in step index fiber: Generally the signal is
transmitted through the fiber in digital form i.e. in the form of 1’s and 0’s. The
propagation of pulses through the multimode fiber is shown in fig (i)(b). The pulse
which travels along path 1(straight) will reach first at the other end of fiber. Next
the pulse that travels along with path 2(zig-zag) reaches the other end. Hence, the
pulsed signal received at the other end is broadened. This is known as intermodal
dispersion. This imposes limitation on the separation between pulses and reduces
the transmission rate and capacity. To overcome this problem, graded index fibers
are used.

2) Graded index fiber: In this fiber, the refractive index decreases continuously from center
radially to the surface of the core. The refractive index is maximum at the center and minimum at
the surface of core. This fiber can be single mode or multimode fiber. The cross sectional view,
refractive index profile and ray propagation of multimode graded index fiber are shown in fig.
(if)(a). The diameter of core varies from 50 to 200um and outer diameter of cladding varies from
100 to 250 pm.

The refractive index profile is circularly symmetric. As refractive index changes continuously
radially in core, light rays suffer continuous refraction in core. The propagation of light ray is not
due to total internal reflection but by refraction as shown in fig. (ii)(b). in graded index fiber,
light rays travel at different speed in different paths of the fiber. Near the surface of the core, the
refractive index is lower, so rays near the outer surface travel faster than the rays travel at the
center. Because of this, all the rays arrive at the receiving end of the fiber approximately at the
same time. This fiber is costly. .

Transmission of signal graded index fiber: In multimode graded index fiber, large
number of paths is available for light ray propagation. To discuss about inter modal dispersion,
we consider ray path 1 along the axis of fiber.

o // /i //7/////// =

//7/////’///
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Fig. (if).Multimode step index fibre(a)Cross sectional view and refractive index profle(b)Ray

propagation

As shown in fig. (ii)(b) and another ray path 2. Along with the axis of fiber, the refractive index
of core is maximum, so the speed of ray along path 1 is less. Path 2 is sinusoidal and it is longer,
along this path refractive index varies. The ray mostly travels in low refractive region, so the ray
2 moves slightly faster. Hence, the pulses of signals that travel along path 1 and path 2 reach
other end of fiber simultaneously. Thus, the problem of intermodal dispersion can be reduced to

a large extent using graded index fibers.

Differences between step index fiber and graded index fibers:

Step index fiber

Graded index fiber

1.The refractive index of core

Is uniform and step or abrupt
Change in refractive index

Takes place at the interface of core
and cladding in step index fibers

1.The refractive index of core is non uniform, the
refractive index of core decreases Para-
Felicity from the axis of the fiber to its surface.

2. The light rays propagate in zigzag manner inside
the core. The rays travel in the fiber as meridional
rays they cross the fiber axis for every reflection.

2. Light rays propagate in the form of skew rays or
helical rays. They will not cross the fiber axis

Difference between single mode fibers

and multi mode fibers:

Single mode fiber

Multimode fiber

1. In single mode fiber there is only one 1. In multimode fiber, large number of
path for ray propagation paths is available for light ray

propagation.

2. A single mode step index fiber has less 2. Multi mode fibers, large number of
core diameter (< 10 pm) and the paths are available for light ray
difference  between the reflective propagation.
indices of core and cladding is very
small.

3. In single mode fibers, there is no 3. There is signal distortion and dispersion
dispersion. takes place in multimode fibers.

4. The band width is about 50 MHz for 4. The band width of the fiber lies in
multimode step index fiber where as it between 200 MHz km to 600 MHz km
is more than 1000 MHz km in case of even though theoretically it has an
single mode step index fiber. infinite bandwidth.

5. NA of multimode step index fiber is 5. NA of graded index fibers is less.
more where as in single mode step
index fibers, it is very less.

6. Launching of light into single mode 6. Launching of light into multimode
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fibers is difficult. fibers is easy.

7. Fabrication cost is very high. 7. Fabrication cost is less

Fiber optic communication system :

Fiber oppticsessentially deals of with the communication(including voice signals,video signals
or digital data) by transmission of light through optical fibers. Optical fiber communication
system essentially consists of three parts:(a)transmitter (b) optical fiber and (c) receiver.The
transmitter includes modulator, encoder, light source, drive circuits and couplers. The receiver
includes amplifier and decoder,binary electrical signal and light decoder.

Transmitter

l —————————————————————— b |
| ' '
| AF signal such ! '
. S Binary Meodulator, light
’ asfvonce( |r'1 analogue ; encoder : drive circuiis'gnd !

orm (electrical i

‘ ) : _J Elgcmca! couplers

; signal

|

e — —

Optical
fibre

\ \
|
AF outputi.e., | Amplitier \ Binary B e =\

information again and Lignt D
in analogue form I decoder eloctrical detector |
: | signal

Receiver

Fig. Block diagram represents optical fibre communication system
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MODULE-IV
LIGHT AND OPTICS

INTERFERENCE AND DIFFRACTION

Interference-Introduction

Wave Theory of light attempts to understand the various optical phenomena exhibited by
light waves. Interference constituted the first proof of the wave nature of light. Thomas Young
first experimentally demonstrated interference in light waves. The superposition principle forms
the conceptual basis for the explanation of interference. To produce interference, the light waves
should be coherent, i.e., the light waves should have constant phase difference and same
frequencies.

Interference

When two or more light waves superimpose in the medium then according to
superposition principle, the resultant displacement at any point is equal to the algebraic sum of
the displacements due to individual waves. The variation of resultant displacement influences
amplitude variation, which causes intensity variations. This modification in the distribution of
intensity in the region of superposition is known as interference. When the resultant amplitude is
the sum of the amplitudes due to two light waves, the interference is constructive interference. If
the resultant amplitude is equal to the difference of two amplitudes, the interference becomes
destructive interference. The intensity variations are studied as interference fringes or patterns.

Conditions for Interference
1. The two light sources emitting light waves should be coherent.

The two sources must emit continuous light waves of same wavelengths and frequency.
The separation between the two sources should be small.

The distance between the two sources and the screen should be large.

To view interference fringes, the background should be dark.

The amplitudes of the light waves should be equal or nearly equal.

The sources should be narrow, i.e., they must be small.

The sources should be monochromatic.

NGk WD

Young's Double Slit Experiment
This is a classic example of interference effects in light waves. Two light rays pass through two
slits, separated by a distance d and strike a screen a distance, L , from the slits, as in Fig. 22.10.
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Figure 22.10: Double slit diffraction
If d<<L then the difference in path length r; - r, travelled by the two rays is approximately:
Iy - r,=<dsin @

where Bis approximately equal to the angle that the rays make relative to a perpendicular line
joining the slits to the screen.

If the rays were in phase when they passed through the slits, then the condition for constructive
interference at the screen is:

+ 4
dsinb=mA m= 1, 2,..

where as the condition for destructive interference at the screen is:
1
) 2 + +
dsine=(m+ )A m= 1, 2.

The points of constructive interference will appear as bright bands on the screen and the points of
destructive interference will appear as dark bands. These dark and bright spots are called
interference fringes. Note:

e Inthe case that y, the distance from the interference fringe to the point of the screen
opposite the center of the slits (see Fig) is much less than L ( y<<L ), one can use the
approximate formula:

sin @ ~zy/L
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so that the formulas specifying the y - coordinates of the bright and dark spots,
respectively are:

mAL

B d H
Y m= bright spots
(m + L)AL

y O = 4 dark spots
The spacing between the dark spots is

AL
Ay= —
o If d<<L then the spacing between the interference can be large even when the wavelength
of the light is very small (as in the case of visible light). This gives a method for
(indirectly) measuring the wavelength of light. (See Ex.6 at the end of this Chapter.)
e The above formulas assume that the slit width is very small compared to the wavelength
of light, so that the slits behave essentially like point sources of light.

)

light waves barrier interference
pattern

Conditions for Interference

Observable interference can take place if the following conditions are fulfilled:

(a) The two sources should emit, continuously, waves of some wave-length or frequency. While
driving conditions for maxima and minima, we have taken ‘I’ for both the waves to be same.

(b) The amplitudes of the two waves should be either or nearly equal. A good contrast between a

maxima and minima can only be obtained if the amplitudes of two waves are equal or nearly
equal.
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(c) The two sources should be narrow. A broader source can be supposed to be a combination of
a number of narrow sources assembled side-by-side. Interference patterns due to these narrow
sources may overlap each other.

(d) The sources should be close to each other. The fringe width varies inversely as distance ‘d’
between the two sources. So, interference pattern will be more clear and distant if ‘d’ is small.

(e) The two sources should be coherent one.

Young’s Double Slit Experiment

The phenomenon of interference was first observed and demonstrated by Thomas Young in
1801. The experimental set up is shown in figure.

Light from a narrow slit S, illuminated by a monochromatic source, is allowed to fall on two
narrow slits A and B placed very close to each other. The width of each slit is about 0.03 mm and
they are about 0.3 mm apart. Since A and B are equidistant from S, light waves from S reach A
and B in phase. So A and B acts as coherent sources.

According to Huygen’s principle, wavelets from A and B spread out and overlapping takes place
to the right side of AB. When a screen XY is placed at a distance of about 1 meter from the slits,
equally spaced alternate bright and dark fringes appear on the screen. These are called
interference fringes or bands. Using an eyepiece, the fringes can be seen directly. At P on the
screen, waves from A and B travel equal distances and arrive in phase. These two waves
constructively interfere and bright fringe is observed at P. This is called central bright fringe.

When one of the slits is covered, the fringes disappear and there is uniform illumination on the
screen. This shows clearly that the bands are due to interference.

Let d be the distance between two coherent sources A and B of wavelength A. A screen XY is

placed parallel to AB at a distance D from the coherent sources. C is the midpoint of AB. O is a
point on the screen equidistant from A and B. P is a point at a distance x from O, as shown in Fig
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5.17. Waves from A and B meet at P in phase or out of phase depending upon the path difference
between two waves draw AM perpendicular to BP.

The path difference 6 = BP — AP
AP = MP
0=BP-AP=BP-MP =BM

X
- P

| — Dark fringa

Central
— bright fringe

—  Brichtfrings

In right angled? ABM, BM =d sin 0 If 0 is small,
sin® =0

The path difference 6 = 0.d

In right angled triangle COP, tan 6 = OP/CO = x/D
For small values of 0, tan 6 =0

Thus, the path difference 6 = xd/D

Bright Fringes

By the principle of interference, condition for constructive interference is the path difference =
n\

xd/D =nA\

Here, n =0,1,2.....indicate the order of bright fringes

So, x = (D/d) nA

This equation gives the distance of the n™ bright fringe from the point O.
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Dark Fringes

By the principle of interference, condition for destructive interference is the
path difference = (2n-1)A/2

Here,n=1,2,3 ... indicate the order of the dark fringes.

So, x = (D/d) [(2n - 1) /2]

This equation gives the distance of the n™ dark fringe from the point O. Thus, on the screen
alternate dark and bright bands are seen on either side of the central bright band.

Band Width (p)

The distance between any two consecutive bright or dark bands is called bandwidth.

The distance between (n+1)" and n™ order consecutive bright fringes from O is given by,

Xn+1 — Xn = [(D/d) [(n+1) A] — (D/d) [(n)A]] = (D/d) A

Bandwidth, g = (D/d) A

Similarly, it can be proved that the distance between two consecutive dark bands are also equal
to (D/d) . Since bright and dark fringes are of same width, they are equispaced on either side of

central maximum.
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Condition for Obtaining Clear and Broad Interference Bands
The screen should be as far away from the source as possible.
The wavelength of light used must be larger.

The two coherent sources must be as close as possible.

Interference in Thin Film by Reflection

When light is incident on a plane parallel thin film, some portion gets reflected from the
upper surface and the remaining portion is transmitted into the film. Again, some portion of the
transmitted light is reflected back into the film by the lower surface and emerges through the
upper surface. These reflected light beams superimpose with each other, producing interference
and forming interference patterns.

E (Light Ray 1)
Phase Change / /

f / ’/

A \ f\ G// ,F (Light Ray 2)
¥
\ /é\\ l/(/ R
< H il‘:,\ /___

—

Cotg

|
|
!
|

i
-y B
i

2| L
;hin Nl' ¢ A\ k /" No Phase Change
ilm \rlr
| | w/
Y
S, S c

Fig Interference in thin film

Consider a transparent plane parallel thin film of thickness‘t ‘with refractive index u. Let
a monochromatic light ray AB be incident at an angle of incidence of ‘i’ on the upper surface of
the film. BE and BC are the reflected and transmitted light rays. Let the angle of refraction is ‘r’.
The ray BC will be reflected into the film and emerge through the film in the form of light ray
DF. These two light rays superimpose and depending upon the path difference between them,
they produce interference patterns.
To know the path difference, draw the normal DG to BE. From the points D and G onwards, the
light rays travel equal distances. By the time the light ray travels from B to G, the transmitted
light ray has to travel from B to C and C to D.
The path difference between light rays (1) and (2) is,

Path difference= u(BC+CD) in film — BG in air -(1)
Consider the ABCH, cos r = :—g

BC = HC __ ¢

cosr cosr

Similarly, from ADCH, CD=

t

Cosr
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t

BC=CD=_— -(2)
To calculate BG, first BD which is equal to (BH+HD) has to be obtained.
From ABHC tanr =20 -BH
CH t
BH=ttanr
Similarly, HD=ttanr
BD = BH+ HD =2t tanr (BH = HD) -(3)
From A BGD, sin i :%
BG=BD sin i = 2t tan r sini
From Snell’s law, sini=pusinr
BG=2uttanrsinr —(4)
Substituting the above values in Eq. (1)
Path difference= % - 2 ut tanr sinr
_ 2ut ) 2utsin?r
- Cé)S r cosr 2
= 2 (1-sin? r)==EL cos?r
cosr cosr
=2utcosr —(5)

At the point B, reflection occurs from the upper surface of the thin film (denser medium). Light
ray (1) undergoes an additional phase change of 7 or an additional path difference of’%

Total path difference = 2ut cosr + %

When the path difference is equal to integral multiple of A, then the rays (1) and (2) meet in
phase and undergo constructive interference.
The condition for bright fringe is

Zutcosr+%:n/1

2utcosr=(2n-1)5  wheren=0,123... ~(6)
When the path difference is equal to half integral multiple of A, then the rays (1) and (2) meet in

out of phase and undergo destructive interference.
The condition for dark fringe is

2utcosr + %: (2n-1) %

2utcosr=nA where n=0, 1, 2, 3... —(7)
Depending on the above conditions, the interference pattern consists of bright and dark fringes.

Newton’s Rings

Newton’s rings are one of the best examples for the interference in a nonuniform thin
film. When a Plano-convex lens with its convex surface is placed on a plane glass plate, an air
film of increasing thickness is formed between the two. The thickness of the film at the point of
contact is zero. If monochromatic light is allowed to fall normally and the film is viewed in the
reflected light, alternate dark and bright rings concentric around the point of contact between the
lens and glass plate are seen. These circular rings were discovered by Newton and are called
Newton’s rings.
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Experimental Arrangement

|
-<— Microscope

Y
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—
Air Film _;_\ }—-— Plano-Convex Lens (L)
[+ 11— Plane Glass Plate (P)
(0]

Fig Newton’s rings (Experimental set up)

The experimental arrangement is as shown in fig. The Plano-convex lens (L) of large
radius of curvature is placed with its convex surface on a plane glass plate P). The lens makes the
contact with the plate at ‘O’. The monochromatic light falls on a glass plate G held at an angle of
45° with the vertical. The glass plate G reflects normally a part of the incident light towards the
air film enclosed by the lens L and the glass plate P. A part of the light is reflected by the curved
surface of the lens L and a part is transmitted which is reflected back from the plane surface of
the plate. These reflected rays interfere and give rise to an interference pattern in the form of
circular rings. These rings are seen near the upper surface of the air film through the microscope.

Explanation of Newton’s Rings

Ray 1

/ﬁay 2
LK M
B Air Film
___-/ /

PLC ]
(0] C

Fig. Formation of Newton’s rings

Newton’s rings are formed due to interference between the light rays reflected from the
top and bottom surfaces of air film between the plate and the lens. The formation of Newton’s
rings can be explained with the help of Fig. A part of the incident monochromatic light AB is
reflected at B (glass-air boundary) in the form of the ray (1) with any additional phase (or path)
change. The other part of light is refracted along BC. Then at C (air-glass boundary), it is again

reflected in the form of the ray (2) with additional phase change of & or path change of%.
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As the rings are observed in the reflected light, the path difference between them is 2ut cos r +§.
For air filmu =1 and for normal incidence r=0, path difference is 2t +§.

At the point of contact t=0, path difference is % i.e., the reflected light at the point of contact

suffers phase change of . Then the incident and reflected lights are out of phase and interfere
destructively. Hence the central spot is dark.

The condition for bright ring is 2t + % =nAi
2t=(2n-1);  wheren=1,2,3...
The condition for dark ring is
2t + 3= (2n+1);
2t=nA where n=0,1,2,3...
For monochromatic light, the bright and dark rings depend on thickness of the air film. For a
Newton’s rings system, the focus of points having same thickness lie on a circle having its centre

at the point of contact. Thus, we get bright and dark circular rings with the point of contact as the
centre.

Theory of Newton’s Rings

D
T
A
c. ) t
L
e

Fig. Theory of Newton’s rings

To find the diameters of dark and bright rings, let ‘L’ be a lens placed on a glass plate P.
The convex surface of the lens is the part of spherical surface (Fig.) with center at ‘C’. Let R be
the radius of curvature and r be the radius of Newton’s ring corresponding to the film
thickness‘t’.
From the property of a circle, NA x NB = NO x ND
Substituting the values, r x r =t x (2R-t)

r?=2Rt-t?
As‘t’ is small, t? will be negligible
r?=2Rt
=or
For bright ring, the condition is
2t= (2n-1);
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r2 _ A
ZE = (2n-1)5
r2= (2n—21);1R
Replacing r byg, the diameter of n™ bright ring will be

D? _ (2n—-1)AR

4 2
D =v2n—1v2AR
Doav2n—1

DVodd natural number

Thus, the diameters of the bright rings are proportional to the square root of odd natural numbers.

Fig: Newton's ring pattern
For dark ring, the condition is

2t=nA
T‘Z
2—=nAi
2R
r’=n AR
D2=4n AR
D=2vn AR
Dx \n

Do Vnatural number

Thus, the diameters of dark rings are proportional to the square root of natural numbers.
With the increase in the order (n), the rings get closer and the fringe width decreases and are
shown in Fig 7.5.
Determination of Wavelength of a Light Source

Let R be the radius of curvature of a Plano-convex lens, A be the wavelength of light
used. Let D,, and D,, are the diameters of m™and n™ dark rings respectively. Then
D2 =4mAR

And D2=4(n) AR

D2—DZ2=4(m-n) AR
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Fig Plot of D? with respect to number of rings

Newton’s rings are formed with suitable experimental setup. With the help of travelling
microscope, the readings for different orders of dark rings were noted from one edge of the rings
to the other edge. The diameters of different orders of the rings can be known. A plot between
D? and the number of rings gives a straight line as shown in the fig.

From the graph,
DZ-DZ _ AB
(m—n) B C_D

The radius R of the Plano-convex lens can be obtained with the help of a Spectrometer.
Substituting these values in the formula, A can be calculated.

Determination of Refractive Index of a Liquid
The experiment is performed when there is an air film between glass plate and the Plano-
convex lens. The diameters of m™ and n™ dark rings are determined with the help of travelling
microscope. We have
D2Z—DZ=4(m-n) AR —(8)

The system is placed into the container which consists of the liquid whose refractive index (u) is
to be determined. Now, the air film is replaced by the liquid film. Again, the diameters of the
same m™ and n"dark rings are to be obtained. Then we have

Dr,lz_D;r%:4(m;n) AR _)(9)

_ Di-D%
D,;2—D,?

—(10)
Using the above formula, ‘i’ can be calculated.

Michelson Interferometer:

In Michelson interferometer the two coherent sources are derived from the principle of division of
amplitude. The parallel light rays from a monochromatic source are incident on beams splitter (glass
plate) G, which is semi silvered on its back surface and mounted at 45° to the axis. Light ray incident ‘O’
is refracted into the glass plate and reaches point A, where where it is partially reflected (ray 1) and
partially transmitted ray 2. These rays then fall normally on mirrors M; (movable) and M, (fixed) and are
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reflected back. These reflected rays reunite at point A again and follow path AT. Since these two rays are
derived from same source (at A) and are therefore coherent, can interfere and form interference pattern.

In this geometry, the reflected ray 1, travels an extra optical path, a compensating plate G, of
same thickness as plate G, ) is inserted in the path of ray 2 such that G, is parallel to G; . This introduces
the same optical path in glass medium for ray 2 as ray 1 travels in plate G, (therefore is called a
compensating plate). Any optical path difference between the ray 1 and ray 2 is now equal to actual path
difference between them.

To understand, how the fringes are formed, refer to fig. An observer at 'T' will see the images of
mirror M, and  source S(M' and S'  respectively) through beam splitter along with the
mirror My. S; and S, are the images of source in mirrors M; and M, respectively. The position of these
elements in figure depends upon their relative distances from point A.

I! 1 |I Ay
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|
B —
) E—
—H
/ = A ? };E
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& Gs
2 M3
T
Sl

Fig. Michelson Inferometer (Experimental Set-up)

Fig. Formation of Fringes
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Light from a point (say P) from extended source appears to come from corresponding coherent
points P, and P, on S; and S,.

F"| Pi
P A ¥

5 52

Fig.

If ‘d' is the separation between mirrors M;and M, then ‘2d'is the separation between virtual
sources S;and S, The  path  difference  between the two parallel rays coming from
point P; and P, respectively and reaching the eyepiece is equal to 2d Cosf

2d Cos = n (Bright)
2d Cos0 = (2n +1) 5 (dark)

These fringes are concentric rings or straight line depending upon the mutual inclination of
mirrors M; and M, (My’). If mirrors M; and M, are parallel to each other the case similar to the air film
between two parallel plate and fringes formed are concentric rings.

Michelson interferometer is used to determine the wavelength of monochromatic source, the difference
between two wavelengths, determination of thickness/refractive index of thin transparent sheet.

Introduction to Diffraction

The wave nature of light is further confirmed by the optical phenomenon of diffraction. The
word ‘diffraction’ is derived from the Latin word diffraction which means to break to pieces. It is
common experience that waves bend around obstacles placed in their path. When light waves
encounter an obstacle, they bend round the edges of the obstacle. This bending is predominant
when the size of the obstacle is comparable to the wavelength of light. The bending of light
waves around the edge of an obstacle is diffraction. It was first observed by Gremaldy.
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DIFFRACTION
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Fig Diffraction

As shown in fig., when light falls on an obstacle, the corresponding geometrical shadow
on the screen should be completely dark. In practice, the geometrical shadow consists of bright
and dark fringes. These fringes are due to the superimposition of bended light waves around the
corners of an obstacle. The amount of bending depends upon the size of the obstacle and
wavelength of light.

When the light falls on an obstacle whose size is comparable with the wavelength of
light, then the light bends around the edges or corners of the obstacle and enters into the
geometrical shadow. This bending of light is known as diffraction. The bright and dark fringes in
the shadow form a diffraction pattern.

The diffraction phenomena are broadly classified into two types:

Fresnel diffraction

To study diffraction, there should be a light source, obstacle and screen. In this class of
diffraction, the source and screen are placed at finite distances from the obstacle. To study this
diffraction, lenses are not necessary as the source and screen are at a finite distance. This
diffraction can be studied in the direction of propagation of light. The incident wave fronts are
either spherical or cylindrical.

Fraunhofer diffraction

In this class of diffraction, the source and screen are placed at infinite distances from the
obstacle. Due to the above fact, lenses are needed to study the diffraction. This diffraction can be
studied in any direction. In this case, the incident wave front is plane.
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Fraunhofer Diffraction at Single Slit

Fig. 1 Fraunhofer diffraction at single slit
Consider the width of the slit AB is equal to “¢”. Let a plane wave front WW' of monochromatic

light of wavelength A propagating normally towards the slit is incident on the slit AB. The

diffracted light through the slit is focused by means of a convex lens on a screen placed in the

focal plane of the lens. Every point on the wave front in the slit will act as a source of secondary

wavelets. The secondary wavelets travelling in the direction of OP, are brought to focus at P, on

the screen SS’ by using a converging lens L. The secondary wavelets from AB which are brought

to focus at P, have no path difference. Hence the intensity at P, is high and it is known as central

maximum. The secondary wavelets in the slit AB which make an angle ‘0’ with OP, direction are

brought to a point P, on the screen.

Intensity at point P, depends on the path difference between the wavelets at A and at B
reaching to point P;. To find the path difference, a perpendicular AC is drawn to BR form A.
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Now the path difference between the secondary wavelets from A and B in the direction of OP; is
BC.

Path difference = BC = AB sin = e sinf
Corresponding phase difference = ZA—” x path difference = 27” xe sinf

Let the width of the slit be divided into ‘n’ equal parts and the amplitude of the wave from each

part is ‘a’. The phase difference between any two successive waves from these parts would be

% [total phase] = %[i—”e sinf] = d (say)

Using the method of vector addition of amplitudes, the resultant amplitude R is given by

_asinnd/2
sin d /2
_ asin(me sin %)

. .0
Sin (e sin—

sin a
B sin. a/n
= na S”;“ (i.e.na=A)
R = A sin a
a
Intensity = | = R= A (%)2 ..................... (1)

Principal maximum:
The resultant amplitude R can be written in ascending powers of o as

I will be maximum, when the value of R is maximum. For maximum value of R, the negative

terms must vanish, i.e., a =0

e sin 0 _
=
sin9=0
0=0 . )
Then,R=A
max= RZ= A% 3)
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The condition 6 = 0 means that the maximum intensity is formed at Py and is known as principal

maximum.

Minimum Intensity
I will be minimum, when sin o= 0

o==+m £ 21, +3n
o=+mm
e sin 6

A
esind=tmA............... 4)

=+ mm

wherem=1,2,3, ...

Thus, we obtain the points of minimum intensity on either side of the principal maximum. For m
=0, sin® = 0, which corresponds to principal maximum.

Secondary maxima:

In between the minima, we get secondary maxima. The positions can be obtained by
differentiating the expression of [ w.r.t. o and equating to zero. We get

dl _ d

2 ,Sina\24 _
7= @ A )1=0

Az[Zsin a acosa—sina ] -0

a a2
Either sin a =0 or acos o —sina. =0
sin o = 0 gives positions of minima.
Hence the positions of secondary maxima are given by a cos oo —sin .= 0
a=tan o e, (5)
The values of a satisfying the above equation are obtained graphically by plotting the curves y =
a and y = tan a on the same graph. The points of intersection of the two curves give the values of

a, which satisfy the above equation. The plots of y = a and y = tan a are shown in Fig. 2
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Fig. 2 Plots of y=a and y = tan a

5

7, ceees
substituting the above values in equation (1), we get the intensities in various maxima.

. . . 3n
The points of intersections are a. = 0, & ~ +

a=0, I, = A? (Principal maximum)
_3_1r _ A2 ysSin 3m/2 ZNE st .
o=, lhb=A [—37'[/2 1= — (1™ secondary maximum)
5 A2 .
a== l=A[ ]~ 6—2(2nd secondary maximum)

Fig. 3 Intensity distribution of diffraction due to single slit

Fraunhofer Diffraction at Double Slit

Let S; and S, be double slits of equal widths e and separated by a distance d. The distance
between the middle points of the two slits is (e +d). A monochromatic light of wave length A is
incident normally on the two slits. The light diffracted from these slits is focused by a lens on the
screen placed in the focal plane of the lens. The diffraction at two slits is the combination of
diffraction as well as interference, i.e., the pattern on the screen is the diffraction pattern due to a
single slit on which a system of interference fringes is superimposed. When a plane wave front is
incident normally on two slits, the secondary wavelets from the slits travel uniformly in all
directions. The wavelets travelling in the direction of incident light come to a focus at P, while
the wavelets travelling in a direction making an angleé@, come to focus at P;.




/ X 81 “\ i [T~ i
* ‘ e+d [H\ | | ~J P,
T

\ >
| \K - | /
Source ‘32 A \ | |
LenS y Lens ‘
Double Slit Screen

Fraunhofer diffraction-double slit

Asin a

From the study of diffraction due to single slit, the resultant amplitude =
Where,

__ me sinf

T
Since a double slit is used, from each slit a wavelet of amplitude in a
direction® is obtained. These two wavelets interfere and meet at a point P; on the screen To
calculate the path difference between the wavelets, draw a normal S; K to the wavelet throughsS,.

Asin a

Path difference = S, K
=(e+d)sing
Phase difference 6§ = 27" (e +d)sin 6 —(6)

A sin
T

Vector addition method

To find the resultant amplitude at P; vector addition method is used. (Fig. 7.12) in which the two
sides of a triangle are represented by the amplitudes through S; and S,. The third side gives the
resultant amplitude.

From the figure,

(OH)? = (06)? + (GH)? + 2 (0G)(GH)cosS
R2 = [A sin a]z + [A sin a]z +92 [Asi;l a] [Asi;l a] coSS

a a

2
= A? M[2+2€056]

=9 [Asma

] (1 + cosd)
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[Asma

2 ] (1 + 2cos? §/2—1)
4[Asma]2 cos? §/2

Rz _ 4A2 [st;wz]z COSZ [n(e+i)sin9]

Let B

_ m(e+d)sinb
a )

R?=44A% [Siza]z cos?f

The resultant intensity | = R? =442 [Sm“] cos?B - (7)
From the above expression, it is clear that the resultant intensity is the product of two factors, i.e,

1. A? [Sl”“] which represents the diffraction pattern due to a single slit

2. cos?f, which gives the interference pattern due to wavelets from double slits. The resultant
intensity is due to both diffraction and interference effects.

Diffraction Effect

The diffraction term A2 [ ] gives the principal maximum as the centre of the

screen with alternate minima and secondary maxima of decreasing intensity. We get
principal maximum for 8 = 0. We get minima for sina =0

a =tmmn, wherem=1, 2, 3...

e sinf
1

=+mm
e sin@ = +mA

The positions of secondary maxima occur for

Interference Effect

The interference term cos?p gives the equidistant bright and dark fringes.
The maxima will occur for cos?p = 1

n(e+i)sin6 = +nn
(e + d)sin6 = +ni
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The minima will occur for cos® =0

B=% (2n+1)§ wheren =0,1,2,3...

(e+d) sin® = +(2n + 1)3

Intensity Distribution

Figure 7.13 (a) and (b) represents the intensity variations due to diffractions as well as
interference effect individually. When both effects are combined then the resultant intensity
variation is obtained. From the figure it is clear that the resultant minima are not equal to zero,
still they have some minimum intensity due to interference effect.

A2(sin o ¢
ey
—3r -27 - 0 . 2= 3n
-y —
(2)
cos?3
—3n —2x - 0 x 2% 3=
- 3 —>
(b)

-—
(c)
(a) Diffraction effect (b) Interference effect (c) Resultant intensity
4. Discuss the Fraunhofer diffraction due to a N-slits and obtain the intensity distribution
and positions of maxima and minima.
(or)

Give the construction and theory of a plane diffraction grating of the transmission type and
explain the formation of spectra by it.
Ans.
Construction:
An arrangement which consists of a large number of parallel slits of the same width and
separated by equal opaque spaces is known as diffraction grating. Fraunhofer used the first
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grating consisting of a large number of parallel wires placed side by side very closely side by
side at regular intervals. The diameters of the wires were of the order of 0.05 mm diameter and
their spacing, varied from 0.0533 mm to 0.687 mm. Now gratings are constructed by ruling
equidistant parallel lines on a transparent material such as glass, with a fine diamond point.
Usually 15,000 lines are drawn on one-inch width of the grating. The ruled lines are opaque to
light while the space between any two lines is transparent to light and acts as a slit. This is
known as plane transmission grating.

Theory:

Fig. 1 Diffraction grating

Fig. 1, represents the section of a plane transmission grating placed perpendicular to the
plane of the paper. Let ‘e’ be the width of each slit and these slits are separated by equal opaque
regions part of each width ‘d’. Then (e +d) is known as grating element. XY is the screen placed
perpendicular to the plane of a paper. Suppose a parallel beam of monochromatic light of
wavelength A be incident normally on the grating. By Huygen’s principle, each of the slit sends
secondary wavelets in all directions. The secondary wavelets travelling in the same direction of
incident light will come to a focus at a point P; of the screen as the screen is placed at the focal
plane of the convex lens. The point P, will be a central maximum. Now consider the secondary
waves travelling in a direction inclined at an angle 6 with the direction of the incident light.
These waves reach point P; on passing through the convex lens in different phases. As a result,
dark and bright bands on both sides of central maximum are obtained.

The intensity at point P; may be considered by applying the theory of Fraunhofer

Asin a

diffraction at a single slit. The resultant amplitude due to diffraction at single slit is ,

a
which is now at the middle point of each slit where, a = e sinf/A. Let us assume that there are N
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slits on the grating. The path difference between the corresponding points is (e + d) sin 0 and in
terms of phase difference it is —(e + b) sinf = 2. The resultant of N amplitudes, each of e
with common phase difference (2[3) between consecutive diffracted amplitudes can be obtalned
by the vector addition method. The resultant amplitude (R) of the N amplitudes each of 222 js

_Asina sin Nf
R= a " sin B (1)

and intensity |=R*= (M)Z(M) ? (2)

a sin 8

The value ( ) shows the intensity distribution due to single slit diffraction and sin®>Np/sin’p

shows the comblned intensity distribution due interference at all the N slits.

Discussion of intensity distribution:

Principal maxima:

From equation (2), we know that the intensity would be maximum when sin § = 0, where B = 0,

m,2n, 37w, ....=nmandn=0,1,2, 3, ..
sin N _ 0
Then e
The above factor is indeterminate; To find its value, the numerator and denominator are

differentiated separately. i.e., by applying the Hospital’s rule. Thus

Fig. 2
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Fig. 3(a) the variation of intensity due to the factor sin? a/a® is represented; (b) the variation of
intensity due to the factor sin® Np/sinp is represented and (c) the resultant variation of intensity
is represented.

Diffraction Grating

An arrangement which consists of a large number of parallel slits of the same width and
separated by equal opaque spaces is known as diffraction grating. Fraunhofer used the first
grating consisting of a large number of parallel wires placed side by side very closely at regular
intervals. Now gratings are constructed by ruling equidistant parallel lines on a transparent
material such as glass with a fine diamond point. The ruled lines are opaque to light while the
space between any two lines is transparent to light and acts as a slit.
Commercial gratings are produced by taking the cast of an actual grating on a transparent film
like that of cellulose acetate. Solution of cellulose acetate is poured on the ruled surface and
allowed to dry to form a thin film, detachable from the surface. These impressions of a grating
are preserved by mounting the film between two glass sheets.
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1 - Ruled Lines

' Transparent Materials

Fig7.17 Diffraction Grating

Let ‘e’ be the width of the line and ‘d’ be the width of the slit. Then (e+d) is known as grating
element. If ‘N’ is the number of lines per inch on the grating, then

N (e+d) =17 =2.54 cm
2.54
e+d= —-cm

There will be nearly 30,000 lines per inch of a grating. Due to the above fact, the width of the
slit is very narrow and is comparable to the wavelength of light. When light falls on the grating,
the light gets diffracted through each slit. As a result, both diffraction and interference of
diffracted light gets enhanced and forms a diffraction pattern. This pattern is known as
diffraction spectrum.

Grating Spectrum
The condition to form the principal maxima in a grating is given by
(e+d) sin 6 =nA
Where (e+d) is the grating element and the above equation is known as grating equation.
From the grating equation, the following is clear.
1. For a particular wavelength A, the angle of diffraction © is different for principal maxima

of different orders.

2. As the number of lines in the grating is large, maxima appear as sharp, bright parallel
lines and are termed as spectral lines.

3. For white light and for a particular order of n, the light of different wavelengths will be
diffracted in different directions.

4. At the center, ©=0 gives the maxima of all wavelengths which coincides to form the
central image of the same color as that of the light source. This forms zero order.
(Fig.2.9)

5. The principal maxima of all wavelengths forms the first, second, order spectra for n=1,2,

6. The longer the wavelength, greater is the angle of diffraction. Thus, the spectrum consists
of violet being in the innermost position and red being in the outermost positions.
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Fig7.18 Grating Spectrum

7. Most of the intensity goes to zero order and the rest is distributed among other orders.

8. Spectra of different orders are situated symmetrically on both sides of zero order.

9. The maximum number of orders available with the grating is nmaxz(e;d)
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MODULE-V
HARMONIC OSCILLATIONS AND WAVES IN ONE DIMENSION

Waves:

A wave is a disturbance of a medium which transfers energy from one place to another place
without transport of matter. The medium for ocean waves is water, for example. When a string,
fixed at both ends, is given a vertical hit by a stick, a dent appears in it that travels along the
string. When it reaches an end point, it reflects and inverts and travels toward the other
end. Fig.1 shows the motion of a single disturbance.

The process starts again at A after Al—
reflection. Al

Undisturbed String (Medium) Al |B
Disturbed string by a vertical hit N —— |
' s |
The disturbance moves to the ~—> |
right and reflects upward at B —\IB
and returns. Al B
) . S— N |
The disturbance moves to the left .
and reflects downward at A and Al |
returns. . g |
|
|

AN
Figure 1

If you hold end A of the string (Fig. 2) and try to give it a continuous up-and-down motion, with
a little adjustment of the pace of oscillations, you can make at least the following waveforms:

(1/2)-sine waveform A ' ~. B

Full-sine waveform AT \ ~ B

(3/2)-sine waveforms A / \M,f f,-ﬁ\ B

2 full sine waveforms A /#\/\j /B
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Figure 2

Each wave travels from A to B and reflects at B. When each reflected wave reaches point A, it
reflects again and the process repeats. Of course, the up and down motion of hand keeps putting
energy into the system by constantly generating waves that are in phase with the returned waves
creating the above waveforms. Although the waves appear to be standing as they are called
"standing waves," they are actually traveling back-and-forth along the string. The subject of
waves is lengthy, complicated, and mathematically very involved. The above is enough to give
you an idea.

Types of Waves:

There are two classifications: one classification of waves is: mechanical and electromagnetic.
Mechanical waves require matter for their transmission. Sound waves, ocean waves, and waves
on a guitar string are examples. Air, water, and metal string are their media (matter),
respectively.

Electromagnetic waves travel both in vacuum and matter. If light (an electromagnetic wave
itself) could not travel in vacuum, we would not see the Sun. Radio waves, ultraviolet waves,
and infrared waves are all electromagnetic waves and travel in vacuum.

Waves are also classified as transverse and longitudinal (See Fig. 3).

For a transverse wave the disturbance direction is perpendicular to the propagation direction.
Water waves are transverse. \Waves on guitar strings are also transverse.

For a longitudinal wave the disturbance direction is parallel to the propagation direction.
Waves on a slinky as well as sound waves are longitudinal.
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Transverse Waves

Disturbance Propagation Direction

4> Direction
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|
Node Antinode Node Antinode Node

Longitudinal Waves

in a Slinky

Figure 3
Frequency (f ):
The frequency f of a wave is the number of full waveforms generated per second. This is the
same as the number of repetitions per second or the number of oscillations per second. The Sl
unit for frequency is (1/s), or (s), called "Hertz (Hz)."
Period (T ):

Period T is the number of seconds per waveform, or the number of seconds per oscillation. It
is clear that frequency and period are reciprocals.

T=1f
Also, recall the useful relation between frequency f and the angular speed  :
w=2nf

o is the number of radians per second, but f is the number of turns or oscillations per
second. Each turnis 2z radians.

Wavelength (1 ):
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Wavelength 4 is the distance between two successive points on a wave that are in the same state
of oscillation. Points A and B in Fig. 4 are the nearest or successive points that are both the
same amount passed the maximum and therefore in the same state of oscillation.

A peak to the next

| Y

A full sine wave

Figure 4

Wavelength may also be defined as the distance between a peak to the next, or the distance
between a trough to the next, as shown above.

Also pay attention to Fig. 5. It shows that the distance between any node and the anti-node

‘ﬁ“\\  »""-,h
e -

A4 A4 A4 A4

The distance between a node and the antinode
next to itis A /4

Figure 5
Wave Speed (Vv ):
The wave speed is the distance a wave travels per second. A wave source with

frequency f generates f wavelengths per second and since each wavelength is A units
long; therefore, the wave speed formula is:

v="f4.

Example 1: The speed of sound waves at STP condition is 331m/s. Calculate the wavelength
of a sound wave with a frequency of 1324Hz at STP.
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r=vif

Solution: v="fi;

A = (331m/s)/(1324/s) = 0.250m.

The Vibrating String

A stretched string fixed at both
ends and brought into oscillation
forms a "vibrating string." An
example is a violin string on which
waves keep traveling back-and-forth
between its ends. If a violin string is
observed closely or by a magnifying
glass, at times it appears as shown on
the right.

The higher the pitch of the note it
plays, the higher the frequency of
oscillations and the shorter the
wavelength or the sine-waves that
appear along its length. The
waveforms appear to be stationary,
but in reality they are not. They are
called "standing waves."

AT B
N
- - B
Antinodes - \-— g

Nodes
Figure 6

Nodes are points of zero

oscillation and antinodes are points
of maximum oscillation as shown in Fig. 6.

Now, look at the following example:

the waves on it.

Solution: Each loop has a length of
60.0cm /3 =20.0cm.

two of such loops; therefore,

Example 2: In a 60.0-cm long violin string, three
antinodes are observed. Find the wavelength of

Each wavelength (a full sine wave) contains

< 60.0¢cm >-|
AT A >
Fig. 7
A =40.0cm.

Speed of Waves in a Stretched String:

The speed of waves in a stretched
string depends on the tension F in the
string as well as the mass per unit

The formula that relates tension F in the
string and the waves speed v is:
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length u of the string as explained
below:

The more a string is stretched, the
faster waves travel in it.

/ M
L where p = T

is mass per unit length of the string.

Proof:

If we model the peak of a wave as it passes through the medium (the string) at speed v as shown
in Fig. 8, we may think that the peak segment is under a tensile force F that pulls it in opposite
directions.The hump can be looked at as a portion of a circle from A to B with its center

at C. The hump is being pulled down by a force of magnitude 2Fsin1. This pulling down
force passes through the center and therefore acts as a centripetal force for the segment that is
equal to MV?/R ; therefore, 2Fsin] = MV’/R. For small angles and in radians, sin”) = [ .

The formula becomes:

2F1 =MVYR (1)

where M = the mass of the string segment.

If we calculate mass M of the
hump, it results in M = 2uR@.

This is because the length of the
hump is 2R€ and u is the mass per
unit length of the string. In other
words,

u=mass [length. Eqn. (1) takes the
form:

2F0 = 2uROVIR  (2)

Solving for v results in:

ffj : 1 .H
F
C
/ M
v=|/—— where p = ——
¥ L
is mass per unit length of the string.

Figure 8

Example : A 120-cm guitar string is under a tension of 400N. The mass of the string is 0.480
grams. Calculate (a) the mass per unit length of the string and (b) the speed of waves init. (c)
In a diagram show the number of (1/2)\'s that appear in this string if it is oscillating at a

frequency of 2083Hz.
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Solution: (a) p=M/L; p =0.480x10°kg/1.20m = 4.00x10™ kg/m.
(b) v=(F/wY?; v=[400N/4.00x10™*kg/m]"? = 1000 m/s.
(c) v=fA; A=v/f; k=(1000m/s)/(2083/s) = 0.480m.
(1/2)A = 0.480m/2 = 0.240m.
The number of (A/2)'s that fit in this string length of 120cm is

1.20m/0.240m = 5.00, as shown in Fig. 8.

1.20m
< N
NG TN
AL XA
52400
0.240m
Figure 9

Traveling Harmonic Waves:

We are interested in finding a formula that calculates the y-value at any point in a one
dimensional medium as harmonic waves travel in it at speed v. This means that at any point x
and at any instant t, we want y(x,t). For harmonic waves, such equation has the general form:

y(x,t) = A sin(kx - wt + ¢)

where| k=

>|
E
g
|
o

v =fA | and |p = phase angle.

k is called the wave number and its unit in SI is m™. The above equation is for one dimensional
harmonic waves traveling along the +x axis. If the waves are moving along the -x axis, the

appropriate equation is:

y(x,t) = Asin(kx + ot + ¢).

89




If y=0att=0and x=0, then ¢ = 0. Itisimportant to distinguish between the wave
propagation velocity v (along the x-axis) and the medium's particles velocity vy (along the y-
axis) as transverse waves pass by the particles of the medium. The wave propagation velocity
is V =f4, but the particles velocity in the y-direction is vy = dy/dt. The symbol "0 " denotes
"partial derivative."
Example : The equation of certain traveling waves is

y(x,t) = 0.0450 sin(25.12x - 37.68t - 0.523)
where x and y are in meters, and t in seconds. Determine the following: (a) Amplitude, (b) wave
number, (c) wavelength, (d) angular frequency, (e) frequency, (f) phase angle, (g) the wave
propagation speed, (h) the expression for the medium's particles velocity as the waves pass by
them, and (i) the velocity of a particle that is at x = 3.50m from the origin at t = 21.0s.
Solution: Comparing this equation with the general form, results in
(@) A=0.0450m ; (b)k=25.12m™; (c)4=(2n/k)=0.250m
(d) w =37.68rd/s; (e) f=w/(2n)=6.00Hz; (f) ¢ =-0.523rd;
(9) v="FAr=150m/s; (h)vy=0oylot =0.045(-37.68) cos (25.12x - 37.68t - 0.523)
(1) vy(3.5m, 21s) = 0.045(-37.68) cos (25.12*3.5-37.68*21-0.523) = -1.67m/s.

Standing Harmonic Waves:

When two harmonic waves of equal frequency and amplitude travel through a medium in
opposite directions, they combine and the result can form standing waves.

If the equation of the wave going to the right is y; = A sin(kx - @w#) and that of the one going to
the left is y, = A sin(kx + w#), we may add the two to obtain the equation of the combination
wave as

y(x,t) = Asin(kx - w?) + A sin(kx + o?)
Using the trigonometric identity: sin a + sin b = 2sin[(a + b)/2] cos [(a - b)/2],
we get: y(x,t) = 2Acos(wt) - sin(kx).

In this equation, sin(kx) determines the shape of the standing wave and

2Acos(wt) determines how its amplitude varies with time.
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If at t = O, the red wave that is going to the
right is in phase with the blue wave that is
going to the left, they add up
constructively and the amplitude of the T
sum (the gray) is twice each amplitude as t=1 ?
shown att=0. '

-
v

At t = T/4 the become completely out of
phase and cancel each others effect to a
sum of zero. This is only for a very brief
instant (the gray becomes a straight line).

At t = T/2, the opposite of t = 0 occurs.
The two humps become troughs and the
single trough becomes s hump.

In another half a period the shape of the
gray (or the sum) become like the one at t
= 0.

Confirm the above explanation by looking
at the different figures shown on the
right (Fig. 10).

| - Y

Figure 10
Resonant Standing Waves in A String:

In a medium with limited boundary such as a string fixed at both ends, standing waves can only
be formed for a set of discrete frequencies or wavelengths.

If you hold one end of a rope, say 19ft long, and tie the other end of it to a wall 16ft away from

you, there will be a slack of 3ft in it allowing you to swing it up and down and make waves. By
adjusting the frequency of the oscillatory motion you give to the end you are holding, you can
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generate a sequence of waves in the rope that will have an integer number of loops in it. For a
frequency f, there is a corresponding wavelength A such that V= 4.

L
It is very clear from this equation that, since T T
the waves speed, V, in a given medium is < >
constant, the product f 4 is also constant. — o
This means that if you increase frequency f, Fundamental F]'equeﬂc\,'

the wavelength 4 of the waves in the rope has
to decrease.

—_ '»._HN

Of course, for resonance, the values of such ( ></ >
frequencies, as was mentioned, are discrete, and so ~—— S~
are their corresponding wavelengths. All you need
to do is to adjust your hand's oscillations for each nd Harmonic
case to observe a full number of loops in the
rope between you and the wall. It is also clear
from Example 2 that each loop is one half of the )
wavelength in each case. When the entire length of /
the rope accommodates one loop only, it is \\
called the fundamental frequency and that is the - '
lowest possible frequency. 3rd Harmonic

The subsequent 2-loop, 3-loop, 4-loop, and ...
cases are called the 2nd, 3rd, 4th, and ....

harmonics of that fundamental frequency as / /_"“‘\/_
shown on the right (Fig. 11). \\><f,/\ N

4th Harmonic

Figure 11

From the above figures, at resonance, the length L of the string is related to the number of loops
or A/2 as follows:
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For 1 loop: L=I

2
2o
For 2 loops: L=2 —
For 3 loops: L =3 hE:
S
A
For 4 loops: L=4 —
For n loops: 7.
L=1,I Iy

. 2L | £ _ v
"'r"1| = Dr~ =
n I 2L
Since v = ea F - thus
f _ 1n llla"; F
oL Vow

Example: Find the frequency of the 4th harmonic waves on a violin string that is 48.0cm long
with a mass of 0.300grams and is under a tension of 4.00N.

Solution: Using the above formula,

f4 = (4/0.96m) - [4.00N/(0.000300kg/0.480m)]"? = 333Hz (Verify).

The Wave Equation:

The one-dimensional wave equation for mechanical waves applied to traveling waves has the

following form:

]

(o)
=
e
W)

|
-
d
~o
=)
Y L

where v is the speed of waves
in the medium such
that v= w/k.

The solution to this equation is y(x,t) = A sin( kx - wt + ¢) .

Example: Show that the equation y(x,t) = A sin(kx - @t + ¢) satisfies the wave equation.

Solution: Take the appropriate partial derivatives and verify by substitution.

Energy Transport on a String:
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As a wave travels along a string, it transports energy by being flexed point by point,

or dx by dx. By dx, we mean differential length. It is easy to calculate the K.E. and P.E. of a
differential element as shown in Fig. 12. Let dl be a differential segment of the string.
Corresponding to this dl , there is a dx and a dy as shown.

Note that dl is a stretched dx but has the same mass as dx.
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If L is mass per unit length, then the mass of the element is “—ldt)

The velocity of the element in the vertical direction is €Y .
ot
The K.E. of the clement is therefore,

oy, 2

1 cy.
?(”dx)(&?r)'

d(K.E.) = Eld(h-l) =

To calculate the P.E., or the stored energy in the flexed string that acts as a linear
spring (F = kx), we need to calculate the change in its length from d X to d £.

—_—

/ ) ff" a2
dt = [_;"f(dx)'+ i{d‘j.‘}l2 = (dy)|/ 1+ (El) : E)‘

X

oy

dL =dx [1+ 1 (_) + ... | (Binomial Expansion) (£
2 'ax

The string is stretched from dx tod A‘:amﬁl F

therefore, the change in its length is ' dx
2
di-dx = 1L (%Y Figure 12
3 (E.t) dx.

Multiplying this change in length by F, the tension in the string, give us the work
done on it. This is equivalent to the differential potential energy, dU, stored in it.
&y
i X

dU=F(d{-dx)= —;F( :)zdx,

Now, the total energy is dE, the sum of d(K.E.) + dU, or

.

1 dy, 2 iy 2
dE= o (i) (=97 + 2F(F) ax

2 0x

Since Y(X,t) = ASiH(kX - ( t), taking the appropriate derivatives and
plugging into the above equation, yields:

aE=-L[ 1 (0a) 2, FkA) ] cos Ckx - ot ) dx.

2
Since @ = vk ; therefore, m2= v 2l(zaml since v = F [, the two terms in the
bracket beome equal. Verify by substitution, We get:

2
dE = M (®A) ms% kx - @t ) dx.

The average value of cos %ﬂ] t) over one period is 1/2 ;therefore, the average
- illation is o _ 1
CHeTEY per oscTHoN B dE = —% M (@A) "dx. Dividing sides by d t, we get:

the average power.

1 )
P=—LL{iAYYVY

where v=d x/dt and P=dE/dt.




The conclusion is that the power transmission by a wave on a string is proportional

to the squares of angular speed and amplitude and linearly proportional to the wave speed V in
the string.

Example : A 1.00m-long string has a mass of 2.5 grams and is forced to oscillate at 400Hz while
under a tensile force of 49N. If the maximum displacement of the string in the direction
perpendicular to the waves propagation is 8.00mm, find its average power transmission.
Solution: We need to apply the formula Payg = 0.5u(wA).

First u = M/L, @ =2af, A, and V = (F/n)>® must be calculated.

p=25x10%kg/m, @ =2512rd/s, V =140.m/s, A=4.00x10°m, and finally, Pa4=17.7
watts. Verify all calculations.
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