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UNIT-I
FOURIER SERIES

Definition of periodic function

Determination of Fourier coefficients

Fourier expansion of periodic function in a given interval of length 2nt
Fourier series of even and odd functions

Fourier series in an arbitrary interval

Half- range Fourier sine and cosine expansions




INTRODUCTION:
Fourier series which was named after the French mathematician “Jean-Baptise Joseph

Fourier” (1768-1830).Fourier series is an infinite series representation of periodic function in
terms of trigonometric sine and cosine functions. It is very powerful method to solve ordinary
and partial differential equations particularly with periodic functions appearing as non-
homogeneous terms. We know that Taylor’s series expansion is valid only for functions
which are continuous and differentiable. Fourier series is possible not only for continuous
functions but also for periodic functions, functions which are discontinuous in their values
and derivatives because of the periodic nature Fourier series constructed for one period is
valid for all. Fourier series has been an important tool in solving problems in many fields like
current and voltage in alternating circuit, conduction of heat in solids, electrodynamics etc.

Periodic function
A function f:R—R is said to be periodic if there exists a positive number t such that
f(x+T)=f(x) for all x belongsto R .
e T is called the period of f(x).
e If a function f(x) has a smallest period T(>0) then this is called fundamental period
of f(x) or primitive period of f(x)

EXAMPLE
e Sinx, cos x are periodic functions with primitive period 2n

e Sinnx,cosnx are periodic functions with primitive period 2n
n

e Tanx are periodic functions with primitive period =

Tannx are periodic functions with primitive period T
n

If f(x)= constant is a periodic function but it has no primitive period

Any integral multiple of T is also a period i.e. if f(x) is a periodic then
f(x+nT)=f(x).where T is a period and n € Z
If f, and f, are periodic functions having same period T then f(x)=c1fi(X)+Caf2(X)
,[C1,C, are constants] is also the periodic function of period T
e If T is the period of f then f(cyix+cy)also has the period T [c1,C; are constants]
e If f(x) is a periodic function of x of period T
(1) f(ax),a#0 is periodic function of x of period T/a
(2) f(x/b), b0 is periodic function of x of period Th

EVEN FUNCTION:
A function f(x) is even function if f(-x)=f(x) ,
Ex: f(x)= cos X, x° /M

~ | N

Even function

» The graph of even function y=f(x) is symmetric about Y-axis

» If f(x) is even function If(x)dx = ZIf(x)dx
—-a 0




ODD FUNCTION:
A function f(x) is odd function if f(-x)=-f(x)
. : 3 ¥
Ex: f(x)=sin x, X hi=9 = -hix)

™~
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Odd function

» The graph of odd function y=f(x) is symmetric about the origin

> If f(x) is odd function .[f(x)dx =0

NOTE
e There may be some functions which are neither even nor odd

Ex: f(x) =4sinx +3tanx-e*
e The product of two even functions is even
e The product of two odd functions is even
e The product of an even and odd function is odd

TrRIGONOMETRIC SERIES: A series of the form

f(x)= ao+ Ynz1(apcosnx + b, sin nx)

Where ag,a1,ay, ap and by,b,, by are coefficient of the series.Since each term of
the trigonometric series is a function of period 2n it can be observed that if the series is
convergent then its sum is also a function of period 2n

CONDITIONS FOR FOURIER EXPANSION (DIRICHLET CONDITIONS)

A function f(x) defined in [0,27n] has a valid Fourier series expansion of the form
f(x)= a?" + Yn=1(apcosnx + b, sinnx)
Where a,, a,,, bjare constants, provided
o f(x) is well defined and single-valued, except possibly at a finite number of point in
the
interval [0,27] .
e f(x) has finite number of finite discontinuities in the interval in [0,27] .
e f(x) has finite number of finite maxima and minima.
Note: The above conditions are valid for the function defined in the Intervals [-m,x],[0,21],
['I,I]
» {l,cos Ix,cos 2x,....,c08NX,.....,sin 1x,sin 2x,....,sin nx,....}

Consider any two, All these have a common period 2n . Here 1=cos 0x
X . 27X . nmx

—,SINn T,....,sm T,}

X 27X nTx .
> {l,cos €08 =,....,C08 —=,.....,8in =

All these have a common period 21 .
These are called complete set of orthogonal functions.




Then the Fourier series converges to f(x) at all points where f(x) is continuous. Also the
series converges to the average of the left limit and right limit of f(x) at each point of
discontinuity of f(x).
Example
e sin~1x cannot be expanded as fourier series since it is not single valued
e Tan x cannot be expanded as Fourier series in (0,27) since tan x is infinite at x =
gand 3;“

EULER’S FORMULAE
The Fourier series for the function f(x) in the interval c<x<c+2m is given by

f(x)= 370 + Yn=1(ancosnx + b, sinnx)

Where a9 = % fCC"LZ“ f(x)dx

ap :% fCCHﬂ f(x) cosnx dx

1 rCc+2T
bn:; fC

These values are known as Euler’s Formulae.

f(x)sin nxdx

g

Proof:consider f(x):7 + Y n=i(apcosnx + b, sinnx)

Integrating eq(1) with respective x from x=c, x=c+2x on both sides

c+2m c+27 C+2T o C+21W o

[ fooax= | a—2°dx+ [ >a,cosnxdx+ [ 3b, sinnxdx
c c ¢ n=l ¢ n=l

c+2m c+27 a © c+27 0 c+27
J'f(x)dx: j ?de+2an j cosnxdx + > b, j sin nxdx
c c n=1 c n=1 c

c+2n a

j f(x)dx=7°[c+2n—c]

c+21

a0=% _[ f(x)dx

Multiplying cosnx and Integrating eq(1) with respective x from x=c, x=c+2x on both sides
c+21 c+2m C+2Tt oo C+21T o
a .
J' f(x) cosnxdx = '[ —2 cos nxdx + I Zan COS NX COS NXdX + I Z b, sin nx cos nxdx
c c 2 c n=l ¢ n=l
c+2m c+2m a © c+2m 0 c+27
j f(x)cosnxdx = I —2 cosnxdx + Zan j cos? nxdx + Z b, _[ sin nx cos nxadx
c c 2 n=1 c n=1 ¢
c+2m
I f(x)cosnxdx =a,m
c
c+27

a,=— j f (x) cosnx dx
T C

Multiplying sinnx and Integrating eq(1) with respective x from x=c, x=c+2x on both sides




c+27 c+2m a C+2n o C+21T o

j f(x)sinnxdx = J. —%sinnxdx + J. Zan cosnxsin nxdx + I an sin nxsin nxdx
c c 2 ¢ n=l ¢ n=l

c+27 c+2m a © c+27 0 c+2m

_[ f(x)sinnxdx = j —OsinndeJrZan _[ cosnxsinnxdijZbn '[ sin® nxdx

c c 2 n=1 c n=1 c

c+2m

I f(x)sinnxdx=b,=w

c

c+21

bnzi [ f(x)sinnxdx
n C

DEFINITION OF FOURIER SERIES
» Let f(x) be a function defined in [0,27] . Let f(x+2m)=f(x) then the Fourier Series of is
given by
f(x)= 370 + Yo, (apcosnx + b, sinnx)

Where =~ fozn f(x)dx

|

ap :% fom f(x) cosnx dx
bn:% fozn f(x)sin nxdx

These values a,, ap, byare called as Fourier coefficients of f(x)in [0,27].

» Let f(x) be a function defined in [-rt,n] . Let f(x+2m)=f(x) then the Fourier Series of is
given by
f(x)= a?o + Yo, (apcosnx + b, sinnx)

Where ag = % ST f(x)dx
a, 2% ffﬁ f(x) cosnx dx
bn:% ffn f(x)sin nxdx

These values ay, a,,, byare called as Fourier coefficients of f(x)in [-r,x]

» Let f(x) is a function defined in [0,2l]. Let f(x+2l)=f(x) then the Fourier Series of is
given by
f(x)= az—° + Yo (apcos ? + b, sin ?)
Where ap = %foﬂ f(x)dx
l
a, :% foz f(x) cosg dx
by=1 s f()sin == dx

These values ag, a,, byare called as Fourier coefficients of f(x) in [0,2l]

» Let f(x) be a function defined in [-1,1] . Let f(x+21)=f(x) then the Fourier Series of is

given by
f(x)= az_o + Y ozq(apcos # + b, sin ?)




g = %f_llf(x)dx
a, Z%f_llf(x) cos@ dx

bn=% f_ll f(x)sin # dx

These values a,, ap, byare called as Fourier coefficients of f(x) in [-1,1]

FOURIER SERIES FOR EVEN AND ODD FUNCTIONS
We know that if f(x) be a function defined in [-x, nt]. Let f(x+27) =f(x), then the Fourier series

f(x) of is given by
f(x)= az_o + X n=i(apcosnx + b, sinnx)
Where ap= if_“ﬂ f(x)dx
a, 2% f_“ﬂ f(x) cosnx dx
bnzi ffn f(x)sin nxdx

These values a,, a,,, byare called as Fourier coefficients of f(x) in [-z, 7/

Case (i): When f(x) is an even function

o f(X)= % + Yne1 Qpcosnx

Where aozzf(;T f(x)dx

T
a, 2% f(;T f(x) cosnx dx

nmx
1

Where ap= %fol f(x)dx

!
an :% J, fG)cos @dx

o =2+ T, ancos

Case (ii): When f(x) is an Odd Function

o f(X)=Y o=, bpsinnx
Where bn:% fon f(x)sin nxdx

o f(X)=Y o=, bpsinnx
Where bnz% folf(x)sin #dx




FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS

gty 109 0T,

Where x,is the point of discontinuity in (c, c+2m)
Then the Fourier coefficient is given by

1 X0 c+2m
ao=|[ s [ ax

X0

1 X0 c+21
== U f1(x)cos nx dx + f f2(x) cos nx dxl
c X0

1 X0 c+2m
b, = ;U f1(x)sinnx dx+] f2(x)sinnx dx
c X0

f(x+0)+f(x-0).
2

The Fourier series converges to if x is a point of discontinuity of f(x)

PROBLEMS

Find the Fourier series expansion of f(x) = x%, 0 <x <2a. Hence deduce that

S |
() 1—2

Sol  Fourier series is

l 27
8y =~ jf(x)dx
0

f(x)_—0 + > (a, cos nx +b, sin nx)
n=1

N NP §k

27
a, =1 J'f(x)cosnxdx == J'x CoSs nx dx

smnx @ )( cosnx} (2)[ sin nx

&
{ (4”) 0 o}— 0+0 —o}}

4
n?

1 x
7T
i
Vs




l 2 1 27
b, == jf(x)sinnxdx == J.xzsinnxdx
T

0

( )( cosnxj @ )( srllnnxj (2)(cosnxﬂ
{—4” O+%}—{O+O+%H

] n n n

_4r

n

f(x)_ + > (a, cosnx+b, sinnx)

n=1
1 2 o)

8 4
== = Z —cosnx——sm nx

ne n

SX cost COS 3X sinx sin2x sin3x
Y + T + 5 +

Put x = 0 in the above series we get
Ar?

f(0) =

But x =0 is the point of discontinuity. So we have

(-1 +2f (27) _ (0)+ §4;z2)

=27

Hence equation (1) becomes




Adding (2) and (3), we get

+—=2 1+i+i+
12 1> 3¢ 5
2

3r 2{1 1 1

—t—t+—+
12 1> 3% 5°

2 1 1 1

g8 12 32

Expand in Fourier series of f(x) = x sinx for 0 <x< 2z and deduce the result

Fourier series is

f(x)_a—2°+2(a cos nx + b sin nx)
n=1

1 2 1 2z
a, =— _[f(x)dx =— jxsinxdx
4 0 T 0

= i[x (—cos x) — ()(=sin x)]"
T

_ll2r+0)-(0+0)]
T
_ 2

a, :i Jf(x)cosnxdx :i jxsin X COS nx dx
T T

1 2z

=— | x(2cos nxsin x) dx
- [ )
1 27

= '[x[sin(n+1)x—sin(n—1)x] dx , n=l
27

:i .([ﬂxsin(n +1)x dx—% !ﬁxsin(n—l)x dx
cos(n+1)x —sin(n+1)x i
{( =) (1)( (n+1) H

1 —cos(n—1)x) . —sin(n-1)x i
Zn{(x)( n-1 j (1)( (n-1)? ﬂo




L[ o) .o A1 o]
27 n+1 2r n-1

-1 1
—+_
1 1

== +(n+1)
~ (n+D(n-2)

., h=#1

When n =1, we have

2 27
a, 21 J'f(x)cosxdx 21 J'xsinxcosxdx
T 0 T 0

1 2
=— stin 2xdx
27 5

_ L:X(—cozs 2xj : )( smzxﬂoﬁ
21l 2)oo}-000]

b, =1 If(x)sin nx dx =i Ixsin Xsin nx dx
T T

= 1 .[x(Zsin nxsin x) dx
27

_ L jx[cos(n—l)x—cos(n+l)x] dx , n=l
27

1 J'xcos(n—l)x dx—i Ixcos(n+l)x dx
27 2w

sin(n 1)x) ( cos(n—l)xﬂzn
{( )(— @ o1 O

_Zi{ sm(n +1)x (1)(—cos(n +21)xﬂ
(n+1) 6

{0 oy 2} { H H e 1)2“2} {OJF : H

i (n-1)? (n—1)? (n+1)? (n+1)?

= 1 {0 L } { {O + ! H
27| (n- 1) (n 1) (n+ 1) (n+1)°

b,=0, n#1

When n =1, we have




l 27 l 27
b, =; jf(x)sin x dx =; jxsin xsin x dx

_1 jxsinz X dx

e |
)]
[oe-o-2)-foof.

f(x) ===+ (a, cosnx+b, sinnx)
n=1

a - : LI
:?0+alcosx+2an COS NX + b, sin X+ ) by sinnx
n=2 n=2

:—2——cosx+z COSNX + 7zsin X+ 0
2 5 (N— 1)(n+1)

COS2X COS3X C€0S4x cosbhx
+ + +
1.3 2.4 35 4.6

Xsin X :—1—%cosx+7zsin x+2{

Put x = % in the above series we get

Z(1) :—1—0+7z(1)+2[_—1+0+i+0+_—1+0+
2 1.3 35 5.7

ZE__7[4_1;:._2 .;%_._.;E_.+_J£_._
2 1.3 35 57
ﬁ—2ﬂ+2:_2{l 1

+
1.3 35

1.3 35 57

3 Obtain the Fourier expansion of f(x)=e¢® in the interval (-, 7).
Sol  Fourier series IS

f(x)_ ) +Z(a cos Nx + b sin nx)
n=1




a, = %Teaxdx =—

T

e’ —e* 2sinhar
ar ar

l T
== je’ax coS nxdx

-

e—ax T
a, = —| —— {~acosnx+nsinnx}
x| a’+n .

T a’+n’

_ @{(—1)”sinh a;z}

V4
== J'e‘axsin nxadx

1 e—ax 4
= —| ——{-asinnx—ncosnx}
z|a+n B

T a’+n?

_ @[(—1)”sinha7r}

f(x) = sinhaz | 2asinhax ( 2 ~COSNX + 2 sinh a;zz n(=Y) ~sinnx
ar V2 ~a’+n’ T ~a’+n’
For x=0, a=1, the series reduces to
sinhz  2sinhz & (-1)"
+ 2
Vs T an +1

f(0)=1 =

T T

smh;z 23|nh7z[_1 2 (-1)" }

nzn +1

1= 23|nh7rz( 1)
T Snt+l

Find the Fourier series for the function f(x) =1+ x + x* in (-, 7). Deduce
1 1

7
Sol The given function is neither an even nor an odd function.

f(x)_ ) +Z(a cos Nx + b sin nx)
n=1

Il
[k

aoziv"f(x)dx fl+x+x2)dx

X

X
+
|
+
|

—
3
.I.

N[k NP ﬁll—‘ :1

N
N
+




1 J' f (x) cos nxdx =i j(1+x+x2)cosnxdx
T T

=1{(1+x+x2)(5i””"j L+ 2x )( cosnxj (2)( smnxﬂ
T n n -z
ZEHM L+ 2;;2(—1)" _0}_{(” (1—272(—1)“ _OH

T n n

_ (;)2 L+ 271+ 27]

— (_1): (472_) — 4(_;]_)“
zn n

b, iJ.f(x)smnxdx —EJ.(1+X+X )sin nx dx

-7

{(lJrXJFXz)(—C(;snxj s 2)( smnxJ (2)[cosnxﬂ

{ (1+7z+7z2)(_r1])n +0+ 2(;3)n}—{—(l—7z+ﬂ2)(_r?n +0+2(_31)HH

n

[ 1-7—7n? +1—7r+7r2]
nx

(D Ly 260" 2()™
nrz n

n

f(x) = &+ i(an cos nx + b, sin nx)

n=1
© _ n+1
:;( J+Z{ cosnx+ﬁsinnx}
n

n=1
7’ COSX COoS 2x cos3x sinx sin2x sin3x
=l+—+4 ———+—; 5 + - + —
3 1 2 3 1 2 3

f(x)=1+—-4
(x) 3

7l {cosx c052x+c053x . sin x sin2x+sin3x

12 22

Put x =z in the above series we get
2

T
f(r)=1+2—-4
(7) 3

But x =z is the point of discontinuity. So we have
_ _ 2 2
1:(7[):f( 7z')+f(7z'):(1 T+ )+(1+7z'+72'):

2 2
Hence equation (1) becomes




Find the Fourier series expansion of (m — X)? in —r <x< .
Fourier series IS

f(x)_ ) +Z(a cos NX + b sin nx)
n=1

aozijf(x)dx :%j(n—x)zdx

_1[@-0*]
x| -3 .
1 3
:E[0—87Z' ]

3 872
3

a, =ljf(x)cosnxdx =1j(ﬂ—x)zcosnxdx
T T,

{( ~ )(smnxj 207 - X)( 1)]( cosnxj (2)[ smnxﬂ

io-a-fo-6

T

_ACY”
==

b, _1 J‘ f (x)sin nx dx _1 I(ﬂ—X)ZSin nx dx
Vs T

=%{(ﬁ—X)Z(_Cfnxj—[zm—x)(—1)][ smnxj (2)(cosnxﬂ

:£H0+0+2(;31)”} { arty ED 0, 260" H

Az (-D"
B n




f(x)= %+ > (a, cosnx+b, sinnx)
n=1

=1(8”2J+Z{4( D’ cosnx+ﬂsinnx}
2\ 3 n2 n

n=1

£(x) = 4r? . [_ cosX cos2x  cos3x ag| - sin x . sin2x  sin3x
B 12 2?2 32 2 3

. 4’ COSX C€O0S2X CO0S3X sinx sin2x sin3x

(ie) f(x)= B Ty + - Vs - + 3

6 Find the Fourier series of periodicity 3 for f(x) = 2x — x%in 0 <x< 3.
Sol Fourier series is

f(x)= ﬁ+ Z(an cos 2n7zx +b, sin 2n;zx]

jf(x)dx:-j(zx x2) dx
3 2 3],
2
3

e

=0

%= (3/2)

a, = (3/2).[f(x)cosnxdx =—I(2x X )cosde

b, = (3/2)Jf(x)5|nnxdx ——I(Zx X )sm—dx

2nax 2nzx

—C0S——— —sin——

5| @x=x%) Tﬁ?’ —(2-2x)

3

[ECIEE

— 4+
4an?r?




Expand f(x) = x — x? as a Fourier series in —| < x <1 and using this series find the
root square mean value of f(x) in the interval.

Fourier series is

f(x)_ Z(a cos—+b s'n?}

:%J':f(x)dx :%jl(x—xz)dx

%2 x|
_7_?}_.

{551
()2

Ilff(x)cosde = _[(x X )cosde

a

n

nzx nzx
sin—— —C0S —

PN R B I
(x=x7) g @-2x) 2

| |12

{o 1- 2|)(( D’ 'Zj 0}—{0+(1+2|)( —
| n°rz

_ (="
o s~ f-21-1-21]

(1 4P D™
n?z? n?z?




jf(x)sm dx = j(x X )sml—dx

|
nzx . Nax nzx
1 —cosl— —sml— cosl—
2
X=—X) ——— |- (1-2x + (-2
( ) [ ( ) e (-2) 3
- o
[ | I* .

{ (- )(( )" |j 2(—31)”3I3}_{_(_|_IZ)[(—l)”IJJFO_2(—31)”3I3H
I_ n°z nz n°z
=7_(_1)n'[|—|2+|+|2]

( 1 n+1 2| ( 1)n+1
nrz [ZI] nrzx

0

f(x)= —° Z(an cos$+bn sin@)

n=1

_ 2 © 2_ n+1 _ n+1
:1[ 21 J+Z(4I (D™ nEx 206D

2\ 3 per) nz? |

: -7 41’71
(ie) f(x)=T+7L—Zcosﬂl—x—icosm —

Obtain the Fourier series of f(x) = 1-x* over the interval (-1,1).
The given function is even, as f(-x) = f(x). Also period of f(x) is 1-(-1)=2

Here
1 1 1
a = ij F(x)dx=2] f (x)dx
-1 0

S N
—2'([(1 X )dx_Z{x 3}

0

= ﬂlf (x) cos(nzx)dx
= Zj f (x) cos(nzx)dx

= 2.1[ (1—x*) cos(nzx)dx

Integrating by parts, we get

_ ol 1 2Y sinnax COS N7X sinnax )|
an—{(l SO | ~EE | g o ﬂ

B 4(_1)n+l
%




1
= %J f (x)sin(nzx)dx =0, since f(x)sin(nmx) is odd.
-1
The Fourier series of f(x) is

4 0 ( 1)n+l
f(x) = — cos(nsx
(x) ﬂzg 2 (n7x)

1+x,
Find the Fourier series for the function f(x) = {1 y
© 2
Deduce that Z 1 =
n=1 (2n l) 8

. f-x)=1-x in(-2,0)
=f(x) in (0, 2)

and f(-x)=1+x in (0, 2)
=f(x) in (-2, 0)
Hence f(x) is an even function.

a > Nnzx
f(X)==+>» a cos —
(x) 5 Z; " >

2 2 2
aO=E£f(x)dx ='(|)‘(1—x)dx
_ly X 2
- 7|

=[2-2)-(0)]
=0

2 2
a, :gjf(x)cos%dx = j(l—x)cos%dx
29 2 0 2




0 &4[1-(-D"] nzx
f(X)==+ cos
(0 nZ_‘{ n2z? 2
412 7X 2 37X 2 S
=—|5C0S—+0+—-C0s——+0+—Co0s——+
T 2 3 2 5 2

81 m~ 1 3 1 5
f(X) =—| 5008 —+—C0S——+—-COS—— +
711 2 3 2 5 2
Put x =0 in the above series we get
1 1
23 5

f(0)=%

But x = 0 is the point of discontinuity. So we have
fO)+f(0+) _ O+@® _2_
2 2
Hence equation (1) becomes

8{1 1
= — 4+ —

f(0) =

23

in
10  Obtain the sine series for f(X) =
l—Xx in

Sol Fourier sine series is
Nz X

()= b, sin 7"
n=1

2 ¢ N
b =—1 f(x)sin—dx
! |£() |

2 '¢ nx 2 ¢ nzx
=— _[ xsin—dx+—j(l—x) sin——dx
I3 I 7, I

112

N7zX . NznX nzx . Nax

2 —COST —sml— 2 —COST —sml—
:T (X) nr _(l) nzﬂ_z +T (I_X) nr _(_1) nzﬂ_z
1 2 1 2




nz
sin—

2
nz X

f(x)= Zb sm—

4I nz nz X
sm—sm—
2 |

1 3z 37X 1 5z 5z X
n—sm—+0+3—smTSlnT+0+—sm—sm—+0+

l 372'X 1 57X
| 52 |

1, O<x<
Find the Fourier series of f(x) :{ g

2, W< X<2rxw
Fourier series is

f(x) = —° + > (a, cosnx +b, sin nx)
n=1
1 2 1 V4 1 2
a,=— _[f(x)dx =—.|.(1)dx+— j(z)dx
4 0 4 0 4 V4

Ky

- z-0)]+ 2@z -n)]
T T
=1+2=3

2z 4 2z
a, =1 _[f(x)cosnxdx =£I(1)cosnxdx+1 j(2)cosnxdx
4 0 7 0 T V3

_i{sin nx}” +g{sin nxT”
T n 4, =« n |,
Lo-0+2(0-0)
T T
=0




2 V3 2
b, :1 jf(x)sin nx dx =lj(1)sin nxdx+1 j(Z)sin nx dx
7[ 0 4 0 4 V4

_ 1[—cos nx]’ +E[—cosnx}2”
gzl on |, 2l n |
= ey - 2 - ()]
nx Nz
- Ly 124 2¢0)]
V4
_(D"-1
B Nz

f(x)_ + > (a, cosnx+b, sinnx)
n=1

+Z Ocosnx+(_1) _1sin nx
nz
1

sin X sm2x s,|n3x+
3

2
7

12 Find the Fourier series expansion of f(x) =

Sol Let 2L=1= L= IE then the given function becomes

O<x<lL
f(x) =
2L-x, L<x<?2L

Fourier series is f(x)_—0 Z(a cos—+b s'nmJ
1
1 2L 1 L
8 =1 !f(x)dx =E£(x)c|x+E !(ZL—x)dx
r.o 2 L 2 2L
*—} el
2
EaliUeT
L

r\)||_ I_|I—‘ I_|H

E
2




j' f (x)cos —dx

0

L

xcos—dx+— 2L - xcos—dx
£ j( )cos —-

L
N7z X N7z X
sin == —c0s———
(x) -
T

nz n’z?
L L L
r (_1)[1 L2 L2

0+ —<0+ +
_{ n?z? n’z? L

1L
i G ST M G

1
L

1 2L
:71 f(x)sin—dx

% xsmwdx —J(ZL x)smwdx

nz X
—cos—

: . . . I-%x, O<x<lI
13 Find the Fourier series expansion of f(x) =
0, I < x <2l

Hence deduce the value of the series (i) 1—%4% — % +

Nz X T
a, cos|—+bns n




:%ff(x)dx :%f(l—x)dxﬁ Jfl(o)dx

_1d=x)°
1

21 |
a =}J‘ f(x)cos@dx=|}I(I—x)cos$dx+0

n
I 0 0

. NxrX Nz X
SIn—— —C0S——

(1= —— |-

I |2

{o—“?”!}{o— =
L n-rz nz

[( l) n+l ]

- W [(—1) "]

21 |
b, =|5 | f(x)sin@dx =|}j(| —x)sin@dxw
0 0

Nz X Nz X
—COS—— —sin———

(13| ———|-(-) ——

n7z

| 12

ot




nzx | . nxX
Ccos +—SINn——
| nrz |

%cosl—x+0+3£cosgﬂl—+0+30035i+0+

| 1. 7x 1 27X 1 . 37X
~sin—+=sin——+=sin——+
|l | 2 | 3 |

2l zx 1 3zx 1 57 x
(ie) f(x)_—+— l—zcosT+3—zcosl—+5—zcosl—+

| 1. 7x 1 2zx 1 . 37X
~sin=—+=sin——+=sin—— +
7r 1 | 2 | 3 |

Put x = 5 (which is point of continuity) in equation (1), we get

But x = I is the point of discontinuity. So we have
£(1) = f(-)+ f(+) _ ©)+(0) _0
2 2
Hence equation (2) becomes

'__2_'[ R
I O




HALF RANGE FOURIER SERIES
e Half Range Fourier Sine Series defined in [0, 7] :

The Fourier half range sine series in [0, i]is given by f(X)=) -1 b,Sinnx
Where bn% f(;T f(x)sin nxdx

This is Similar to the Fourier series defined for odd function in [—m, ]

e Half Range Fourier Sine Series defined in [0, 1] :

The Fourier half range sine series in [0, ir]is given by f(X)= Y., -1 b,sinnx
Where bn% folf(x)sin ?dx

This is Similar to the Fourier series defined for odd function in [—1,[]

e Half Range Fourier cosine Series defined in [0, ] :

The Fourier half range cosine series in [0, ir]is given by
f(x)= % + Yoq aycosnx

Where ap= %f:f(x)dx
_2
an == J, f(x)cosnxdx
This is Similar to the Fourier series defined for even function in [—m, 7]

e Half Range Fourier cosine Series defined in [0, ] :

The Fourier half range cosine series in [0, l]is given by

f(x)= % + Y1 A, COS #

Where ag= %fol f(x)dx

2 1
an =] Jo f(x)cos#dx

This is Similar to the Fourier series defined for even function in [—1, []

Problems
Find the half range sine series for f(x) = 2 in 0 <x <.

Sol L
f(x)=>_b,sinnx
n=1

b, :Ejf(x)sin nx dx :EJZ sin nxdx
4 0 4 0

_ 4[—cosnx ”_—_4_n_ AL
{ n }_nn[(l) 1]_n7z[1(1)]

T 0




Half range sine series is
f(x)zzbnsin nx :ZM
n=1 n=1 nz
41 2sinx 2sin3x 2sin5x
=— + + +
1 3 5

8|sinx sin3x sinb5x
— + +
1 3 5

sin nx

T

T

Expand f(x) =cos X, 0 <x <z in a Fourier sine series.
Fourier sine series is

f (x)=>_b, sinnx
n=1

b, =£If(x)sin nx dx =£jcosx sin nx dx
0 T 0

:1 I 2sin nx cos x dx
T

0

_1 f[sin(n +1)x+sin(n-1)xJdx, n=1
T

0

1 (—cos(n+1)xj+(—cos(n—1)xJ ”
o n+1 n—1

0

_ 1 (_1)n+1+ (_1)n—1 _{ 1 N 1 }_
7| n+1 n-1 n+1 n—l_
ol
i n+l n-1 n+l n-1J]
et G
n+l n-1 n+l n-1
1 alo2n 2n
:_[(_1) {n2—1}+{n2—1H

2n n
b =—1)[(—1) +1], n=1

" ox(n® -
When n =1, we have

b, =3jf(x)sin X dx =3jcosxsin X dx
T 0 T 0

:1 '[sin 2xdx
T 0

1[—005 2X

i 1
; } =_Z(1_1)=0

7 0




f(x):ansinnx:blsinx+2bnsinnx
n=1 =
z [( 1) 2nLEDTH ] Gy
= z(n* -1
2{4sm2x 8sin 4x 12sin 6x
+0+

+0+ +0+
7T 3 15 35

8|sin2x 2sin4x 3sin6x
— + + +
3 15 35

VA

Find the half range cosine series for the function f(x) =x (z — X) in 0<x<
TT.

Half range Fourier cosine series is
a 0
f(x) :?0+Zan COS NX

n=1

SN

aO:ng(x)dx =
7[0

fx(;r — X) dx

_ V4
7T X2 x?

SRS

SHEN
1

w|§"’|§ |N

f(x)cosnxdx =— | x(7 — x)cosnxdx

(TX—X )(smnx) (r—2x )( cosnxj (2)( smnxﬂ
{ (n)( i) } {0+(nn)(1)+0H




42
COS4xX CcOoS6X
¥ + 22 + +

4 Find the half range cosine series for the functionf(x) =x In0<x<l.

Sol nz X
Half range Fourier cosine series is f(X) —?+ a, cosl—

n=1
[ I 27! 2
aozg.[f(x)dx:gjxdx=gx— 2 ol
B s 2] 1]2
| |
:Igff( )coswdx——jxcosﬁdx
0

0

Nz X
sin——

(x)

LD
n27z_2

20 [
ol

(ie) F(x) =

Find the half range sine series of f(x) = x cos x in (0, n).

Fourier sine series is f(x) =Y b, sinnx

n=1




, :Ejf(x)sinnxdx :ijcosx sin nx dx
Ty Ty

T

= L j X (2sin nx cos x) dx
4 0

T

_1 jx[sin(n +1)x+sin(n—1)x]dx, n=1
%

T

_1 fxsin(n +1)xdx+l Ixsin(n—l)xdx , n=l
4 0

j —sin(n +1)x +i_%fcwm—bx)_® —sin(n-1x )]
(n+1)° . 7 n-1 (n-1)? .
=£H (D™ } } H i 1)n1+0}—{0+0}}
V4 n+1 V4 n-1
(&)

n+2 ( 1)
n+1 n—l

St

n+l n-1

n 2n
- {(nu)(n—l)}

2n(-1"
n? -1
When n =1, we have

b -1y ( cos(n+1)x
"o n+1

(ie)b, = , =1l

b, :Eff(x)sin x dx :E.[xcosxsin x dx
T 0 T

= jxsin 2xdx
0

:X( )0 me
_{E(_?lj”}—{om}}:_;

f(x)=> b, sinnx =b, sinx+ an sin nx
n=1 =

z
1
T
1
V4

1
=—§smx+z smnx
2

[Zsm 2X 35|n 3x 4sin 4x .
15




Obtain the half range cosine series for f(x) = (x—2)* in the interval 0

2

<x < 2. Deduce that Z 1) %
2n —

Half range cosine series is
a - NzX
f(x)=—>+>a,cos —
2 “ 2

a, :g_ff(x)dx = f(x—Z)zdx

_ (x—Z)T

2
a, :gj'f(x)cos%dx = I(X—Z)ZCOS%dx
2 2 ) 2

nzx nzx . Nnzax
sin——~ ~C0S —— —sin——~

(2| 2 |26 2] — 2 |+ ()

n"rz

+-—C0s——+
2° 2

Put x =0 in equation (1) we get

4 16|11 1 1
f(O)_— |:12+?+3—2

But x = O is the point of discontinuity. So we have
2 2
F(x) = (x+2) er(x—Z)
(0+2)*+(0-2)° RORO)
2 )
Hence equation becomes

=4

f(0) =

2




Put x =2 in equation we get
4 16 1 1 1
PF+?__
But x = 2 is the point of discontinuity. So we have
2 2
f(X) — (X_2) ;(Z_X)

Q=3+

2
T

(2-2)* +(2-2)? 3
2
Hence equation becomes

0

f(2) =




UNIT-II
FOURIER TRANSFORMS

Fourier integral theorem,

Fourier sine and cosine integrals
Fourier transforms

Fourier sine and cosine transform
Inverse transforms

Finite Fourier transforms




Introduction

The Fourier transform named after Joseph Fourier, is a mathematical transformation
employed to transform signals between time (or spatial) domain and frequency domain,
which has many applications in physics and engineering. It is reversible, being able to
transform from either domain to the other. The term itself refers to both the transform
operation and to the function it produces.

In the case of a periodic function over time (for example, a continuous but not
necessarily sinusoidal musical sound), the Fourier transform can be simplified to the
calculation of a discrete set of complex amplitudes, called Fourier series coefficients.
They represent the frequency spectrum of the original time-domain signal. Also, when a
time-domain function is sampled to facilitate storage or computer-processing, it is still
possible to recreate a version of the original Fourier transform according to the Poisson
summation formula, also known as discrete-time Fourier transform. See also Fourier
analysis and List of Fourier-related transforms.

Integral Transform
The integral transform of a function f(x) is given by

b
= j f (X)K(s, X)dx
I [f(x)]orF(s) =@
Where K(s, x) is a known function called kernel of the transform
s is called the parameter of the transform
f(x) is called the inverse transform of F(s)

Fourier transform
k(s,x) =e™
FIFOOI=F(s)= | f(x)e™dx

—00

Laplace transform
k(s,x)=e¥

L[ f(X)]=F(s) = T f (x)e¥dx

Henkel transform
k(s, x) =xJ, (sx)

HLf(x)]=H(s) :T f(X)xJ, (sx)dx

Mellin transform
k(s,x)=x""
M[f(x)]=M(s) :T f (x)x*'dx

0

DIRICHLET’S CONDITION
A function f(x) is said to satisfy Dirichlet’s conditions in the interval (a,b) if
1. f(x) defined and is single valued function except possibly at a finite number of
points in the interval (a,b)
2. f(x) and f*(x) are piecewise continuous in (a,b)



http://en.wikipedia.org/wiki/Joseph_Fourier
http://en.wikipedia.org/wiki/Transformation_%28function%29
http://en.wikipedia.org/wiki/Time_domain
http://en.wikipedia.org/wiki/Frequency_domain
http://en.wikipedia.org/wiki/Physics
http://en.wikipedia.org/wiki/Engineering
http://en.wikipedia.org/wiki/Periodic_function
http://en.wikipedia.org/wiki/Sine_wave
http://en.wikipedia.org/wiki/Complex_number
http://en.wikipedia.org/wiki/Fourier_series
http://en.wikipedia.org/wiki/Frequency_spectrum
http://en.wikipedia.org/wiki/Sampling_%28signal_processing%29
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Fourier integral theorem
If f(x) is a given function defined in (-1,I) and satisfies the Dirichlet conditions then

o]

f(x) = 1 j T f(t) cos A(t — x)dtdr

o
Proof:

) =224+>"a, cos(TX) + 3 b, sin(-)
2 n=1 L n=1 L

where
1 L
8 == jL f(t)dt

1% nmx
a. =— | f(t)cos(—)dt
=T

1%, ... N
b, =—| f(t)sin(—)dt
=TSN

Substituting the values in f(x)
L o
f(x)= 1 j fOL+ 22 cos(ﬂ)(t— x)]dt
L- — L
But cosine functions are even functions
3 cos(”—L“)(t— x)=1+23" cos(”T“)(t— X)
N=—0 n=1

Substituting equation (2) in (1)

1% T « nw
f(x)=— | f(t)— —)(t—x)dt
(x) 271:_'[ O 2 cosC)-)

LY

L

Lt % i cos(n—ljt)(t— X) = Icosx(t— X)dA = ZJ-COSX('[— X)dA
n=—o0 —© 0

f(x):i j f(t)[zjcosx(t—x)dx]dt
2n 7 5

f(x) = %T T f(t) cos A(t— x) d Adt

Fourier Sine Integral
If f (t) is an odd function
f(x)= gjsin xxjf(t)sin Atdtd,
( 0 0

Fourier Cosine Integral
If f (t) is an even function

f(x) = 2 j COS Kxj'f (t) cos AtdtdA
n 0 0




Problems

1, Xl <1 . i o .
Expressf(x) ={ X<t 56 a Fourier integral. Hence evaluate '[—S'MCOSM

0,[x|>1

and also find the value ijsmk

f(x) = f(t) cosA(t—x)dAadt

f(x) = cosA(t—x)dAdt

L ey

f(x) = sin A cos A xdA

Q| a|Fr a|r

Ot 8 Ot==m§ O%=m3

> PN

X |X|<1

sin A cos don Zf(x) {2

A

0,|x|>1
x| =1
smkcosxx £[1+O}

2

dx = i
2 4

Lxdx:
A 2

|
0
X =0
|
0

DA 2

Using Fourier Integral show that e ™ cosx = EJ' 7”4 2 cos AxdA
T

O+2

f(x) =e *cosx

f(x) =£Icoskx[jf(t)cosktdt]dx
TCO (0]

f(x) = chos xx[_f e 'costcosAatdt]dA
TCO (0]

f(x) = %J‘cos kx[_[ e '(cos(A+1D t+cos(A—1)tdt]dAr
(0] 0}

175 1 1
T = — | coshA da
S TC'(.;C X[(k+1)2+1+(k—1)2+1]

2FA%24+2
f(xX)=— cos AxXdA
) RIK4+2

(0]




FOURIER TRANSFORMS
The complex form of Fourier integral of any function f(x) is in the form

f(x) zzi [ e [ f(te™dtan
7-l:—oo —oo
Replacing A bys

f(x) = Zi J' eiSXols]2 f (t)e™dt

7T

—00

Let

F(s) = Tf(t)ei“dt
1 « .
f(x):% j F(s)e ™ds

Here F(s) is called Fourier transform of f(x) and f(x) is called inverse Fourier transform
of F(s)
Alternative Definitions

FLf ()] =F(5)= % [ #00et, £ ()= % f Foes

F(s) = T f (x)edx, f (x) :% T F(s)e™ds

Fourier Cosine Transform
Infinite

FLfM]=F.(s)= \/%_T f (t) cos stdt

f(x)= \E j F.[ f (t)]cos sxds
T 0
Finite
nzt

F[f(t)]=F.(s)= \E [t cos(——)dt

(0= TR+ [T Fe(9)oos()

Fourier Sine Transform
Infinite

LT O1=F.) = 2] 10sinst

f(x)= \/g]g F[f (t)]sinsxds




Finite

F[f(t)]=F(s) = \ij(t)sm(

f(x)= Z F (s)sm( )

Alternative Definitions:

1.F.(s)= jf (x) cossxdx, f(x) = % '[ F- (s) cossxds
0 0

2.F(s)= Tf (x)sinsxdx,f(x) = %TFS(s)sin sxds

Properties of Fourier Transforms
Linear Property: Flaf, (x) + bf,(x)] =aF, (s) + bF, (s)

Flaf, (x) + b, (x)] = J% [ af, () + b, (et

Flaf, (x) + bf,(x)] = \/%_n T £, (x)edt + T j £, (x)e"dt

Flaf, (x) + bf,(x)] =aF (s) + bF,(s)

Shifting Theorem: (a) F[f(x—a)] =™ F(s)
(b) Fe™ f(x)] = F(s+a)

1 % :
—— | f(t—a)e™dt
= j (t-a)

Ff(x—-a)] =

t—a=z
dt=dz

F[f(X— a)] — iszeiasdz

% T f(2)e

F[f(x—a)] =e™ *2dz

\/_ Jf(z)e

F[f(x—a)] =e™ F(s)

F[e™ f(x)] = J% [ feetar
F[eiax f(x)] = [ i@ty

1
JT_an(t)e

F[e' f(x)] = F(s+a)




Change of scale property: Ff(ax)] = é F(z)(a > 0)

F[f(ax)] = % T f (at)edt
at=z

dtzldz

FIf(@x)] = = —=— j f(2)e U

Ff(ax)] =~ I:(5)

Multiplication Property: F[x"f(x)] = (-i)" z nF
S

FIf(x)] = # j f(t)e™dt
dF i 7 ot

i ist
dz J_jt f(H)e™dt
continuing

d"F "

ds" \/_
FIX"f(x)] = (-1)" d

J’ t" f (t)e™dt

Modulation Theorem: F[f(x) cosax] = %[F(s +a)+ F(s—a)], F[s]=F[f(x)]

FIf(x)] = ﬁ j f (t) cosate™dt
e e

F[f(x)]:LTf(t){ i : .at}eistdt

FIf)] = —[ J- f(t)el(s+a)tdt o \/_ J‘ f(t)el(s a)tdt:l

F[f(x) cosax] = E[ F(s+a)+F(s—a)]




Problems

_ _ L|x| <1
Find the Fourier transform of f(x)={
0,]x|>1

sin X
——dx

Hence evaluate j
X
0

FIf (x)] = Tf(x)e‘sxdx

FIf (X)] = Jl'l.eis"dx

FF ()] = e:
FIF (x)] = e" i—se"S _9 si:s

f(x)= % T F[s]e ™ds

1 % ._sins _
f(x)=—— | 2=—=e™ds
) ZH;[ S

1 7sins
f(x)== | —=e™ds
(x) Hj .

—00

1 T Siﬁeisxds_{l’|x|<1
M’ s 0, |x|>1

—0

-x%,|x|]<1

Find the Fourier transform of f(x) :{1
0,|x|>1

XCOSX—SINX X

—3005de

Hence evaluate '[
5 X




FIf (X)] = T f(x)e"™dx

FIf (x)] = Jl'(l—xz)eisxdx

i i i 1
FIF 0] = |- x3) S —ax = 422

s (i) (is)]
F[f (X)] _ 2[eis n i—is ]_ 2(eis _-ea—is J
) —IS

FIf (X)] :;—f(scoss—sin s)

f(x) = % T F[s]e ™ds

f(x) = % J;_—:l(scoss—sin s)e ™ ds

0

-x%,|x|<1
0,|x|>1

S—(s coss—sins)e ™ds ={1

—-(scoss—sins)e™ds = %

[cosS —isin 3jds = - 1
2 ¥ 8

3

T (scoss—sins)

S

(scoss—sins) 311
~—————cos=ds=——
S 16
Find the Fourier transform of e > .Hence deduce that e*2is self-
reciprocal in respect of Fourier transform




FIf (x)] = Tzf(x)eisxdx

Q0

F[f ()] = [ e e™dx

00

F[f (X)] — [ e—a2 (Xz—isxlaz)dX

00

F[f (X)] — T e—az(x—isx/2&12)ze—32/4a2 dX

00

t=a(x—isx/2a%)
dx=dt/a

o0

FIFOO1= [ e

—00

—tze—szl4a2 %

FF (x)] = e_s:a T et
FIfF () = &— VT

a

JI

FIF O] ==~

a’=1/2
F[eflez] _ 21—18752/2

X212

Hence e* '“is self-reciprocal in respect of Fourier transform

. - . 2
Find the Fourier cosine transforme™ .




Sol:

F, )= J'e’xz cossxdx = |
0

—_[ xe ™ sins xdx = %j (—2xe ™) sins xdx
0 0
- j e cossxdx = — |

21 2
ar_ s

I 2

int egratingonbosthsides

- —s? .
logl = | —ds+logc=——+logc = log(ce ™"
gl =[—-ds+logc=——-+logc=log(ce ™)

2
I — Ce—s /4

—X

2 2
e cossxdx =ce* '

0
Ji

C:Te‘xzdx =7
0

T \/ﬁ -s2/4

2
I e cossxdx =——e
0

Find the Fourier sine transforme ™ .Hence show that

o0

X sin mx e ™
'[ >—adx = ,m>0
o 1+Xx 2

X being positive in the interval (0, )

e =g

(™) :je’xsin sxdx = 5
0

1+s
f(x)= ETF (e7)sinsxds
IIOS

s
f(x)= sinsxds
-([l+s2

. S .
eX:I > sinsxds
v 1+s

Replace x by m

27 s .
e :—J ~sinsmds
I1gl+s

) 11
> sinsmds =—e™"
1+s 2

~sinmxds = Ee’m
1+x 2

|
|




X,0<x<1
Find the Fourier cosine transformf(x) ={2—-x,1<x<2.
0,x>2

F{F(x) = Tf (x) cossxdx

1 2 )
F.(f(x)) = j X cossxdx + J' (2—x)cossxdx + jO. cossxdx
1 2

sms coss 1 sins €o0s2s COoSS
R(G0) = ( s _S_ZJJF(_ s s " s j

Zcoss 1 cos2s
Ff(X)=—7— —

S

If the Fourier sine transform of f(x) = 1(coTs)nH then find f(x).
n

f(x):%iﬁ(n)sin nx

1-cosnIl
F —- >
.(n) T H)2

= coan .
————sinnx

f(x)=

f(x)=

2

ns

2 °C1 coan.
H—Z




UNIT-I1II
LAPLACE TRANSFORM

Definition of Laplace transform

Properties of Laplace transform

Laplace transforms of derivatives and integrals
Inverse Laplace transform

Properties of Inverse Laplace transform

Convolution theorem and applications




Introduction

In mathematics the Laplace  transformis  anintegral  transform named  after its
discoverer Pierre-Simon Laplace . It takes a function of a positive real variable t (often time)
to a function of a complex variable s (frequency).The Laplace transform is very similar to
the Fourier transform. While the Fourier transform of a function is a complex function of
a real variable (frequency), the Laplace transform of a function is a complex function of
a complex variable. Laplace transforms are usually restricted to functions of twitht> 0. A
consequence of this restriction is that the Laplace transform of a function is a holomorphic
function of the variables. Unlike the Fourier transform, the Laplace transform of
a distribution is generally a well-behaved function. Also techniques of complex variables can
be used directly to study Laplace transforms. As a holomorphic function, the Laplace
transform has a power series representation. This power series expresses a function as a linear
superposition of moments of the function. This perspective has applications in probability
theory.

Introduction
Let f(t) be a given function which is defined for all positive values of t, if

©
F(s) = [ e™f(t) dt

exists, then F(so) is called Laplace transform of f(t) and is denoted by
L{f()} = F(s) = Ofo e f(t) dt

The inverse transform, or igverse of L{f(t)} or F(s), is

f(t) = L{F()}

where s is real or complex value.

Laplace Transform of Basic Functions
o 1 © 1
_ —st _ _— st - =
1.L[1]_J'Oe dt = Se 0T g

1

S a+l

I'a+1)

2.L [ta]:jowtaeStdtzfow(%)ae”d?u: [ urerdu=—"3

e—(s—a)t |°° 1
—(s—a)|0 “s-a

3.L [e*]= .[:eate‘“dt =

4.L [e‘at]:i_:L [cosat +isinat] = ZS ~+i 2a :
s—ia s’+a’ s’+a

L [cosat]:%,and L [sinat]=
s“+a

2 2

S"+a

at —at
€

5.L [sinhat] =L [E_T]:

1 1

S—a S+a

L [coshat]=L [T]z

1
2

ety ®. 1 1 1
> +

S—a
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1. Linearity
L [af(t)y+bg(t))= | :[af (t) +by()]e dt =a| Ow f(t)e dt+b] O°° g(t)e*dt = aF (s) + bG(s)

EX: Find the Laplace transform of cos’t.

2
Solution:L[coszt]:L[lJrCOSZt]zl(1 > ): 52+2
s(s® +4)

+
s s2+2°

2 2
2. Shifting

(@)L [ft-au(t-a)=| 0“’ f(t-a)u(t—a)edt=| °° f(t—a)e dt
Let t =t—a, then

L [f(t-aut-a)l=[ f(e dr=e™["f(r)edr=eF(s)

(b) F(s—a)= " f()e ™ dt=[ "[e*f(t)edt=L [e"f(t)]

0, t<4
2t t>4

EX:What is the Laplace transform of the function f (t) = {

Solution: f(t)=2t’u(t-4)
L [f(t)]=L {2[(t—4)*+12(t—4)*+48(t—4)+64]u(t—4)}
= Ze“[i‘i +12 x£3!+48xi2+%j = 4e45(£+E ﬁ+§j

s s s s st s s s

3. Scaling
L [f(at]=] 0°° f (at)etdt
Let T =at, then

L [f(a)]=] f(r)e *d== 1 [ f(e 2de= 1
0 a a°“o a a
EX:Find the Laplace transform of cos2t.

Solution :-.- L [cost] = —;
s°+1

S
oL [cosZt]z1 52 = ZS

4. Derivative
(a) Derivative of original function

L= : f/(t)e*dt = f(t)e¥|  —(-s)] : f (t)e dt

(1) If f(t) is continuous, equation (2.1) reduces to
L [ (t)]=—f(0)+sF(s)=sF(s)—A(0)

(2) If f(t) is not continuous at t=a, equation reduces to

0
0

L[f(t)=f(t)e™ :f + f(t)e™ : + sF(S) =[fla )e**—£(0)]+[0—f(a")e *°]+sF(s)
=sF(s)-f(0)—e*’[fla")—f(a")]

(3) Similarly, if f(t) is not continuous at t=a,, a,, ***,"**,d,, equation reduces to

LIF(=sF(s)— £(0) - e [f(a’)~ f(a)]

i=1
If f(t), £(t), f'(t), “',f”_”(t) are continuous, and f(”)(t) is piecewise continuous, and all of them
are exponential order functions, then




L [f"(t)]=s"F(s) - is“" f 2 (0)
i=1

(b) Derivative of transformed function
dF(S) _ d - sty [ 0 —st [~ sty
?_—jo f(t)e dt—.[og[f(t)e ]olt_j0 (—t) f()eSdt =L [(~t)f ()]

[Deduction] e FO) e £ ]

EX:Find the Laplace transform of te'.

Solution : L (et)=i:>L (tet):_i[ ! ): 1 .
s-1 ds\s-1) (s-1

t?, 0<t<1
EX: f(t)=< ' Cfind L [f/(1)].
(t) {0, a1 [f'(D]

Solution : f (t) =t?[u(t) —u(t —1)]

L [f(t)]=L [tut)]-L [tu(t-1]= ——L {[(t-1) +1u(t-1)}

:SES_ L {[(t-2)2+2(t-1) + 1Ju(t -1}

2 2 1 1

=—-e(=+25+°)
s® s® s> s

L [f'(O]=sF(s)- f(0)—e™[f(A")-f(@)]

2 2 2 . 2 2
—[S -t (S + 4] -0-e (0-D) =2 —e (S +2
S S S S S

5. Integration

(a) Integral of original function

L[ O‘ f(odr =[] 'f (1)dredt

1 7st * —st _1
:_{ jf(r)dr —jof(t)e dt}—sF(S)

=L [j;j;...j;f(t)dtdt.--dt]=S—nF(s)

(b) Integration of Laplace transform
[ F(s)ds=[ jo“’ f (t)e dtds = j: f(t)[ e *dsdt
—st

=j0°° e_t wdt:j f(t)e‘Stdt—L [f(t)]

:jjj:’--.jjF(s)dsds--.ds=L [t—nf(t)]




EX: Find (a) L

Solution : (a)L [1- e-t]___i
s s+1

0

. S
=Ins—In(s+1)|; :In—1
s+1|,

1-e™'

S s+1
—In—=Ih——=
s+1 S

=] Is—+1ds—sl s+y” s~ Dy
S | s 's+1 s

Ins—+1 + wids:{slns—”+ln(s+1)}
S |, ‘s s+l S

S

=[(s+1)In(s +1) -slIns]” =sIns—(s+1)In(s +1)

sinkte™

Ex:Find (a) [ TES—d () " sinx

Solution : (a)J' smkte dt=L [m]

L [sinkt] =

LR

2+k2

52+k2

(b)J' smxd —ZJ. SII’]X

stm kte

k—14J0
s—0

=2lim

=2 I|m(— _tant 2
s 2 i

6. Convolution theorem

L [J.;f(r)g(t—r)dr]:jowjotf(r)g(t—r)dre’Stdt .

= Jowjrw f (T)g(t - T)efstdtdf — j: f (T)j:o g(t _ T)eiStdth §
Let u=t—r, du=dt, then T

L [j f(0)g(t—1)dt] = j " (1) j " g(u)e“dudr

= j f(t)e STdTI g(u)e ™ du = F(s)G(s)




EX: Find the Laplace transform of j ;et" sin 2t dr.
. 1 .
Solution: L [e']=——,L [sin2t]=

le] s—1 [ ] s* +4
-~ L [Iote“sin 2tde] =L [e' *sin2t] =L [e']-L [sin2t]
12 2
s—1 s°+4 (s-1)(s*+4)

7. Periodic Function: f (t + T) =f ()

L TFO1= ] F0e “dt= [ fe “dee [ f(e “dts

and | :T f(edt= | OT fu+T)e " Ddu=e™ | OT f (u)e*du

Similarly,

3T —st _ A—2sT T —su
jﬂf(t)e dt=e jof(u)e du

AL [fO)]=+e +e 4.l jOT f(t)etdt

1 T st
_mjof(t)e dt

EX: Find the Laplace transform of f (t) :%t, O<t<p, f(t+p)="F(t).

. 1 Pk,
Solution : L [f(t)]_l—jo Bte dt

_gPs

1
1-e™

p
_ —_k — (tefst + le—st)
ps(l—e ™) S

%[_is (te | - e an)

0
e 1

8. Initial VValue Theorem:
L [f'(t)]=sF(s)- f(0) = lim I: f'(t)e'dt =lim sF(s) - f(0) = 0 = limsF(s) — f(0)
we get initial value theorem Itmg f(t) =limsF(s)

Deduce general initial value theorem : lim () = lim F(s)
t—0 g(t) s—® G(S)




9. Final VValue Theorem:
L [f'(t)]=sF(s)-f(0)= Iirrg _[: f'(t)edt =Iirr(1) sF(s)- f(0) =
!im f(t)- f(0)= Iing sF(s) — f (0) = final value theorem : !im f(t)= Iing sF(s)

General final value theorem : lim Ft) =lim F(s)
= g(t) 0 G(s)

EX:Find L [[ wd x].

Solution : Let f (t) = jﬂdx f(t)_Lnt £(0)=0

L [t 0] =L [sint]:szl+1

d ' —
— - [TOl=

d 1 d
——[sF(s)- f(0)] = = —[sF(s)]=-
ds[ (s)- (0] i1 OIS[ (9)]
sF(s)=—tan"'s+C
From the initial value theorem, we get
Itirrg f (t) =limsF(s)
T

0=-24+C .C==
2 2

sF(s) = g— tan's=tan" =
S

F(s) _ Ll
S S

Ex: Find L th & dx}
X

-t

(S] .

L[ 1L [e"]=-—

- SISF() - O] =
S

d
SR O) e

sF(s)=In(s+1)+C
From the final value theorem: !im f(t)= Iing sF(s)

0=0+C=C=0 and F(s) = NC+1)
S

tSin X
Note:j ——dx, an
0 X




I. Inversion from Basic Properties
1. Linearity

. 2S+1 1 A4(s+1
@L 2 gL ety
s +4 s° —
) 2s+1 S 1 2
Solution:(a)L * = +=
@) [ ] hC s°+2%2 285?427

S 4 :
74 + 3 _42]:4cosh4t+smh4t

1= 2c032t+%sin 2t

4(s+l)]:

OL 2= s

2. Shifting

@L 5 1 oL 22

s 4+25+2 s?+35+2
Solution : (a) L a7 L a7
(@) [ s? 23+2] [(s+1)2+1:I

_ 1 o
‘oL l[m] =€ tS|nt

and L [f(t—a)u(t—a)]=e*F(s)
ar &7 _ ot qince PR (= B
L [—(s+1)2 +1] e sin(t—m)u(t—n) =—e sintu(t — )

3

2(s+-) 3
Bl )=l 2] =2 ¥ cosh
+3S+2 (s+5)2_(§)2 2

3. Scaling

4s
16s% — 4

Solution: L [

L 7 1.

4s 1 4s _
lost 4 " [(4) P

cosh2 1t _Ecosh—
4 4 2

4. Derivative

(@L [

(s* + °)?

S+a

] ()L “[In pon &




. . ® ™ 208
solution: (a)L [sinwt] = tsinot]=——
@L 1 ] s+’ [ ] ds(s + o (52+032)2

Let F(t) =tsinot = L [F' ()] =s- -2 F(0)
(s*+ o)
e s? (s* +0°) -0’
L [F (t)]_zw(sz+®2)2 [ (S +® ) ]_
20°
(57 +07)’

=2L [sinwt]—

1

L | [sinot—F'(t)]

(s* + »*)? " 20
L [—1 1=l [2sinet—F'(t)] =L (sinot—otcosot)
(s’ +®*)*" 20° 20°

) Let L [f1)]=I>2 —In(s+a)—In(s+b)
s+b

L [tf (1)] = - [In(s+a) IN(s+b)] = — — 1 —| [e™—e®]

s+b s+a

f(t)=+

5. Integration

@L EED O S
Solution : (a)L [-2 (S—l)] I b 1= [eot—] [ e oot
(s+1) S (s+1)
:—(e"—1)+j0(e’t—1)dt:—(e’ —1)—(et - -t=2-2e"—

(b)L @%t —M}__i___l_

s+b s+a

s+hb|” s+a
———————d =h— =Ih—=
] J'(s+b s+a) s+al, s+b

s+a, eM—_eg™

- b] t

6. Convolution

@L [ ] OL 1.
(s” +®°)

(s* + ®?)




Solution : ()L [sinot] = — ® > =L [isincot]: . 1 -
STt () S+

L —1[(S — )2]— 2'[;sin(msinoa(t—r)dr

== j ;5 [005(7 — 0t + 0) — 0050t + ot — w1)]de
Q)

t

1 171 .
- 2_c02 J'o [cos(2mt — wt) — cos wt]dt = 2 {%sm(z(m — ot) —tcos mt}

0
1 1 . . 1 .
= F{[z— (sin ot —sin(-wt)] —tcos wt} = e — ot cos mt)
Q) ®

(b)L [lsinwt]z . L > L [cosot]=— > 3
® S+ m S"+

L [

S 1 et .
m] = a_[osm ®TCcos o(t — t)dt

= lI(:%[Sin((m + ot — o1) +sin(ot — ot + ot)]dt

t

_ 1 j‘[sin ot +sin(2ot - ot)]dt = i{rsin ot + 2 cos(201 — mt)}
2070 20 20 0

=1 ttsinot — 2 [cos ot — cos(—ot)]} = — sin ot
20 20

II. Partial Fraction

If F(s):%, where deg[P(s)]<deg[Q(s)]

1.Q(s)=0 with unrepeated factors s—a;

PO __ A A A

Q(s) s—-a s-—a, s—a,

A—h@%E%&aolpmomnzf;

= P(a,)lim = &)
=2 Q' (s) Q‘(ak)
P(s) _ P(@)/Q'(a) , P(,)/Q'(a,) . P(a,)/Q'(a,)
Q(s) S—a, s—-a, s—a,
PO P@) gory P@) s, P(@)
Q(s)” Q'(a) Q'(a,) Q'(a,)

s+1

L ———1.
[s?’+sz—6s]




Solution :

s+l _ s+l AL A A
s’+s”-6s s(s—2)(s+3) s 2 s+3

s+1 1
im———=-=
-0 (s—2)(s+3) 6

s+1 3
im =—
s-25(s+3) 10
_ lim s+1 —_2
SH»‘%s(s 2) 15

213 =2

L s+1 -6, 10 , 15 _ 1 3 2. .
s®+s* —6s S Ss—2 s+3 6 10 15

2. Q(s)=0 with repeated factors (s—ay)"
P(S) — Cm + Cm—l
Q(s) (s-a)" (s-a)""

gES;(S 8,)" =Cy +Cpi(s-a)+C,,(s-a,)" +-+C/(s—a)""

C, _Ilm[P(s)(S a)"]

Q)

_ lim P(S) ;. ym
cm_l_Hak{d e €3}

d? P(s) (g
i Q(s)

im{-—— a,)" ]}—

dm—l (S) B
C, = lim{o i g gy (62" ]}( D
,1[ P(S)] _ akt[ " + Cm—l tm—-z 4oeen
Q(s) " (m-1)! (m-2)!

7s% +13s% + 45 —12

_1[54 — ]
s (s=1)(s-2)(s-3)




4 3 2
Solution : 3 2—7s +13s +4s—12=C_22+&+ A N A, N A,
s*(s-1)(s—2)(s-3) S s s-1 s-2 s-3
. st 75 +13s% +4s5-12 -12
C,=Ilim = -
=0 (s-1)(s—-2)(s-3) -6
. d s*—7s*+13s* +4s5-12
C,=lim— ]
s=>0ds”  (s—=1(s-2)(s-3)
_AED(2)(3) - (H1[(-2)(3) + (D)() +(=1(-2)] _ —24+12x11
[(-D(-2)(-3)T* 62
. 8" —7s%4+13s% +45-12 -1
A =lim > -
-1 s°(s=2)(s-3) 2
4 243 2 _
A =i §" —7s°+13s° +4s 12= 8
A =1

3

m =-2

O S(s-)(-3 -4
|

im s'-7s°+13s"+4s5-12 9 1
53 s?(s—1)(s-2) 8 2
1

,1[5“ —7s%+13s* +45-12

t

]=2t+3- o' —2e% 1 L3
2 2

s?(s—1)(s—2)(s—3)

3. Q(s)=0 with unrepeated factor (s—a.)’+B, where p>0
P(s)  As+B

Q(s) (s—a)® +p?

%[(S—a)z +B*]=As+B

Jim (S [(s=a)" + BT} = Aa+iP) +

R+il = (Aa+B) +IAp

where R and | are the real and imaginary parts of Iimﬁ{% [(s —a)® +B*]}, respectively

(s)

, Where we can get Aand B, and

Aoa+B=R
then,

L ,1[@] L A(s—a) +2(Aoc:- B)
Q(s) (s—a)" +p

1= e‘”(Acoth + Aa{; B sin Btj




s? s s*
S'+4 (59)2+2-57-2+422-2.52.2 (s2+2)%—(29)°
~ 52 _ As+B, N As+B,
(s +2s+2)(s*—25+2) (s+1)*+1 (s-1)°+1

Solution :

2
lim ——>
S——1+i (5 — ]_) +1
8 -8i

. 1
S =(CA+B) A= A =28 =0

. - 2i .
=A1(—1+|)+31:>m=(—A1+31)+|A1

2

: : 2i .
SILTi (511 1 A (1+1)+B, :m:(A2 +B,) +iA,

8+8i . 1
= (A B +iA, > A=

2 L L 1(8—1)+—
S oL 4 4, 4 49
s'+4 (s+1)*+1 (s-1)°%+1

B, =0

L

—t t

=eT(—cost+sint)+%(cost+sint)

4. Q(s)=0 with repeated complex factor [(s—oc)2+[3]2, where >0
P(s) As+B Cs+D

Q) [S-a) +P°F  (5-0)f +p°

@[(S—a)z +B?]" = As+B+(Cs+D)[(s—a)? +B%]
Q(s)

Jim (Sl -a)" + BT} = Aa+iP) + B

R, +il, =(Aa+B)+iAp={

Ao +B=R,

, where A and B can be obtained
AB=1,

Jim s +B Ty = A+ [C(a i)+ DI im - [(s- o)’ + B’

R, +il, = A+[C(a+iB) + D]J2ip = (A-2CB?) +i(2a.BC + 2BD)
A—2CB? =R,
=
2apC +2pD = 1,
L ,1[@] L ,I{A(s—a) +2(Aoc2+zB)
Q(s) [(s—a)” +B°]

= e‘“{[%sin Bt+ (Ao + B)Ziﬁs(sin Bt —pBtcospt)] +[C cosPt + (Co + D)%sin Bt]}

, Where we get C and D, hence

C(s— o) +(C + D)

L P COCE

]




L ,1[s3—3sz+6s—4]

(s?-25s+2)* ~

s® —3s° +6s—4 As + B cs+D
= +

(s°-25+2)* [(s-D*+1F (s-1*+1

lim (s®-3s®> +6s+4)=A(l+i)+B

S—L+
2i=(A+B)+iIA=> A=2,B=-2

Solution :

lim i(s.3 —3s? +6s+4)=A+[c(L+i)+ D] Iirp_di[(s—l)2 +1]
s—1+i (s

s—>1+ s
0=A+(c+ic+D)2i=(A-2c)+2i(c+D)
c=1,D=-1
s*—3s’ +6s—4

oy 2(s-1) 1
(s? =25 +2)? =t {[(s—1)2+1]2}+L [

s-1

L S
(s-1)°+1

]

t . .
:et(2-§smt+cost) =e'(tsint + cost)

IV. Differentiation with Respect to a Number

e

(SZ+O)2)2]'

. d 1 —-2m d 1

Solution : — = L —(——2)]=L *
dm(82 +(02) (s* + »%)* = [d(o(sz+c02)] [

- 20
& o))
1 1 d ,1 1 d /1. 1 . t
- 20l [m]:%L [m]zg(ES"‘](Dt):—an’]mtﬁ‘gcosmt
1
(s* + ©*)?

L 7T ]

= 2 (sin ot — wt cos wt)
Q)]

V. Method of Differential Equation

L e].




Solution: y=e™* =y =—=—

we get the equation 4sy”" +2y'—y=0=4L [i (t*y)]+2L [-ty]-L [y]=0

dy 6t —1

—(t y)-2ty—-y= 0:>4ty+(6t Ny=0= 4t2

dt=0

3 1

3 1
Iny+—=Int+—=c, > y=ct 2e ¢
3 a7

1

- TE) RN
SLt2]= P _%,and L [ty]=L [ct 2e *]

S
: e Vs 2L e
while L [ty]=-y'= > =L [ct e #]=
S

2s

Applygeneral final value theorem !im ot

1 1
Sy = e “
2'\/;1:3/2

Applied to Solve Differential Equations
I. Ordinary Differential Equations with Constant Coefficients
y'+y+y =9(x), y(0) =1, y'(0) = 0, where g(x) = {
Solution : g(x) = u(x) + 2u(x — 3)

1 0<x<3
3 X>3

-3s

[s2Y — sy(0) — y' (0)] + [sY — y(0)] +Y =%+ 2 es

) 1 e735
(S“+s+1)Y =s+1+=+2
S S

s+1 1 2%
2 + 2 + 2
s“+s+1 s(s“+s+1) s(s“+s+1)
s+1 1 s+1 s+1

R e e

s?+s+1 s s*+s+1 s s’+s+1
s+ ly. L J3

s+1 32

s+s+1 Y3,

(7)

L s+l X3 1 . 43
[——]=¢ ?(cos— X+ —=sin—X)
s2+s+1 2 J3 2

(s+—)2 +

_ 2 lo0s Y3 L gin 3
y(x) =u(x)+2u(x-3){l—e [cos—(x 3)+\/§S|n7(x—3)]}




Y (®) -2y (®) +5Y' (1) =0, y(0) =0, y'(0) =1, y(g) 1.

Solution : [s%Y —s?y(0) —sy'(0) — y'"' (0)] - 2[s%Y —sy(0) — y'(0)] +5[sY — y(0)] =0
y'(0)=c
S+Cc—2 A Ps+Q
==_ — = +—
s(s°~2s+5) s (s—1)%+2?
A lim §+c—2 :c—2
s0 5 —25+5 5

P1+2i)+0 = Iim_S+C_2:_1+Cf2' :c+3+4—2ci
s—o1+2i 1+2| 5 5

pzﬂ,

c-2 ,2-cC cC+3 .
t)=——+e' (——cos2t+ ——sin 2t
y(t) c ( c 10 )

c-2 2—ci+c+3i)z>c_7
5 5 J2 10 V2
- y(t) =1+ e'(—cos 2t +sin 2t)

y(g):lzlz +e8(

II. Ordinary Differential Equations with Variable Coefficients

ty"+(1-2t)y’'-2y=0, y(0)=1, y'(0)=2.
Solution : — %[SZY —sy(0) — y' (0O)] +{[sY - y(O)] + 2%[SY -yO)]}-2y =0

(=s2Y'=25Y +1) +[(sY —1) + 2(sY'+Y)] - 2Y =0
(=S® +28)Y'+(-25+5+2-2)Y =0
dy _ ds

———=InY =-In(s-2) +c,

—(s=-2)Y'=Y =
( ) Y s—2

y-—% o y(t) = ce®
s—-2

y(0) =1, ..1=c, y(t) =e*

II1. Simultaneous Ordinary Differential Equations

Ex. 4.

Doty + 26
dt

dy . X(0)=y(0)=0.
E:x+2y+3e2t




sX —x(0)=2X +Y +L5

sY —y(0) = X +2Y +i
s—2

Solution : =

2 3
-2 5 55 25% 557
(s—2)" -1 (s—1)(s—2)(s—3)(s-b)
2 3
PR Pr S T
(s—-2)° -1 (s—1)(s-3)(s-5)
5/4 -3 1 3/4
= + + +
s-1 s-2 s-3 s-5
yo—>4, 1 14 :>y(t):—§e‘+e3t+le5t
s-1 s-3 s-5 4 4

X :>x(t)=§et—3e2t+e3‘+§e5t




UNIT-IV
Z TRANSFORM

Definition of Z-transforms
Elementary properties
Inverse Z-transform
Convolution theorem

Formation and solution of difference equations.




Introduction

The z-transform is useful for the manipulation of discrete data sequences and has acquired a
new significance in the formulation and analysis of discrete-time systems. It is used
extensively today in the areas of applied mathematics, digital signal processing, control
theory, population science and economics. These discrete models are solved with difference
equations in a manner that is analogous to solving continuous models with differential
equations. The role played by the z-transform in the solution of difference equations
corresponds to that played by the Laplace transforms in the solution of differential equations.

Definition
If the function u,, is defined for discrete value and u, =0for n<0 then the Z-transform is
defined to be

Z(u,)=U@)=> u,z"
=1
The inverse Z-transform is written as

u, =ZU(2)]

Properties of the z transform
For the following

z{f[n]}='§:f[n]z-“ ~F(2)2{g, )=

Linearity:
Z{af,+ bgn} = aF(z) + bG(z). and ROC is R¢[ 1R,
which follows from definition of z-transform.

n=0

Time Shifting

If we have f[n]< F(z)then f[n—n,]< z™F(2)

The ROC of Y(2) is the same as F(z) except that there are possible pole additions or deletions
atz=00rz=oo.

Proof:Let y[n]= f[n—n,]then

Y(z)= > fln-ny]z™"
N=—
Assume Kk = n- no then n=k+ny, substituting in the above equation we have:

Y(z)= kzi@f [k]z* ™ =z™F[Z]

Multiplication by an Exponential Sequence

Z
Let y[n]= 20 £ [n] then ¥ (2) = x(—j

Zy
The consequence is pole and zero locations are scaled by z. If the ROC of FX(z) is rr< [z]

<r, then the ROC of Y(z) isrr< |z/z¢| <ry, i.€., |Zo|rr< |Z| < |Zo|rL

N=—c0 N=—o0

proof:¥(2)= 320l " = 3. x[n(ij" _ x[ij

Zy Zo
The consequence is pole and zero locations are scaled by z. If the ROC of X(z) is




rR<|z|<rL, then the ROC of Y(z) is
rR< |z/z| <rL, i.e., |Zo|frR < |z| < |zo|rL

Differentiation of X(z)

If we have f[n]<> F(z) then nf [n]@)—zdFT(z) and ROC = Ry

Proof:

Some Standard Z-Transform
Sequence z - tran=sform
& [m] 1
1u[n]
h:l'l
" Yun-1]

daT

E
z - E?

Z
(z - 1)¢
=z + 1)
=- 10
b=z
(=2 - byt

d

n

ZE
(z - eyt
2in (a) =

sin (an) zf_Zcozsfalz +1

zin(al bz
zf_Zcoz(albz +bi

Z [z -cC03 (al)

b" zin (an)

cos (an) zi_Zeoosla) ez +1

z (z-bcos (a))
zf_Zcooz (albhz +hi

b" oz (an)




Problems
Find the z transform of 3n + 2 x 3"
From the linearity property
Z{3n + 2 x 3"} = 3Z{n} + 22{3"}
and from the Table 1

Z{n}= Zzl and Z{3”}= :

(z-

(r"with r = 3). Therefore

Z{3n+2x3"= ? ?:Zl)z + (22_23)

Find the z-transform of each of the following sequences:
(@) x(n)=2"u(n)+3(%2)"u(n)
(b) x(n)=cos(nao)u(n).

Because x(n) is a sum of two sequences of the form «"u(n), using the linearity
property of the z-transform, and referring to Table 1, the z-transform pair

413,

1 3 2
X(Z): ) =+ =
1-227 4 1,4 (1—2z)(1—1z—1j
2 2

For this sequence we write _
x(n) = cos(nNwo) u(n) = ¥2(e"*° + e "% y(n)

Therefore, the z-transform is
1 1 1 1
X(z)== . +— :
@) 21—zt 21—z
with a region of convergence |z| >1. Combining the two terms together, we have
1-(coswm,)z™!
X (Z) - 1, 2
1-2(coswy)z ™ + 2

Determine f,by Infinite Series and Partial Fraction Expansion

22

Flz)=———

) (z-2)z-1)

22

F@) 7° —47° +57-2
Now divide (long division) with the polynomials written in descending powers of z
27 %482 °+222 4522 °+114z2 °+..
73-47°+52-2 | 2z
27z-8+10z '-4z7°

8-10z 1404272
8-32z"'+40z%-162"°

22z 1-3627%+0162°
2227 1-8827%+110z°-4477*

5277%-094z%+044z"
527272-208z %4260z %-104z27°

114z 3-21627%+104z27°




F(z)=> f2" =227 +82°+222* +522° +1142° +...
' n=0

And the time sequence for f, is
n|0[1]2|3]|4 |5 |6
f,0(0|2[8]22|52|114] ...
NOTE This method does NOT give a closed form for the answer, but it is a good method
for finding the first few sample values or to check out that the closed form given by

another method at least starts out correctly.

2z kz = k,z ksz
F — — 2 3
) (z-2)z-1F z—2+z—1+(z—1)2

To find k1 multiply both sides of the equation by (z-2), divide by z, and let

27

(Z - 1)2 z2=2

kl =2
Similarly to find ks multiply both sides by (z-1)?, divide by z, and let z—1
2 k(z-1f
= +k,(z-1)+Kk,z
(Z _ 2) 7— 2 2( ) 3
k3 =-2
Finding k2 requires going back to Equation A above and taking the
derivative of both sides

2 k(z-1f

(z-2) z-2
2

2 _y, 2(z—1)_2(z—1)2 ik,

(z-2) -2 (z-2)
Now again let z—1
k2:-2

22 22

27
F2)= 2-2 7-1 (z-1Y

+K,(z -1)+ k,2

Convolution theorem
Ifu, =Z'[U(2)] andv, =Z"[V(2)] then Z'[U(2).V(2)]= D UV, , =U,*V,
m=0
Where the symbol * denotes the convolution operation

Proof We have
u, =Z"[U(z)] and v, =Z[V(2)]




U@Z).V(@) = Uy + Uzt + Uz 2 4o+ U, 2 "+ )X (Vg + V2 v,z 72 4
0
U(2).V(2) = D (UgV, +UpVy g + UV, o+t U, Vp)Z
n=0

U(2).V(2) =Z(ugVv, + UV, + UV, , +.a+ UL V)

Z'U(2).V(@)] = Zun nom =Up *V,

2
Use convolution theorem to evaluate z™* {Z—}

IR

(z-a)(z-b)
Z 1

-1

z? t ! =a"*ph"
(z- a)(z b) (z-a) (z-b)

=

()
1{(2 e b)} e
()

=0

b (a/b)n+l
(z- a)(z b) (a/b)-1

. { } n+l bn+1
(z—a)(z-b) a—-b

Formation and solution of difference equations.

Take the Z-transform of both sides of the difference equations and the given
conditions

Transpose all terms without U(z) to the right
Divide by the coefficient of U(z) getting U(z) as a function of z

Express this function in terms of Z-transforms of known functions and take inverse
Z-transform of both sides

This gives u, as a function of n which is desired solution

Zl

Using Z-transform solve u,,, +4u,,; +3u, =3" withu, =0,u, =1
Z(u,) =U(2).Z(u,,,) = 2[U(2) - u,]
Z(Uy,,) =2°[U(z) —uy —u,z ']
Z(3")=z/(z-3)
2°[U(z) —u, —u,z '] +42[U(z) —u,]+3U(z) =2/ (z - 3)
U@)(z? +4z+3)=2+2/(z-3)
U@ _ 1, 1
z Zz+D(@z+3) (z-3)(z+D(z+3)

U(@) = 3z Lz RY4
T 8(z+1) 24(z-3) 12(z+3)

e
8 (z+1) | 24 (z-3)

Sy e o2y
Uy =g D7+, @ -5 (9)




UNIT-V
PARTIAL DIFFERENTIAL EQUATION and APPLICATIONS

Formation of partial differential equations

Solutions of first order linear equation by Lagrange method
Charpit’s method

Method of separation of variables

One dimensional heat equations

One dimensional wave equations




Introduction

The concept of a differential equation to include equations that involve partial derivatives, not
just ordinary ones. Solutions to such equations will involve functions not just of one
variable, but of several variables. Such equations arise naturally, for example, when one is
working with situations that involve positions in space that vary over time. To model such a
situation, one needs to use functions that have several variables to keep track of the spatial

dimensions and an additional variable for time.

Examples of some important PDEs:

o’u  , 8% . . .
(1) ? =C 8_2 One-dimensional wave equation
X
ou o°u
E =c? 6_2 One-dimensional heat equation
X

o’u 0% o .
—+—=0 Two-dimensional Laplace equation

aXZ 8y2

o’u 0% _ . .
—+—=f(xYy) Two-dimensional Poisson equation

ox> oy’

Partial differential equations: An equation involving partial derivatives of one dependent
variable with respective more than one independent variables.

(4)

Notations which we use in this unit:

oz _azr_azz_ 9%z _ 9%z
p_ax 'q_ay’ T ox2’ T oaxoay ' ay2’

Formation of partial differential equation:

A partial differential equation of given curve can be formed in two ways
1. By eliminating arbitrary constants
2. By eliminating arbitrary functions

Problems
Form a partial differential equation by eliminating a,b,c from
xZ 2 2
y° z
2 pta=1

2 2 2
Given =+ +5 =1
Differentiating partially w.r.to x and y, we have
1 1 a
= (2x) + 5 (22)5-=0

S@+5@p=0__ (1)

1 1 0z _
And b—Z(ZX) + C—Z(ZZ)E—O

=M +=@q=0____ ()
Diff (1) partially w.r.to x, we have




c
Multiply this equation by x and then subtracting (1) from it

1
C—Z(xzr +xp? —pz) =0

Form a partial differential equation by eliminating the constants from
(x — a)? + (y — b)? = z%cot?a, where a is a parameter

Given (x — a)? + (y — b)? = z%cot?u, (1)

Differentiating partially w.r.to x and y, we have
2 (x —a)+0 =22z pcot?a

(x — a) = Zpcot?a
And 0+2(y-b) = 2zqcot?a
(Y-b) = zqcot?a
Substituting the values of (x-a) and (y-b) in (1),we get
(zpcot?a)? + (zqcot?a)? = z%cot?a
(p? + q*)(cot?*a)? = cot’a
p? + q* = tan’a

Form the partial differential equation by eliminatinga and b from
log (az-1)=x+ay+b
Given equation is
Log (az-1)=x+ay+b
Differentiating partially w.r.t. xand y ,we get

! (ap) =1=ap=az—-1

az—-1
1

— (ag) =a=aq=a(az—-1)

(2)/(1) gives
% =aorap=gq
Substituting (3) in (1), we get
q
=—.(z—-1
9= (z—1)

i.e. pg=qz-p
p(q+1) =qz

Find the differential equation of all spheres whose centers lie on z-axis
with a given radius r.
The equation of the family of spheres having their centers on z-axis and having
radius r is
x> +y2+(z—c)> =r?
Where ¢ and r are arbitrary constants
Differentiating this eqn partially w.r.t. x and y ,we get

2x+2(z—c)2—i=0=>x+(z—c)p=0 1)
2y+2(z—c)g—;=0:>y+(z—c)q=O—(2)
From (1),(z — ¢) = —g (3)

From (2),(z — ¢) = —% (4)




From (3) and (4)
We get —%z —

le. xq—yp=20

4
q

Linear partial differential equations of first order :
Lagrange’s linear equation: An equation of the form Pp + Qq =R is called Lagrange’s

linear equation.

. . . JoN . dx _d
To solve Lagrange’s linear equation consider auxiliary equation s

Non-linear partial differential equations of first order :

Complete Integral : A solution in which the number of arbitrary constants is equal to the
number of independent variables is called complete integral or complete solution of the given

equation.

Particular Integral: A solution obtained by giving particular values to the arbitrary constants
in the complete integral is called a particular integral.

Singular Integral: let f(x,y,z,p,q) = 0 be a partial differential equation whose complete
integral is
To solve non-linear pde we use Charpit’s Method :

There are six types of non-linear partial differential equations of first order as given below.

1.f(p,gq) =0

2.f(z,p,q)=0

3. f1 (X’p) = f2 (y’q)

4.z = px +qy + f(p,q)

5. f(x™ p, y"q) = 0 and f(m” p, y"q,z) =0
6. f (pz™, gz™) = 0 and fy(x,pz™) = fo(y,qz™)

Charpit’s Method:
We present here a general method for solving non-linear partial differential equations.

This is known as Charpit's method.
LetF(x,y,u, p.q)=0be a general nonlinear partial differential equation of first-order.

Since u depends on x and y, we have
0
du=uydx+uydy = pdx+qdy  where p:ux:a—u, q= uy=—u
OX oy
If we can find another relation between x,y,u,p,q such that f(x,y,u,p,q)=0then we can
solve for p and g and substitute them in equation This will give the solution provided is
integrable.
To determine f, differentiate w.r.t. x and y so that
oF OoF oF op OF Oq
—+—p+——+——=0
oX au op oXx 0q oX
q ﬂ p+ i@ + ia_q =0
ox aou op ox og oX
OF OF  OFdp OFa_,
gy ou  opdy oqcoy
of of N of op N of ogq _0

gy ou  dpdy aqoy




p

Eliminating —
OX

from, equations and 2_q from equations we obtain
y

oF of of oF @_0
oqop oqop )dx

( N g+ F O afaFj@:O
oy 6q oy oq ou 6g ou oq op oq op aq )dy
Adding these two equations and using

oq_ o _op

X oxoy oy

and rearranging the terms, we get

oF\of ( oF)of oF | of (aF aFjaf
-— | —+|-— |—+|-p—-— | —+| —+p— |—
op ) ox oq ) oy oq )ou |\ ox ou ) op
oF of \of
+| —+q9q— |—=0
oy ou ) oq
We get the auxiliary system of equations
dx dy du __dp _  dg _df
-OF -0F oF oF oF oF oF OF 0
-P~--4 ~~tP— ——+q_-
op aq op 0q OX ou oy ou
An Integral of these equations, involving p or q or both, can be taken as the required
equation.

Problems
1  solve (x*—y?>—yz)p+ (x* —y?> —zx)q=z(x — y)
Sol Here
P=(x* —y? —y2),Q = (x* —y? —zx),R =z(x - y)
.- . dx d dz
The subsidiary equations are s (XZ_yZ_ZX) = 2oy
Using 1,-1,0 and x,-y,0 as multipliers , we have
dz _ dx-dy _ xdx—ydy
2(x-y)  z(x-y)  (x2-y?)(x-y)
From the first two rations Of ,we have
dz= dx-dy
integrating , z=x-y-c; Or X-y-Z =c;
now taking first and last ratios in (2) ,we get
dz xdx—ydy or 2dz  2xdx —2ydy

Z X% —y? Z X% —y?
Integrating ,2 log z = log(x? — y?) — logc,
X% — y2

- _CZ

2
. Z . x2—y?
The required general solution is f(x -y—z, ) =0

72

2 solve (mz — ny)p + (nx —1z)q = ly — mx
Sol  The equation is
(mz — ny)p + (nx —lz)q = ly — mx
Here P=(mz —ny),Q = (nx—1z) ,R =1y — mx
The Auxiliary equations are
dx dy dz
P Q R




ie dx _dy _ dz
e (mz-ny) (nx-lz) ly-mx

Choosing x,y,z as multipliers ,we get
Each fraction :M, which gives xdx+ydy +zdz =0
Integrating,x® + y? + z2 = a
Again choosing I, m, nas multipliers ,we get
Each fraction :M,which gives ldx+ mdy + ndz=10
Integrating, Ix+ my + nz=b
Hence the solution is
f(x? +y? +z%,1x+ my +nz) =0

Solve(z? — 2yz — y%)p + (Xy + zx)q = Xy — zX.

P . d d d
The subsidiary equations are z - X =
z2-2yz-y2  xy+zx  Xxy-zXx
xdx+ydy+zdz

Each fraction =
~ xdx +ydy +zdz =0
Integrating,x? + y2 + z2 = a
Taking second and third terms ,we get (y —z)dy = (y + z)dz
i.e. ydy —zdy —ydz —zdz =0
ydy — (ydz + zdy) —zdz = 0

y2 ZZ _
d(5)-don -d(5) =0
integrating, y? —yz — Z? = bory? —2yz—2z*=b
Hence the general solution is @ (x? + y? + z%,y% — 2yz —z%) = b

Find the integral surface of x(y? + z)p —y(x? + z)q = (x? + y?)z
Which contains the straight line x+y=0 ,z=1
The subsidiary equations are —=— = —% _ — __%

y &g x(y2+z)  —y(x2+z)  (x2-y?)z

. dx+ydy+zd
Each fraction =22Y&Yr2cZ

ldx+ldy+ldz
x y z

And also =
0

1 1 1
xdx +ydy +zdz =0 and;dx+;dy+;dz =0

Integrating x? + y? — 2z = aandxyz = b
The straight line is x+y=0 , z=1
o~ x2+y2—2=aandxy=b
Now a+2b=x?+y?—-2+2xy=(x+y)?—2=-2 (sincex +
y=0)
a+2b+2=0
Hence the required surface is x? +y? — 2z +2xyz+2 =0

Find the general solution of the first-order linear partial differential equation
with the constant coefficients: 4u,+u,=x%y
The auxiliary system of equations is
dx dy du
4 1 x%
From here we get

dT: = d_ly or dx-4dy=0. Integrating both sides




d du

we get x-4y=c. Also — = —— or Xy dx=4du
4 X%y

or x (%) dx=4du or

1 (x® —cx?) dx = du
16

Integrating both sides we get
3x* -4cx?®
192
4 _ 3
- f(o)+ 3x" -4cx
192
After replacing ¢ by x-4y, we get the general solution
3x* - 4(x - 4y)x*®
192
x*  x%y
=f(x-4y)- — +—=
(-4y) 192 12

u=cq,+

u=f(x-4y)+

Find the general solution of the partial differential equation y?up + x?uq = y*x
The auxiliary system of equations is
dx dy du

yzu x2U xy2

Taking the first two members we have x?dx = y?dy which on integration
given x3-y® = ¢, Again taking the first and third members,

we have x dx = u du

which on integration given x*-u® = c,

Hence, the general solution is

FOC-y2 x%-u9) =0

Find the general solution of the partial differential equation.

(auf ou)
— | X+|— | y-u=0
OX oy
Sol ;Letp:@,q:a_u
oX oy
The auxiliary system of equations is
dx dy du _dp _ dq

20x 2qy 2(p°x+q’y) p-p° q-¢°
which we obtain from putting values of

oF oF oF oF oF
——=2px ,——=2qy,_—=p°,——=-1——=0°
op aq OX ou oy
and multiplying by -1 throughout the auxiliary system. From first and 4™ expression
in (11.38) we get

2
P7dx+2pxdP Lo second and 5° expression

py
2
dy= 3 dy +2qydq

ay
Using these values of dx and dy we get

dx =




p*dx+2pxdp _ g°dy +2qydg

Taking integral of all terms we get

In|x| + 2In|p| = In]y|+2In|g|+Inc

or Inx| p® = Inly|q°c

or p°x=cg’y, where ¢ is an arbitrary constant.
Solving for p and q we get cq’y+g%y -u=0
(c+1)g’y=u

c+y
_ cu %
b= (c+Dx
% %
ol ol
(c+Dx (c+1y

) ; i\ %2
or (H—Cj}/du = (E)}/dx+[lj dy
u X y

By integrating this equation we obtain ((1+ c)u)}/2 = (cx)% - (y)% +C,
This is a complete solution.

Solve p?+g°=1
The auxiliary system of equation is
dx _dy__ du _dp_dg

-2p 29 -2p*-2¢° O O
dx dy du dp dq
P 4 p’+qg 0 O

Using dp =0, we get p=c and q:\/ﬁ, and these two combined with du

=pdx+qdy yield

or

u=cx+y+/1-c? + c; which is a complete solution.

Using dx =p,wegetdu= ax where p=c
du c

. . X
Integrating the equation we getu = = +¢;
C

Also du= ¥ ,where g = /1-p? =+/1-c?
q

. . . 1
dy . Integrating this equation we get u = y +Cy

V1-¢? 1-c?
This cu = x+ccy and uvl-c® =y + ¢ v/1-¢?

Replacing cc; and c,V1-¢? by - o and -p respectively, and eliminating ¢, we

ordu=

u* = (x-0)* + (y-B)°




9  Solveu*+pq-4=0
Sol  The auxiliary system of equations is

% = — = du = dp = dq
q P 2pq  -2up  -2uq

The last two equations yield p = a’q.

Substituting in u?+pg — 4 = 0 gives

q= 11\/4-u2 andp=+a+4-u?

a
Then du = pdx+qdy yields

du=++4-u? (adx+1dyj
a

du

V4 -u?

Integrating we get sin"lg = i(adx+ ly + cj
a

or =iadx+idy
a

-s23in axe Ly
oru=+2sin|ax+—-y+c
a

10  Solve p*(1-x*)-g*(4-y?) = 0
Sol  Letp*(1-x?) =q° (4-y)) = &°

This gives p = 2 and g =

V1-x2

_a

\Ja-y?
(neglecting the negative sign).
Substituting in du = pdx + q dy we have

du = de + Ldy
V1-x? \4-y?

Integration gives u = a (sin'x + sin%) + C.

Wave Equation

For the rest of this introduction to PDEs we will explore PDESs representing some of the basic
types of linear second order PDESs: heat conduction and wave propagation. These represent
two entirely different physical processes: the process of diffusion, and the process of
oscillation, respectively. The field of PDEs is extremely large, and there is still a
considerable amount of undiscovered territory in it, but these two basic types of PDEs
represent the ones that are in some sense, the best understood and most developed of all of
the PDEs. Although there is no one way to solve all PDEs explicitly, the main technique that
we will use to solve these various PDESs represents one of the most important techniques used
in the field of PDEs, namely separation of variables (which we saw in a different form while
studying ODESs). The essential manner of using separation of variables is to try to break up a
differential equation involving several partial derivatives into a series of simpler, ordinary
differential equations.

We start with the wave equation. This PDE governs a number of similarly related
phenomena, all involving oscillations. Situations described by the wave equation include
acoustic waves, such as vibrating guitar or violin strings, the vibrations of drums, waves in
fluids, as well as waves generated by electromagnetic fields, or any other physical situations




involving oscillations, such as vibrating power lines, or even suspension bridges in certain
circumstances. In short, this one type of PDE covers a lot of ground.

We begin by looking at the simplest example of a wave PDE, the one-dimensional wave
equation. To get at this PDE, we show how it arises as we try to model a simple vibrating
string, one that is held in place between two secure ends. For instance, consider plucking a
guitar string and watching (and listening) as it vibrates. As is typically the case with
modeling, reality is quite a bit more complex than we can deal with all at once, and so we
need to make some simplifying assumptions in order to get started.

First off, assume that the string is stretched so tightly that the only real force we need to
consider is that due to the string’s tension. This helps us out as we only have to deal with one
force, i.e. we can safely ignore the effects of gravity if the tension force is orders of
magnitude greater than that of gravity. Next we assume that the string is as uniform, or
homogeneous, as possible, and that it is perfectly elastic. This makes it possible to predict
the motion of the string more readily since we don’t need to keep track of kinks that might
occur if the string wasn’t uniform. Finally, we’ll assume that the vibrations are pretty
minimal in relation to the overall length of the string, i.e. in terms of displacement, the
amount that the string bounces up and down is pretty small. The reason this will help us out
is that we can concentrate on the simple up and down motion of the string, and not worry
about any possible side to side motion that might occur.

Now consider a string of a certain length, I, that’s held in place at both ends. First off, what
exactly are we trying to do in “modeling the string’s vibrations”? What kind of function do
we want to solve for to keep track of the motion of string? What will it be a function of?
Clearly if the string is vibrating, then its motion changes over time, so time is one variable we
will want to keep track of. To keep track of the actual motion of the string we will need to
have a function that tells us the shape of the string at any particular time. One way we can do
this is by looking for a function that tells us the vertical displacement (positive up, negative
down) that exists at any point along the string — how far away any particular point on the
string is from the undisturbed resting position of the string, which is just a straight line. Thus,
we would like to find a function u(x,t) of two variables. The variable x can measure distance
along the string, measured away from one chosen end of the string (i.e. X = 0 is one of the tied
down endpoints of the string), and t stands for time. The function u(x, t) then gives the
vertical displacement of the string at any point, x, along the string, at any particular time t.

As we have seen time and time again in calculus, a good way to start when we would like to
study a surface or a curve or arc is to break it up into a series of very small pieces. At the end
of our study of one little segment of the vibrating string, we will think about what happens as
the length of the little segment goes to zero, similar to the type of limiting process we’ve seen
as we progress from Riemann Sums to integrals.

Suppose we were to examine a very small length of the vibrating string as shown in figure 1:

4,
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Now what? How can we figure out what is happening to the vibrating string? Our best hope
is to follow the standard path of modeling physical situations by studying all of the forces
involved and then turning to Newton’s classic equation F =ma. It’s not a surprise that this
will help us, as we have already pointed out that this equation is itself a differential equation
(acceleration being the second derivative of position with respect to time). Ultimately, all we
will be doing is substituting in the particulars of our situation into this basic differential
equation.

Because of our first assumption, there is only one force to keep track of in our situation, that
of the string tension. Because of our second assumption, that the string is perfectly elastic
with no kinks, we can assume that the force due to the tension of the string is tangential to the
ends of the small string segment, and so we need to keep track of the string tension forces T,

and T,at each end of the string segment. Assuming that the string is only vibrating up and

down means that the horizontal components of the tension forces on each end of the small
segment must perfectly balance each other out. Thus

(1) ‘ﬂ‘ cos o = ‘fz‘ cos B=T

whereT is a string tension constant associated with the particular set-up (depending, for
instance, on how tightly strung the guitar string is). Then to keep track of all of the forces

involved means just summing up the vertical components of T,andT,. This is equal to
) \T‘Z\sin ﬁ—\fl\sin a

where we keep track of the fact that the forces are in opposite direction in our diagram with
the appropriate use of the minus sign. That’s it for “Force,” now on to “Mass” and
“Acceleration.” The mass of the string is simple, just 0AX, where & is the mass per unit
length of the string, and Ax is (approximately) the length of the little segment. Acceleration
is the second derivative of position with respect to time. Considering that the position of the

string segment at a particular time is just u(x,t), the function we’re trying to find, then the
2
acceleration for the little segment is Zt—g (computed at some point between a and a + Ax).

Putting all of this together, we find that:

3)  [T,|sin p—IF,|sina = oax 2
3) ‘ z‘smﬂ—‘ 1‘smoz_ AXF
Now what? It appears that we’ve got nowhere to go with this — this looks pretty unwieldy as
it stands. However, be sneaky... try dividing both sides by the various respective equal parts
written down in equation (1):

"I:Z‘sinﬂ ) Wsina oAx 2%
[T, | cos ‘ﬂ‘cosa_ T o’

(4)

or more simply:

(5) tan f—tana =




Now, finally, note that tan « is equal to the slope at the left-hand end of the string segment,
which is just Z—uevaluated ata, i.e. Z—u(a,t) and similarly tan gequals Z—u(a+Ax,t), s0 (5)
X X X

becomes...

ou ou
(6) &(a+AX,t)—&(a,t):

or better yet, dividing both sides by Ax ...

1 (éu ou o d%u
N | Earaxt)-S(at) =29
() Ax(é‘x(aJr %) OX @ )j T ot?

Now we’re ready for the final push. Let’s go back to the original idea — start by breaking up
the vibrating string into little segments, examine each such segment using Newton’s F =ma
equation, and finally figure out what happens as we let the length of the little string segment
dwindle to zero, i.e. examine the result as Ax goes to 0. Do you see any limit definitions of
derivatives kicking around in equation (7)? As Ax goes to 0, the left-hand side of the

. : o(oéu) o°u : : .
equation is in fact just equal to =\ ox =——, so the whole thing boils down to:
X

ox) ox?'

by bringing in a new constant ¢? = 5 (typically written with ¢?, to show that it’s a positive

constant).

This equation, which governs the motion of the vibrating string over time, is called the one-
dimensional wave equation. It is clearly a second order PDE, and it’s linear and
homogeneous.

Solution of the Wave Equation by Separation of Variables

There are several approaches to solving the wave equation. The first one we will work with,
using a technique called separation of variables, again, demonstrates one of the most widely
used solution techniques for PDEs. The idea behind it is to split up the original PDE into a
series of simpler ODEs, each of which we should be able to solve readily using tricks already
learned. The second technique, which we will see in the next section, uses a transformation
trick that also reduces the complexity of the original PDE, but in a very different manner.
This second solution is due to Jean Le Rond D’ Alembert (an 18" century French
mathematician), and is called D’ Alembert’s solution, as a result.




First, note that for a specific wave equation situation, in addition to the actual PDE, we will
also have boundary conditions arising from the fact that the endpoints of the string are
attached solidly, at the left end of the string, when x = 0 and at the other end of the string,
which we suppose has overall length . Let’s start the process of solving the PDE by first
figuring out what these boundary conditions imply for the solution function, u(x,t).

Answer: for all values of t, the time variable, it must be the case that the vertical displacement
at the endpoints is 0, since they don’t move up and down at all, so that

1) u(0,t)=0andu(l,t) =0 for all values of t

are the boundary conditions for our wave equation. These will be key when we later on need
to sort through possible solution functions for functions that satisfy our particular vibrating
string set-up.

You might also note that we probably need to specify what the shape of the string is right
when time t = 0, and you’re right - to come up with a particular solution function, we would
need to know u(x,0). In fact we would also need to know the initial velocity of the string,
which is just u, (x,0) . These two requirements are called the initial conditions for the wave
equation, and are also necessary to specify a particular vibrating string solution. For instance,
as the simplest example of initial conditions, if no one is plucking the string, and it’s perfectly
flat to start with, then the initial conditions would just be u(x,0) =0 (a perfectly flat string)

with initial velocity, u, (x,0) =0. Here, then, the solution function is pretty unenlightening —
it’s just u(x,t) =0, i.e. no movement of the string through time.

To start the separation of variables technique we make the key assumption that whatever the
solution function is, that it can be written as the product of two independent functions, each
one of which depends on just one of the two variables, x or t. Thus, imagine that the solution
function, u(x,t) can be written as

(2 uxt)=F)G(t)

whereF, and G, are single variable functions of x and t respectively. Differentiating this
equation for u(x,t) twice with respect to each variable yields

ou ., o’u "
@  SF=FMemmi T = Fre

;=

Thus when we substitute these two equations back into the original wave equation, which is

o%u
D

then we get

azu " _ 2@_ 2
) E—F(X)G (t)=c o) =Cc F"(x)G(t)




Here’s where our separation of variables assumption pays off, because now if we separate the
equation above so that the terms involving F and its second derivative are on one side, and
likewise the terms involving G and its derivative are on the other, then we get

G"(t) _F'(x)
c2G(t)  F(x)

(6)

Now we have an equality where the left-hand side just depends on the variable t, and the
right-hand side just depends on x. Here comes the critical observation - how can two
functions, one just depending on t, and one just on x, be equal for all possible values of t and
X? The answer is that they must each be constant, for otherwise the equality could not
possibly hold for all possible combinations of t and x. Aha! Thus we have

G'() _F'()_,
c’G(t)  F(x)

(")

wherek is a constant. First let’s examine the possible cases for k.

Case One: k=0

Suppose k equals 0. Then the equations in (7) can be rewritten as
8) G"(t)=0-c*G(t)=0and F"(x) =0-F(x) =0

yielding with very little effort two solution functions for F and G:
9) G(t)=at+band F(x) = px+r

wherea,b, p and r, are constants (note how easy it is to solve such simple ODEs versus trying
to deal with two variables at once, hence the power of the separation of variables approach).

Putting these back together to form u(x,t) = F(x)G(t), then the next thing we need to do is to
note what the boundary conditions from equation (1) force upon us, namely that

(10)  u(0,t)=F(0)G(t) =0andu(l,t) = F(G(t) =0 for all values of t

Unless G(t) =0 (which would then mean that u(x,t) =0, giving us the very dull solution
equivalent to a flat, unplucked string) then this implies that

(11) F()=F(1)=0.

But how can a linear function have two roots? Only by being identically equal to 0, thus it
must be the case that F(x) =0. Sigh, then we still get that u(x,t) =0, and we end up with

the dull solution again, the only possible solution if we start with k = 0.

So, let’s see what happens if...

Case Two: k>0




So now if k is positive, then from equation (7) we again start with

(12) G’(t) =kc*G(t)
and
(13) F"(x)=kF(x)

Try to solve these two ordinary differential equations. You are looking for functions whose
second derivatives give back the original function, multiplied by a positive constant. Possible
candidate solutions to consider include the exponential and sine and cosine functions. Of
course, the sine and cosine functions don’t work here, as their second derivatives are negative
the original function, so we are left with the exponential functions.

Let’s take a look at (13) more closely first, as we already know that the boundary conditions
imply conditions specifically for F(x), i.e. the conditions in (11). Solutions for F(x)

include anything of the form

(14) F(Xx) =Ae”
where w® =k and A is a constant. Since @ could be positive or negative, and since solutions
to (13) can be added together to form more solutions (note (13) is an example of a second

order linear homogeneous ODE, so that the superposition principle holds), then the general
solution for (13) is

(14) FMX)=Ae” +Be ™

where now A and B are constants and w=+/k . Knowing that F(0)=F(1)=0, then
unfortunately the only possible values of A and B that work are A=B=0, i.e. that
F(x)=0. Thus, once again we end up with u(x,t) = F(x)G(t) =0-G(t) =0, i.e. the dull
solution once more. Now we place all of our hope on the third and final possibility for k,
namely...

Case Three: k<0

So now we go back to equations (12) and (13) again, but now working with k as a negative
constant. So, again we have

(12)  G'(t) =kc?*G(t)
and
(13) F"(x)=kF(x)

Exponential functions won’t satisfy these two ODEs, but now the sine and cosine functions
will. The general solution function for (13) is now

(15)  F(x) = Acos(ax) + Bsin(ax)

where again A and B are constants and now we have o’ =—k. Again, we consider the
boundary conditions that specified that F(0) = F(I) =0. Substituting in O for x in (15) leads

to




(16)  F(0) = Acos(0) + Bsin(0) = A=0

so that F(x) = Bsin(ax). Next, consider F(I) = Bsin(wl) =0. We can assume that B isn’t
equal to 0, otherwise F(x)=0 which would mean that u(x,t) = F(X)G(t) =0-G(t) =0,
again, the trivial unplucked string solution. With B = 0, then it must be the case that
sin(wl) =0 in order to have Bsin(wl) =0. The only way that this can happen is for ol to be
a multiple of 7. This means that

17) awo=nzorw= nl—” (where n is an integer)

This means that there is an infinite set of solutions to consider (letting the constant B be equal
to 1 for now), one for each possible integer n.

18) F(X)= sin(nl—” xj

Well, we would be done at this point, except that the solution function u(x,t) = F(x)G(t)and
we’ve neglected to figure out what the other function, G(t), equals. So, we return to the
ODE in (12):

(12) G"(t) =kc’G(t)
where, again, we are working with k, a negative number. From the solution for F(x) we

have determined that the only possible values that end up leading to non-trivial solutions are
with

2
= _(nl_ﬁj forn some integer. Again, we get an infinite set of solutions for (12) that

can be written in the form

(19) G(t) =Ccos(4,t)+ Dsin(A,t)

whereC and D are constants and 4, =cv—-k =co = ch;z where n is the same integer that

showed up in the solution for F(x) in (18) (we’re labeling A with a subscript “n” to identify
which value of n is used).

Now we really are done, for all we have to do is to drop our solutions for F(x)andG(t) into
u(x,t) = F(x)G(t), and the result is

(20)  u,(x,t)=F(X)G(t) =(C cos(4,t) + Dsin(lnt))sin(nl—ﬁ xj
where the integer n that was used is identified by the subscriptin u,(x,t) and 4., and C and
D are arbitrary constants.

At this point you should be in the habit of immediately checking solutions to differential
equations. Is (20) really a solution for the original wave equation




ES

and does it actually satisfy the boundary conditions u(0,t) =0 and u(l,t) =0 for all values of
t

The solution given in the last section really does satisfy the one-dimensional wave equation.
To think about what the solutions look like, you could graph a particular solution function for
varying values of time, t, and then examine how the string vibrates over time for solution
functions with different values of n and constants C and D. However, as the functions

involved are fairly simple, it’s possible to make sense of the solution u, (x,t) functions with

just a little more effort.
For instance, over time, we can see that the G(t) = (C cos(4,t) + Dsin(lnt)) part of the

function is periodic with period equal to i—” . This means that it has a frequency equal to

n
A L : : :
2—“ cycles per unit time. In music one cycle per second is referred to as one hertz. Middle C
T

on a piano is typically 263 hertz (i.e. when someone presses the middle C key, a piano string
is struck that vibrates predominantly at 263 cycles per second), and the A above middle C is
440 hertz. The solution function when n is chosen to equal 1 is called the fundamental mode
(for a particular length string under a specific tension). The other normal modes are
represented by different values of n. For instance one gets the 2" and 3™ normal modes
when n is selected to equal 2 and 3, respectively. The fundamental mode, when n equals 1
represents the simplest possible oscillation pattern of the string, when the whole string swings
back and forth in one wide swing. In this fundamental mode the widest vibration
displacement occurs in the center of the string (see the figures below).
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Thus suppose a string of length I, and string mass per unit length &, is tightened so that the

values of T, the string tension, along the other constants make the value of A4, = equal

T
215
to 440. Then if the string is made to vibrate by striking or plucking it, then its fundamental
(lowest) tone would be the A above middle C.

Now think about how different values of n affect the other part of u, (x,t) = F(x)G(t),

: . . (n : . .
namely F(x) = sm(nl—” x] . Since sm(l—” xj function vanishes whenever x equals a multiple

of I— then selecting different values of n higher than 1 has the effect of identifying which
n

parts of the vibrating string do not move. This has the affect musically of producing
overtones, which are musically pleasing higher tones relative to the fundamental mode tone.
For instance picking n = 2 produces a vibrating string that appears to have two separate
vibrating sections, with the middle of the string standing still. This mode produces a tone




exactly an octave above the fundamental mode. Choosing n = 3 produces the 3" normal
mode that sounds like an octave and a fifth above the original fundamental mode tone, then
4™ normal mode sounds an octave plus a fifth plus a major third, above the fundamental tone,
and so on.

It is this series of fundamental mode tones that gives the basis for much of the tonal scale
used in Western music, which is based on the premise that the lower the fundamental mode
differences, down to octaves and fifths, the more pleasing the relative sounds. Think about
that the next time you listen to some Dave Matthews!

Finally note that in real life, any time a guitar or violin string is caused to vibrate, the result is
typically a combination of normal modes, so that the vibrating string produces sounds from
many different overtones. The particular combination resulting from a particular set-up, the
type of string used, the way the string is plucked or bowed, produces the characteristic tonal
quality associated with that instrument. The way in which these different modes are
combined makes it possible to produce solutions to the wave equation with different initial
shapes and initial velocities of the string. This process of combination involves Fourier
Series which will be covered at the end of Math 21b (come back to see it in action!)

Finally, finally, note that the solutions to the wave equations also show up when one
considers acoustic waves associated with columns of air vibrating inside pipes, such as in
organ pipes, trombones, saxophones or any other wind instruments (including, although you
might not have thought of it in this way, your own voice, which basically consists of a
vibrating wind-pipe, i.e. your throat!). Thus the same considerations in terms of fundamental
tones, overtones and the characteristic tonal quality of an instrument resulting from solutions
to the wave equation also occur for any of these instruments as well. So, the wave equation
gets around quite a bit musically!

D’Alembert’s Solution of the Wave Equation

As was mentioned previously, there is another way to solve the wave equation, found by Jean
Le Rond D’Alembert in the 18" century. In the last section on the solution to the wave
equation using the separation of variables technique, you probably noticed that although we
made use of the boundary conditions in finding the solutions to the PDE, we glossed over the
issue of the initial conditions, until the very end when we claimed that one could make use of
something called Fourier Series to build up combinations of solutions. If you recall, being
given specific initial conditions meant being given both the shape of the string at time t = 0,
i.e. the function u(x,0) = f(x), as well as the initial velocity, u, (x,0) = g(x) (note that these
two initial condition functions are functions of x alone, as t is set equal to 0). In the
separation of variables solution, we ended up with an infinite set, or family, of solutions,

u, (x,t) that we said could be combined in such a way as to satisfy any reasonable initial
conditions.

In using D’ Alembert’s approach to solving the same wave equation, we don’t need to use
Fourier series to build up the solution from the initial conditions. Instead, we are able to
explicitly construct solutions to the wave equation for any (reasonable) given initial condition
functions u(x,0) = f (x)and u, (x,0) = g(x) .

The technique involves changing the original PDE into one that can be solved by a series of
two simple single variable integrations by using a special transformation of variables.
Suppose that instead of thinking of the original PDE

o%u
s




in terms of the variables x, and t, we rewrite it to reflect two new variables

(2 V=Xx+ctandz =x—ct
This then means that u, originally a function of x, and t, now becomes a function of v and z,
instead. How does this work? Note that we can solve for x and t in (2), so that

A3) x:%(v+z)andt:%(v—z)

Now using the chain rule for multivariable functions, you know that

ou ouov ouoz ou ou
4 — = — +——=C—-C—
ot ovot ozt oV 0z

since@ =cand a =—c, and that similarly
ot ot

ou ouov ouoz ou ou
(5) — = — =
OX OVOX 0z0OX ov oz

since@ =1 and a =1. Working up to second derivatives, another, more involved

OX OX
application of the chain rule yields that

o%u 0 ou o%uov 0°u oz 0%u oz 0%°u ov
(6) ——="lc=-c—|=¢ ——+ — |-l —=+ -
ot?  ot\ ov 0z ov? ot ozov ot o0z% ot ovoz ot
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Another almost identical computation using the chain rule results in the fact that

o%u o0 (ou ou o*uov 0%u oz o%u oz 0%u ov
(7 S Pt (R B Z4] ==+ i
ox?> ox\ov oz ov? OX  Ozov X 0z° X oVoz OX
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Now we revisit the original wave equation
o°u
©

2 2 2 2 2
and substitute in what we have calculated for a—gand a—l:in terms of 0 l: , 0 l: and ou )
OX ov 0z ozZ0V

Doing this gives the following equation, ripe with cancellations:
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2 2
Dividing by c?and canceling the terms involving Z—l: and Z—l: reduces this series of
v z

equations to

2 2
10) —29Y _p0U
ozov ozov

which means that

o%u
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So what, you might well ask, after all, we still have a second order PDE, and there are still
several variables involved. But wait, think about what (11) implies. Picture (11) as it gives
you information about the partial derivative of a partial derivative:

0 (ou
(12) = (E] =0

In this form, this implies that Z—u considered as a function of z and v is a constant in terms of
v

the variable z, so that Z—u can only depend on v, i.e.
v

(13) %“ —M(v)

Now, integrating this equation with respect to v yields that
(14)  u(v,2)=[M(v)dv

This, as an indefinite integral, results in a constant of integration, which in this case is just
constant from the standpoint of the variable v. Thus, it can be any arbitrary function of z
alone, so that actually

(15) u(v,2)= I M (v)dv+N(z) = P(v) + N(2)

where P(v) is a function of v alone, and N(z)is a function of z alone, as the notation
indicates.

Substituting back the original change of variable equations for v and z in (2) yields that
(16)  u(x,t) =P(x+ct)+ N(x—ct)
whereP and N are arbitrary single variable functions. This is called D’ Alembert’s solution to

the wave equation. Except for the somewhat annoying but easy enough chain rule
computations, this was a pretty straightforward solution technique. The reason it worked so




well in this case was the fact that the change of variables used in (2) were carefully selected
so as to turn the original PDE into one in which the variables basically had no interaction, so
that the original second order PDE could be solved by a series of two single variable
integrations, which was easy to do.

Check out that D’ Alembert’s solution really works. According to this solution, you can pick
any functions for P and N such as P(v) =v*and N(v) =v+2. Then

(17)  u(x,t)=(x+ct)* +(x—ct)+2=xXx> +x+ct+c’t® +2

Now check that

o%u
(18) ?:202

and that

o%u
19 —
(19) 5

X 2
so that indeed
(20)

and so this is in fact a solution of the original wave equation.

This same transformation trick can be used to solve a fairly wide range of PDEs. For
instance one can solve the equation

(o Su_2u
oxoy oy’

by using the transformation of variables
(22) v=xandz=x+Yy
(Try it out! You should get that u(x, y) = P(x) + N(x+ y) with arbitrary functions P and N )

Note that in our solution (16) to the wave equation, nothing has been specified about the
initial and boundary conditions yet, and we said we would take care of this time around. So
now we take a look at what these conditions imply for our choices for the two functions P
and N.

If we were given an initial function u(x,0) = f(x) along with initial velocity function
u, (x,0) = g(x) then we can match up these conditions with our solution by simply

substituting in t =0 into (16) and follow along. We start first with a simplified set-up, where
we assume that we are given the initial displacement function u(x,0) = f (x), and that the




initial velocity function g(x) is equal to O (i.e. as if someone stretched the string and simply
released it without imparting any extra velocity over the string tension alone).

Now the first initial condition implies that
(23)  u(x,0)=P(x+c-0)+N(x—c-0) = P(x)+ N(x) = f(x)

We next figure out what choosing the second initial condition implies. By working with an
initial condition that u, (x,0) = g(x) =0, we see that by using the chain rule again on the

functions P and N

(24)  u,(x,0) = % (P(x+ct)+ N(x—ct))=cP’(x+ct) —cN'(x —ct)

(remember that P and N are just single variable functions, so the derivative indicated is just a
simple single variable derivative with respect to their input). Thus in the case where
u, (x,0) =g(x) =0, then
(25) cP'(x+ct)—cN'(x+ct)=0
Dividing out the constant factor ¢ and substituting in t =0

(26)  P'(x)=N'(x)

and so P(x)+k = N(x)for some constant k. Combining this with the fact that
P(x)+N(x) = f (x), means that 2P(x)+k = f(x), so that P(x) =(f(x)—k)/2 and likewise
N(x) = (f (x)+k)/2. Combining these leads to the solution

(27)  u(x,t)=P(x+ct)+ N(x—ct) =%(f(x+ct)+ f(x—ct))

To make sure that the boundary conditions are met, we need

(28) u(0,t)=0andu(l,t)=0 for all values of t

The first boundary condition implies that

29)  u(0,t) :%(f (ct)+ f (=ct))=0

(30)  f(~ct)=—f(ct)

so that to meet this condition, then the initial condition function f must be selected to be an
odd function. The second boundary condition that u(l,t) =0 implies

(31) u(I,t)=%(f(I+ct)+f(I—ct)):O




so that f(l1+ct)=—f(l—ct). Next, since we’ve seen that f has to be an odd function, then
— f (I —ct) = f (-1 +ct). Putting this all together this means that

(32) f(+ct)= f(~l+ct)forall values of t
which means that f must have period 2l, since the inputs vary by that amount. Remember that
this just means the function repeats itself every time 2l is added to the input, the same way

that the sine and cosine functions have period 2 .

What happens if the initial velocity isn’t equal to 0? Thus suppose u, (X,0) =g(x) #0.
Tracing through the same types of arguments as the above leads to the solution function

(33)  u(xt) =%(f (x+ct)+ f (x—ct))+% j:f:g(s)ds

In the next installment of this introduction to PDEs we will turn to the Heat Equation.

Heat Equation

For this next PDE, we create a mathematical model of how heat spreads, or diffuses through
an object, such as a metal rod, or a body of water. To do this we take advantage of our
knowledge of vector calculus and the divergence theorem to set up a PDE that models such a
situation. Knowledge of this particular PDE can be used to model situations involving many
sorts of diffusion processes, not just heat. For instance the PDE that we will derive can be
used to model the spread of a drug in an organism, of the diffusion of pollutants in a water

supply.

The key to this approach will be the observation that heat tends to flow in the direction of
decreasing temperature. The bigger the difference in temperature, the faster the heat flow, or
heat loss (remember Newton's heating and cooling differential equation). Thus if you leave a
hot drink outside on a freezing cold day, then after ten minutes the drink will be a lot colder
than if you'd kept the drink inside in a warm room - this seems pretty obvious!

If the function u(Xx, y, z,t) gives the temperature at time t at any point (X, y, z) in an object,
then in mathematical terms the direction of fastest decreasing temperature away from a
specific point (x, y, 2), is just the gradient of u (calculated at the point (X, y, z) and a particular
time t). Note that here we are considering the gradient of u as just being with respect to the
spatial coordinates x, y and z, so that we write

) grad(u):Vu:g—ui+a—uj+a—uk
X

oy oz

Thus the rate at which heat flows away (or toward) the point is proportional to this gradient,
so that if F is the vector field that gives the velocity of the heat flow, then

(2)  F=-k(grad(u))

(negative as the flow is in the direction of fastest decreasing temperature).




The constant, k, is called the thermal conductivity of the object, and it determines the rate at
which heat is passed through the material that the object is made of. Some metals, for
instance, conduct heat quite rapidly, and so have high values for k, while other materials act
more like insulators, with a much lower value of k as a result.

Now suppose we know the temperature function, u(x, y, z,t), for an object, but just at an
initial time, when t =0, i.e. we just know u(x, y, z,0) . Suppose we also know the thermal

conductivity of the material. What we would like to do is to figure out how the temperature
of the object, u(x, y, z,t), changes over time. The goal is to use the observation about the

rate of heat flow to set up a PDE involving the function u(x, y, z,t) (i.e. the Heat Equation),
and then solve the PDE to find u(x, y, z,t).

Deriving the Heat Equation

To get to a PDE, the easiest route to take is to invoke something called the Divergence
Theorem. As this is a multivariable calculus topic that we haven’t even gotten to at this point
in the semester, don’t worry! (It will be covered in the vector calculus section at the end of
the course in Chapter 13 of Stewart). It's such a neat application of the use of the Divergence
Theorem, however, that at this point you should just skip to the end of this short section and
take it on faith that we will get a PDE in this situation (i.e. skip to equation (10) below. Then
be sure to come back and read through this section once you’ve learned about the divergence
theorem.

First notice if E is a region in the body of interest (the metal bar, the pool of water, etc.) then
the amount of heat that leaves E per unit time is simply a surface integral. More exactly, it is
the flux integral over the surface of E of the heat flow vector field, F. Recall that F is the
vector field that gives the velocity of the heat flow - it's the one we wrote down as F =—-kVu
in the previous section. Thus the amount of heat leaving E per unit time is just

1) j F-dS
S
whereS is the surface of E. But wait, we have the highly convenient divergence theorem that
tells us that

) j j F.dS=—k j j j div(grad(u))dv

S E

Okay, now what is div(grad(u))? Given that

ou. ou. ou
3 radu)=Vu=—i+—j+—Kk
(3)  grad(u) ax 8yJ p=

thendiv(grad(u)) is just equal to

0%u 0°u o%u

4)  div(grad(u))=V-(Vu)= o

Incidentally, this combination of divergence and gradient is used so often that it's given a
name, the Laplacian. The notation div(grad(u) = V-(Vu) is usually shortened up to simply

VZ2u. So we could rewrite (2), the heat leaving region E per unit time as




(5) HF-dSz—km(Vzu)dV

S E

On the other hand, we can calculate the total amount of heat, H, in the region, E, at a
particular time, t, by computing the triple integral over E:

©®  H=[[] @)y z)dv

where ¢ is the density of the material and the constant o is the specific heat of the material
(don't worry about all these extra constants for now - we will lump them all together in one
place in the end). How does this relate to the earlier integral? On one hand (5) gives the rate

of heat leaving E per unit time. This is just the same as _68_t’ where H gives the total
amount of heat in E. This means we actually have two ways to calculate the same thing,
because we can calculate a—'j[' by differentiating equation (6) giving H, i.e.

0
@ -2 [ ) S av

Now since both (5) and (7) give the rate of heat leaving E per unit time, then these two
equations must equal each other, so...

(8) —%:—m (aa)gt—“dv =—km (V2u)dv

For these two integrals to be equal means that their two integrands must equal each other
(since this integral holds over any arbitrary region E in the object being studied), so...

(©) (aﬁ)aat—“=k(v2u)

or, if we let ¢ = % and write out the Laplacian, V?u, then this works out simply as

+
ot ox* oy® oz’

2 2 2
10) a_uzc{a u, o' 0 uJ

This, then, is the PDE that models the diffusion of heat in an object, i.e. the Heat Equation!
This particular version (10) is the three-dimensional heat equation.

Solving the Heat Equation in the one-dimensional case

We simplify our heat diffusion modeling by considering the specific case of heat flowing in a
long thin bar or wire, where the cross-section is very small, and constant, and insulated in
such a way that the heat flow is just along the length of the bar or wire. In this slightly
contrived situation, we can model the heat flow by keeping track of the temperature at any
point along the bar using just one spatial dimension, measuring the position along the bar.




This means that the function, u, that keeps track of the temperature, just depends on X, the
position along the bar, and t, time, and so the heat equation from the previous section
becomes the so-called one-dimensional heat equation:

ou o°u
1 —=c*—
@) ot Ox?

One of the interesting things to note at this point is how similar this PDE appears to the wave
equation PDE. However, the resulting solution functions are remarkably different in nature.
Remember that the solutions to the wave equation had to do with oscillations, dealing with
vibrating strings and all that. Here the solutions to the heat equation deal with temperature
flow, not oscillation, so that means the solution functions will likely look quite different. If
you’re familiar with the solution to Newton’s heating and cooling differential equations, then
you might expect to see some type of exponential decay function as part of the solution
function.

Before we start to solve this equation, let’s mention a few more conditions that we will need
to know to nail down a specific solution. If the metal bar that we’re studying has a specific
length, I, then we need to know the temperatures at the ends of the bars. These temperatures
will give us boundary conditions similar to the ones we worked with for the wave equation.
To make life a bit simpler for us as we solve the heat equation, let’s start with the case when
the ends of the bar, at x=0 and x =1 both have temperature equal to 0 for all time (you can
picture this situation as a metal bar with the ends stuck against blocks of ice, or some other
cooling apparatus keeping the ends exactly at 0 degrees). Thus we will be working with the
same boundary conditions as before, namely

2) u(0,t)=0andu(l,t)=0 forall values of t

Finally, to pick out a particular solution, we also need to know the initial starting temperature
of the entire bar, namely we need to know the function u(x,0). Interestingly, that’s all we

would need for an initial condition this time around (recall that to specify a particular solution
in the wave equation we needed to know two initial conditions, u(x,0)and u, (x,0)).

The nice thing now is that since we have already solved a PDE, then we can try following the
same basic approach as the one we used to solve the last PDE, namely separation of
variables. With any luck, we will end up solving this new PDE. So, remembering back to
what we did in that case, let’s start by writing

@) u(xt)=FG()

whereF, and G, are single variable functions. Differentiating this equation for u(x,t) with
respect to each variable yields

o’u  _, ou '
4) 8)(_2 =F"(X)G(t) andE =F(X)G'(t)

When we substitute these two equations back into the original heat equation

ou , ou
5 —=Cc" —
©) ot ox?




we get

au ' _ 2@: 2
(6) E:F(X)G (t)y=c o c F"(x)G(t)

If we now separate the two functions F and G by dividing through both sides, then we get

G'h) _F'¥

() c2G(t)  F(x)

Just as before, the left-hand side only depends on the variable t, and the right-hand side just
depends on x. As a result, to have these two be equal can only mean one thing, that they are
both equal to the same constant, k:

G'(t F"(x
@ SO _F_,
c°G(t) F(X
As before, let’s first take a look at the implications for F(x) as the boundary conditions will
again limit the possible solution functions. From (8) we get that F(x) has to satisfy

Q)  F"(x)—kF(x)=0

Just as before, one can consider the various cases with k being positive, zero, or negative.
Just as before, to meet the boundary conditions, it turns out that k must in fact be negative
(otherwise F(x) ends up being identically equal to 0, and we end up with the trivial solution

u(x,t) =0). So skipping ahead a bit, let’s assume we have figured out that kK must be
negative (you should check the other two cases just as before to see that what we’ve just

written is true!). To indicate this, we write, as before, that k = —»?, so that we now need to
look for solutions to

(10) F"(X)+w’*F(x)=0
These solutions are just the same as before, namely the general solution is:

(11)  F(x) = Acos(ax) + Bsin(ax)

where again A and B are constants and now we have @ =+/—k . Next, let’s consider the
boundary conditions u(0,t) =0and u(l,t) =0. These are equivalent to stating that
F(0)=F(l)=0. Substituting in 0 for x in (11) leads to

(12) F(0)= Acos(0)+Bsin(0)=A=0

so that F(x) = Bsin(ax). Next, consider F(l) = Bsin(ewl) =0. As before, we check that B
can’t equal 0, otherwise F(X)=0 which would then mean that

u(x,t) = F(x)G(t) =0-G(t) =0, the trivial solution, again. With B =0, then it must be the
case that sin(el) =0 in order to have Bsin(wl) =0. Again, the only way that this can happen
is for wl to be a multiple of z. This means that once again




(13) aw=nzorw= nl—” (where n is an integer)
and so

14)  F(x) :sin(”l—” xj

wheren is an integer. Next we solve for G(t), using equation (8) again. So, rewriting (8), we
see that this time

(15) G'(t)+4,°G(t)=0

n . .. . . .
where A, = CT” since we had originally written k = —w?, and we just determined that

W= n|_7r during the solution for F(x). The general solution to this first order differential

equation is just
(16) G(t)=Ce ™"

So, now we can put it all together to find out that

17 u(xt)=F(XG(t)=C sin(nl—” x]e—ﬂﬁ

Wheren is an integer, C is an arbitrary constant, and 1, = CnT” As is always the case, given

a supposed solution to a differential equation, you should check to see that this indeed is a
solution to the original heat equation, and that it satisfies the two boundary conditions we
started with.

The next question is how to get from the general solution to the heat equation
. nx 1%
(1) u(x,t)=C sm(l— xje "

that we found in the last section, to a specific solution for a particular situation. How can one
figure out which values of n and Care needed for a specific problem? The answer lies not in
choosing one such solution function, but more typically it requires setting up an infinite series
of such solutions. Such an infinite series, because of the principle of superposition, will still
be a solution function to the equation, because the original heat equation PDE was linear and
homogeneous. Using the superposition principle, and by summing together various solutions
with carefully chosen values of C, then it is possible to create a specific solution function that
will match any (reasonable) given starting temperature functionu(x,0).




