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UNIT -1
KINEMATICS OF PARTICLES- RECTILINEAR MOTION

Motion in a plane: Introduction to polar coordinates

So far we have discussed equilibrium of bodies i.e. we have concentrated only on statics. From
this lecture onwards we learn about the motion of particles and composite bodies and how it is
affected by the forces applied on the system. Thus we are now starting study of dynamics.

When we describe the motion of a particle, we specify it by giving its position and velocity as ad
function of time. How the motion changes with time is given by the application of Newton's n"

Law. One such particle at position # moving with velocity ¥and acted upon by a force Fis
7

- 5 = —
shown in figure 1. The force # gives rise to an acceleration # . Notice that in general
the position, the velocity and the acceleration are not in the same direction.
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Figure 1

Each of these vectors is specified by giving its component along a set of conveniently chosen
axes. For a particle moving in a plane, if we choose the Cartesian coordinate system (X-y axes)
then the position is given by specifying the coordinates (X, y), velocity by its components

(v..v.) _ ) a,=—anda, =—
** "¥/and acceleration by its components m m  These are related by

the relationship



and

- d*x dv, g%

a = . L@ —_—
*dt df? v e

These expressions are easily generalized to three dimensions by including the z-component
of the motion also. However, in this lecture we will be focusing on motion in a plane only.

With these components the equations of motion to be solved are

d*x d’y
m—-=£~5F . m -
7 g e

Coupled with the initial conditions solutions of these equations provide the velocity and position
of a particle uniquely. However, the Cartesian system of coordinates is only one way of
describing the motion of a particle. There arise many situations where describing the motion in
some other coordinate system i.e., taking components along some other directions is move
convenient. One such coordinate system is polar coordinates. In this lecture we discuss the use of
this system to describe the motion of a particle. To introduce you to polar coordinates and how
their use may make things easy, we start with the discussion of a particle in a circle.

Consider a particle is moving with a constant angular speed w in a circle of radius R centered at
the origin (see figure 2). Its x and y coordinates are given as

x=Rcos a¥
y=Rsm ax

with both x and y being functions of time (see figure 2).
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A particle moving with constant angular speed @
in @ circle of radius R

Figure 2

On the other hand, if we choose to give the position of the particle by giving its distance r
from the origin and the angle ® that the line from the origin to the particle makes with x-axis
in the counter-clockwise direction, then the position is given as

P
¢ = at

In this coordinate system, r is a constant and @ a linear function of t ime. Thus there is only one
variable that varies with time whereas the other one remains constant. The motion description

thus is simpler. These co-ordinates (rand @) 3re known as the planar polar coordinates. As
expected, these coordinates are most useful in describing motion when there is some sort of a
rotational motion. We will therefore find them useful, for example, in discussing motion of
planets around the sun rotating bodies and motion of rotating objects.



Unit vectors ¥ and @ in polar coordinates

Figure 3

So to start with let us set up the unit vectors is polar co-ordinates ( », @ ) . Given a point (r.9) , the

unit vector # is in outward radial direction and has magnitude of unity. The ® unit vector is also of
magnitude unity and is perpendicular to 4nd in the direction of increasing ® (see figure

A

3). Obviously the dot product ##=0 |n term of the unit vectors in x and y direction these are
given as

F=cosdi+sin ¢

£= —sin ¢;+cos¢5}
As is clear from these expression the direction of #and @ is not fixed but depends on the angle
®. On the other hand, it does not depend on r. If we go along a radius, # and ® remain
unchanged as we move (recall that two parallel vectors of same magnitude are equal). But that
is not the case if ® is changed.
The position a of a particle in polar co-ordinates to given by writing

F=rf

As particle moves about, 7 changes. Does the mean that the velocity



The answer is no. As already discussed # is a function of @, the angle from the x-axis. Thus as
a particle moves such that the angle ® changes with time, the unit vector 7 also changes. Its

derivative with respect to time is therefore not zero. Thus the correct expression for ¥ is
% [dr],\ (d:’-‘]
Vv=|—|r+r|—
dt dt
dr

Let us now calculate [dﬁ ] . As already stated, # does not change as one moves radically in
or out. Thus # changes only if @ changes. Let us now calculate this change (figure 4)

Change in unit vector ¥ and 923 as angle ¢ is changed to $+A¢

Figure 4

As is clear from the figure

AF = Agd

df _(AgYs -
ﬁz‘[ﬂﬂ‘"@’

where the dot on top of a quantity denotes its time derivative. The expression above can also
be derived mathematically as follows:



Thus the velocity of a particle is given as

v =rF+ r;ﬁg’ﬁ
We note that the unit vectors in polar coordinates keep changing as the particle moves because
they are given by the particles current position. Thus even if a particle were moving with a
constant velocity, the components of velocity along the radial and the directions will change. Let

us calculate the velocity of a particle moving in a circle with a constant angular speed. For such
a particle

F=0 and g=o
so the velocity is given as
v=Rad
This is a well known result: the velocity of a particle moving in a circle with a constant angular

speed is in the tangential direction and its magnitude is Rw. How about the acceleration in polar
coordinates? This is the derivative of ¥with respect to time. Thus

dv o P o
(%)= (&)

As was the case with the unit vector #, the unit vector ?also is a function of the polar angle
® and as such changes as the particle moves about. Thus in calculating the acceleration, time

2y

derivative of Palso should be taken into account. From figure 4 it is clear that

A

Ad=-hgF

:}@ ] —[@]F = —@F
dt At

This can also be derived mathematically as



% =%(— sin ¢1¢+COS¢})

= gﬁ(— cos ;Ef?;— sin g:.'ﬁ_;}
_ 4

Using this derivative and the chain rule for differentiation, we get

g & (%)(ﬁf +rdg)

=ﬁ?+f%+f¢é+ré¢f+r¢%
=(F-rd )V +(rd+ 27 4)

You can see that the expression is a little complicated. The complexity of the expression arises
because the unit vectors are changing as the particle moves. You can check for yourself that for a
particle moving with a constant velocity, the expression above will give zero acceleration. Despite
little complicated expressions for the acceleration, employing polar coordinates becomes really
useful in situations where motion is circular-like as we will see in two standard examples later. Let
us first go to one familiar example of a particle moving in a circle for whichr=R,

#=@ This gives
d = -Ra*F

which is the correct answer for the centripetal acceleration. For this reason ” ¢ is known as
the centripetal term. Let us now solve an example of mechanics using polar co-ordinates.

Example 1: A bead of mass m can slide without friction on a straight thin wire moving with

constant angular speed 'ifi'a horizontal plane (figure 5). If we leave the bead with zero initial
radial velocity at » = & | we wish to describe its subsequent motion and also find the horizontal
force applied by the wire on the bead.



Figure 5

To see the usefulness of polar coordinates, try to write equations of motion for the bead in the
Cartesian coordinates. This | leave for you to do. We solve the problem using polar co-
ordinates. Thus at any instant the acceleration is given by the formula

g & (F— ré? }r’*‘ — (rgi) — 2:*.;5%

We emphasize that the expression above gives the components of the acceleration along the
radial and the f directions which are not fixed in space but are changing continuously. It is given

that #=@ (a constant) which also means that #=0_The acceleration of the bead on the wire
is therefore

i=(F-ra* ) +2af
Since there is no friction, the wire does not apply any radial force on the bead. Therefore

}‘—mz =

You can check by substitution that the solution for the equation above is

r= Ae'm +B.5'_mI

where A and B are two constants to be determined from the initial conditions. Differentiating
the equation above gives

r= c‘.‘J[‘-*‘:le,"mr - Be_mr)

Thus acceleration perpendicular to wire is



.:::g!I = 2r@
= 20*{4e™ - Be®)
So the horizontal force applied by wire is

Fﬁ = mag = EmQQ{Aem - Be_m}

Of course because the unit vectors employed change direction continuously, the force above is
also in different directions at different times with the magnitude given by the expression
above. To determinate A and B, we substitute t = 0 in the expressions derived for the radius
and the radial speed and equate them to their vales given at that time. This gives

A+B=R
A-B=0
oo s R,
2
This leads to the answer
__R wf _—af
r 21&3 )
r:_@ emt_g—mt)
2

= mmgf{'(em ~e_m‘f)

Example 2: A particle, tied to a string, is moving on a smooth frictionless table in a circle of

radius rowith an angular speed wo. The string is pulled in slowly through a hole in the middle of
the table with constant speed V. We want to find the change in its speed as a function of time
and also the force required for the string to be pulled (figure 6).



Figure 6

The mass, when pulled in, is moving under the influence of an inwardly directed radial force
— F# . Although the force keeps changing its direction depending upon where the particle is, it
always remains radial. The expression for the acceleration of the particle in the polar
coordinates is

Since it is given 7 = =¥, which means 7 =0 and the force is only in —# direction, we have

f"-—ra;"z — -—r;ﬁg — —5
e
or mrg:="F
Since there is no force component in the @ direction, we have
rd +2rg=0

Multiply both sides of this equation by r to get

rzf;i'g + 2.".?'(}()— 0
d 1%
e ._._0
or f(f" ¢)—

9.5
of r“g= constant

Since " =70 ~ 7% the equation above gives



rogm‘, = {r‘, - Vt}gm

or @= rogm”/{r‘, —V.ﬁ]z

£
The force £ =mr¢ pulling the string in is therefore

s
'rc’ wl’

F=m———
{ro _H}B

In solving this example, we see that for forces in radial direction r*@ = constant , Which is
nothing by a statement of the conservation of angular momentum. We will discuss it more
later when we study angular momentum.

After introducing the planar polar coordinates, we nor briefly describe what are the other
coordinate systems in three dimensions. A natural extension of planar coordinates in the
cylindrical coordinate system. This arises when we add the third-z direction to planar
polar coordinates. See figure 7.

Cylindrical coordinates of a particle

Figure 7

The position of a particle is described by (7. 8.2) \ith the corresponding unit vectors being

(F.@and2) | this case the Z unit vector is a constant and > %) are given as in the planar
polar co-ordinates so that



F=rcosdi +sin ¢
=—sin §1 +cosd

k

N> e

Thus the expressions for all the quantities are similar to those for planar polar co-ordinates
except that Z direction is also added. As a result,

i=-rd+{rd+2d)d+2

We now introduce another set of coordinates, the spherical polar coordinates, in three
dimensions. A point in these coordinates is specifically by its distance from the centrer , the
angle @ that the line joining the point to origin makes with the z-axis and the angle @ that the
projection of this line on the (xy) plane makes with the x-axis. Thus a point is specified by

(r.8.8) (see figure 8).
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Spherical coordinates of a point and the unit vectors F, 8 and

Figure 8

Thus (%:7-2) co-ordinates for a point > & @) are

x=rsin 8cosd
y=rsmn dsin @

z=rcosé



The unit vectors are given as 7 »& @@ ith
7 =sin 8 cos @i +sin sin gﬁj+cos€‘£

& unit vector points in a direction below the (xy) plane making an angle &from the (xy)
plane. So it is given as

8= cos & cos @i +cos Psin ¢} — sin 8ic

And Zis in the (xy) plane and is given as

$=—sin $i +cosd

which is the same as for planar polar coordinates. As is clear, the unit vectors in this case are
also position dependent and change as the particle position changes. This affects the expression
for velocities and acceleration when they are expressed in spherical coordinates.

Let us evaluate the time derivatives of /& and @ geometrically. The unit vector 7 does
not depend on r but changes with 0 . This gives

AP =8+ 78) = AOS
Similarly when 6 is fixed and ® changes, we get
AF=(§— d+ Ag) = sin A g

When we combine the two results we get

AF = AGE+ sin 8 g
which gives

F = 88+ sin O

Thus the expression for velocity in spherical coordinates is

§=;=£(rf_)

dt
= FF+r88 +rsin O



We leave the calculation of gand ¢and the acceleration as an exercise. We end this brief
introduction to spherical coordinates by noting that spherical polar coordinates can be those of as

two plane polar coordinates systems : one the plane of radius vector and the z-axis with (r.€) as
planar coordinates and the other the (xy) plane with (rsin 8, 8) 5 the planar polar coordinates.



UNIT — 11
KINETICS OF PARTICLE

Motion with constraints

In this lecture we are going to deal with motion of particles when they move under
constraints applied on their motion. Of course the motion is determined by Newton 's second
law i.e., by solving the equation of motion

dﬁ
Y
dt?

44

=F

ma =

where # is the total force — which is the sum of the externally applied and those arising
from other particles as well as the constraints in the system - acting on a body of mass m and is

. d*

g =—
producing an acceleration dt* . Recall from lecture 9 that constraints are the restrictions
applied on the movement of a body by various means and are brought about by constraint forces
. For example, | may restrict the body to move along a straight wire (see figure 1). In that case

the component of # only along the wire will affect the motion of the mass (if there is no
friction) and its perpendicular component will be nullified by the normal reaction of the wire,
which is the constraint force in this case. As another common example of constrained motion
take the motion of two masses at the end of a rope going over a frictionless pulley (Atwood's
machine) also shown in figure 1.

7

Twa examples of constrained motion

Figure 1



In this case also, the motion of one mass is determined by not only by the gravitational force on
it alone but also by the weight of the other mass. Thus the two masses are not fully free to move
under their own weight and the motion is constrained. The constrained is brought about through
tension in the rope, which is then the constraint force.

We have seen two simple examples of constrained motion. We make an observation that
constraints can be caused either by restricting the motion externally, as was the case for a
mass on a wire, or by the presence of other bodies that are themselves moving, as in the
example of two masses over a pulley. In lecture 9 we had introduced these concepts and
stopped at that. However, for obtaining the positions and velocities of particles under
constraints, we wish to express these constraints mathematically and account for them while
solving the equations of motion. This is what this lecture is going to be about.

Let us start with the example of a mass on a straight wire (say in x direction). The constraint
that the mass moves only in the x-direction is equivalent to saying that

¥ = constant

z = constant

This is how we mathematically express the constraint that the mass moves only along the x-axis.
As pointed out earlier, to keep the y and the z coordinates of the mass unchanged, the wire
applied a normal force on the mass to cancel the perpendicular (to the wire) component of the
applied force so that the net force is along the wire. This normal reaction is the constraint force
(figure 2). Notice that all that the wire does to the mass, as far as its motion is concerned, is
represented by this force.

iy
=4

A mass constrained to move on a wire under applied force F.

Normal force N is the constraint force. Note that the sum of these
two forces is along the wire.

Figure 2



To study the motion of the mass all I need to look at are only the forces — external and constraint
forces - acting on the mass. In this case the wire is represented by the normal force that it
applies. Recall from lecture 4 that such a diagram is called a free-body diagram . The advantage
of drawing a free-body diagram is that it identifies the relevant quantities to write the equation of
motion. In the present case the free-body diagram of the mass is given in figure 3.

Free-body diagram of a mass on a wire

Figure 3

Let us now write the equations of motion for the body in terms of its x, y and z -components :

mx =F,

my=F, +N,
mi=F +N,

Let us count how many unknown are there? The unknowns are x ,y , z, Ny, and Nz, numbering
five #is given). But there are only three equations. How do we find the other two equations?
For this recall that the two of the unknowns, Nxand Ny, arise because of the constraints. And it

is these constraints that provide the two more equations needed for a solution. The constraints
that y = constant and z = constant imply that

§=0

zZ=0

With these two additional equations, we now have five equations and five unknowns. Thus
and we can solve for x ,y , z and Nxand Nyin terms of given parameters of the problem.

Let us now look at the other problem of two masses hanging on the sides of a frictionless pulley
(see figure 1), a special case of Atwood's Machine. For simplicity we take the pulley and the rope

to be massless. Let the masses be mj&moy. In this problem also the motion is in only one direction
the vertical direction so we are going to ignore the other two dimensions. In this
problem the constraint is that the two masses move together and it is effected by the
rope. As



noted above, the force of constraint therefore is the tension T in the rope. Let us now make their
free-body diagrams for the two moving masses miand m2. We measure all distances from the

ground and let the distance of m1be y1and that of mpis y. Please see figure 4.

=
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Free-body diagrams af m; and my and their distances y; and y;
from the ground. The pulley is at height h.

Figure 4

Equation of motion for miand mpare

mmn=T-mg
The tension T is the same on both sides because rope and pulley both are massless and the
pulley is also frictionless. These are two equations and there are three unknowns: y1,ysand T .
The tension T arises because of constraint so the constraint itself provides the desired third

equation. In this case the constraint is that the length of the rope is constant. This can be
expressed mathematically as (see figure 4 for meaning of symbols)

(2= y,)+{k—y,)=length of rope— 7R = constant
whereR is the radius of the pulley. Differentiating this equation twice with respect to time gives
Nn+y;=0 or y=-y

We now have three equations for three unknowns:



my, =T -mg
MV, =1 —mg
};1 = _.j';g

Solving these equations gives

” wiy — . My —
5 = [7]8 85 5, 2_(#]8
ey + my +
a result that you already know. Thus if ma>m1, m1 accelerates up.

Through these two simple examples, I have identified sequential steps that we take in solving
a problem involving constraints | now summarize these steps:

1. Identify the constraints and forces of constraints in the given problem;

2. Make free body diagrams of different bodies taking part in the motion. Let me
remind you in making free body diagram take the body and show all the forces -
applied and those of constraints - on the body;

3. Write equations of motion for each subsystem/body. At this stage the number of
equations will be less than the number of variables in the problem;

4. Write the constraint equations. They will provide the missing equations (This happens
because each constraint introduces a constraint force which becomes the additional
unknown);

5. Solve the equations.

Let us now apply the procedure outlined above to slightly more difficult examples.

Example 1: There are three massless and frictionless pulleys P1, P2 and P3. P1 and P2 are fixed
and P3 can move up and down, as shown in figure 5. A massless rope R1 passes over the

pulleys as shown and two masses mpand mpattached at its ends. A third mass mg3 is hanging
from P3 by a rope R2 of fixed length. Find the acceleration of the three masses.
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Figure 5

In figure 5 we have also shown the distances of different pulleys and masses from the ground,
with the vertically up direction taken to be positive. The heights h1 and h2 of pulleys P1 and

P2, respectively, are fixed whereas height yp of pulley P3 can change. We go about solving the
problem according to the steps given above.

Step 1: We identify two constraints and the forces of constraints as: rope R1 has fixed length
with the force of constraint being tension T1in the rope. The other constraint is that rope R2
has fixed length with the tension T2in the rope as the constraint force. Because of massless
pulleys and ropes and frictionless surfaces T1 is the same throughout rope R1.

Step 2 : Make free-body diagrams of the subsystems. We consider only those subsystems that
can move. Thus we make free-body diagram of each mass and the pulley P3 as shown in
figure 6.
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Free-bady diagram for the three masses and pulley P3
Figure 6

Step 3 : By looking at the free-body diagrams, write equations of motion for each subsystem. In
terms of the distances shown in figure 5, we get

my =T, —mg
myy, =T —myg

myy; =T —myg
and because the pulley is massless
T,-25,=0

Thus equations of motion give four equations. However there are six unknowns viz.

Y1223 10T a4y, i number exceeds the number of equations obtained so far by two.

Step 4 : The additional two equations are provided by the constraint equations. The
constraint that rope R1 is of fixed length is expressed as (see figure 5 for the variables used)

(- )+ [kl +hy =2y J+ (%, — y,) = constant
or »t+» +2yp = constant

Differentiating this equation twice with respect to time gives



Fr+ 5y +25py =0
The second constraint that rope R2 is of fixed is equivalent to
Fp~Yg= constant
which upon differentiating gives
Fp— s =0
Thus the equations that describe the motion of the system fully are:

myy =T —mg Lh-24 =0
myy, =T, —m,g Nty +2y,=0
myys =T, —myg jip*jg:l)

I will leave Step 5 — that is solving the equations - for you to do but give you partial answer. It is

dimyin, — (ml +m, )m3

V3= oy, +|:ml + mi)m3 g

| would now like you to try a similar problem but with slight difference. Let us attach the
centre of the third pulley to a spring of spring constant k (see figure 7). Then find the equations
of motion for the two masses and solve them.



Figure 7

Example 2 :As another example of constrained motion we take a small block of mass m sliding
down on a cylindrical surface from its top (figure 8). The question we ask is at what angle from
the horizontal would the mass slide off the surface of the cylinder.

Figure 8



Since this problem involves motion along a circular path I would use planar polar coordinates. |
take the origin at the centre of the cylinder and let the x-axis be along the horizontal and y-axis
along the vertical. Assume that the radius of the cylinder is R . The constraint in this problem is
that r = constant = R. The corresponding constraint force is the normal reaction N of the
cylindrical surface on the block. The free-body diagram of the mass on the cylinder is shown in
figure 9.

Free-body diagram aof a mass on a cylinder (left) and the components
of the weight mg in the radial and the ¢ directions (right)

Figure 9

We now write the equations of motion in the planar polar coordinates. That gives in the #
direction

m(F —r@*) = N—mgsin ¢

and in the g3"'direction
mird — 27 ) = —mgcos @

We again have three variables (r, pand M)y ¢ only two equations. The third equation is
provided by the equation of constraint i.e.

r = constant =R

which gives



With this the equations to be solved are
- mR§* = N —mgsin ¢ mR @ =—mgcos

To solve these we use

d@‘ﬁ
¢= (@— (415)
d¢

= —(425)
~# dg

‘EEW

Substituting this in the equation for éabove gives
mR d

2 d¢

=R =

=2g(1-sm ¢)

—(¢*)=-mgcos g

52
This when substituted in the equation for R¥ eads to
3mgsin ¢ = N+ 2mg
The point when the mass slips off the cylinder is where N becomes zero. So the corresponding

?is given by

3mgsin ¢ =2mg or sin ;25:%

Example 3: Let us take one more example of constrained motion when two bodies are involved.
| put a block of mass m on a wedge of mass M with wedge angle 0 (see figure 10). The wedge is
free to move on a frictionless plane. There is no friction also between m and M . We wish to find
the resulting motion.



Figure 10

There are clearly two subsystems, the masses m and M . There are two constraints in the
system. Constraint one is that the mass m moves along the edge of the wedge so its x and y
components are not independent. The other constraint is that the wedge moves only in the x
direction. The constraint forces are obviously the normal reaction Nyon mass m by the wedge
and the normal reaction N2on the wedge by the ground. The free-body diagrams for the two
subsystems are as shown in figure 11.

N>

mg

Figure 11

Notice that in the free-body diagram of the wedge, there is no mg of block. It is all accounted

for by N1. To set up the equations of motion, let us choose our co-ordinates system a follows
(see figure 12): Let the coordinate of the right-hand side lower corner of the wedge be given the

co-ordinates (x1y1 ) and let the co-ordinates of the block be (x2 y2).
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(x1,51)
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Figure 12

The equations of motion in terms of these coordinates are:

my, =N cos8—mg My, =-N cos8-mg+ N,

For the six variables - (Fw1) (%y2), My and Ny of the system, we need two more
equations, which are provided by the constraints equations. These are

y; = 0 which gwves y, =y, =0
and

Ya
X~ X

= constant = tan &

which gives
yp=(x—x)tan & and y, =(% —x;)tan &

Thus the equations to be solved are

mx, = Nsm & My =-Ncosd-mg+N,
my, = N, cos8—mg »=0

These equations can now be solved to get all the variables as a function of time. That task is
left for you. I'll leave you with answers for Ni:



mgcosd
e
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Motion with friction and drag

We have been looking at the constrained motion of particles and found that in solving the
problems we make free-body diagrams and look at the motion of each subsystem independently.
Then the motion of individual subsystem is linked through constraints that they impose on each
other. The example that we took were Atwood's machine and a mass sliding on a wedge.
However, in these examples we neglected a ubiquitous force which is the force of friction. In
this lecture we take this into account and solve problems involving the friction

We would take into account two kinds of frictional forces - one that arises when two solid bodies
are in contact and the other that arises when a body is moving through a liquid, the viscous force.
Let us first consider the case when two solid bodies are moving against each other. A detailed
discussion about the nature of frictional force and its relationship with the normal reaction has
already been presented in lecture 6. We start with a review of the main points discussed there.

If there is a tendency between two bodies to slide against each other, or if one body is sliding over a
surface, the friction between the two bodies resists this motion. Question is whether this is a constant
force or adjusts itself. It is experimentally observed that the maximum frictional force

Juu that a surface can apply on an object is

Jum = BV

whereN is the normal reaction of the surface on the body and [ is the coefficient of friction; its value
is different for the static and dynamic case. Thus there are two coefficients of friction between two

surfaces: static coefficient of static friction psand the coefficient of dynamic friction p, with the

latter being smaller than the former. Further, psis always observed to be less than 1. And the
direction of frictional force is such that it opposes the motion or the tendency to move.

Let us now take a couple of standard examples involving friction similar to those solved
in lecture 6.

Example 1: We put a block of 5kg on top a 10kg block. They are then attached through a
massless and frictionless pulley to a mass M as shown in figure 1. The coefficient of friction
between all surfaces for both static and dynamic friction is 0.5. What is the acceleration for (a) M

= 20kg and (b) M = 40kg ( g = 9.8m/s)?



kg

10kg
/77

Figure 1

What we should see in solution of this problem is the maximum possible acceleration that the
5kg block can have, and then solve for the mass Mothat will give this acceleration for both the
5kg and the 10kg blocks. If M is less than Mo, both the blocks will move together. On the
other hand, if M exceeds Mo, the blocks will slip on each other.

To start the calculations | show in figure 2 the free body diagrams of all the masses
with maximum possible friction

flmax

<
Bomax 1

e 10g Mg

Free body diagrams of all the blocks in figure with
maximum possible friction.

Figure 2



Looking at the 5kg block, we see that
N =58 = fug =3X5x9.8=245N
The maximum possible acceleration for the 5kg mass is

= ug =4.9ms™

) e

Let me now calculate Mgcorresponding to this acceleration. The corresponding equations for
the 10kg block are

N,=N,+10g=1478 =  f, =05x147=735N
T fios ~fong =108 = T=14IN

The equation of motion for the mass M then gives Moas follows

€~ A

Now | answer the question asked in the problem.
(a) For 20 kg mass, let the friction between the blocks be f. Then we have
=D T—f—fopx =10a and 20g-T =20a
These equations lead to the acceleration of the system as follows
20g = fou =3%@ =  a=235ms>
(b) M = 40kg. Although | have already shown you that in this case the two blocks will slide on
each other. Let me show this to you again in another way. Assume that the blocks move

together. In that case the acceleration of the assembly will be

o G 40—5 =7 12ms™

But this is larger than the maximum possible acceleration for the 5kg block, so the assembly
cannot move together. Under these conditions the equations for the 10kg block and the mass
M are

T fiom = Jone =10a and 40g-T =40a

which gives



a:4og_flm _fﬁmm:
50

= 5.88ms™?

The 5kg mass of course moves with acceleration of only 4.9ms 2

Example 2: As the second example let me take a hollow cylinder that is rotating about its axis
with a constant angular speed o . Because of this rotation a mass m on the wall of the cylinder
does not slip down (see figure 3). If the coefficient of friction between the cylinder wall and
the mass is [, what is the minimum value of w for this to happen?

AN
Z

S -

Mass m inside a rotating cylinder. Its free body diagram
when it is tuck to the wall of the cylinder (right).

Figure 3

For the mass not to slip, the maximum possible friction on it should be greater than the actual
frictional force that holds it against its weight. Since the problem involves rotation we will use
cylindrical coordinates. The free body diagram of the mass is as given in figure 3. The mass m
experiences three forces when it is stuck to the wall of the cylinder. These forces are its weight
mg, the normal reaction N of the cylinder and the frictional force f . In cylindrical coordinates
the acceleration of the mass is

{F —rd? )f‘ + {r;ES + Zf;:% + 25
so that
m(f”'" rgﬁg )f" + m(rg# + Zf;f'ﬁ +mEZ = —-MNF+ (j - mgk

Now



r=R=constant = F=#=10

z=constant = Z=0 = -mR@*F+-MNr+(f-mg)z=0
§=af=0
which gives

N=mRo® = Jom = 400R @& and f=mg

From this minimum angular speed wmin is calculated as follows.
Sa> S = mRae* >mg or @> |§

= B
Thus MR

So far we have discussed one kind of frictional force where two solid bodies are in contact. We
now learn to deal with the drag force which is experienced when a body is moving through gas

or a liquid. This force arises due to viscosity of the fluid. To the lowest order in the velocity ¥
of the moving body, the drag force is approximated by

Fa’rag =—k¥

that is, it is a force in the direction opposite to the velocity and its magnitude is proportional
to the speed. So the equation of motion in presence of drag force will read

-

i
i

= applied

= Fapph‘ed E

If we write it in its component form we have

mi=F, —kk
my = Fy, —ky
mé = Py~ ky

These formulae are valid when the speed of the object is not very large; at large speeds the drag
force becomes proportional to the square of the velocity. The simplest example of the effect of



drag is the falling raindrops. Although falling from great heights, they do not hit us with
very large speed because of the drag force on them.

As an object falls vertically through a liquid/gas, the drag force on it increases with its speed. At
a certain speed - when the drag force equals the weight of the object - it stops accelerating further
and therefore moves with a constant speed. This speed is known as the terminal speed or
terminal velocity. Assuming drag force to be linearly dependent on velocity, let us estimate the
terminal speed of an object when it falls through a liquid of viscosity #. Let the vertically
downward direction be y, then

my = mg — ky

But the object will stop accelerating, i.e. y=0 , after attaining the terminal speed. Thus at

the terminal speed Vterm

mg = ktorm

which gives

g

3
. o
Yierm =

That is the terminal speed of the object. To estimate the terminal speed we need to know what k
is. For a spherical object of radius a moving with low speeds, stokes formula gives the drag force
to be

Fdrag =—bmnav

If the object is made of a material of density p, the terminal speed comes out to be

. _2({a’pg
Yterm = ) n

Let us estimate what will be the terminal speed of a rain drop of 2mm radius. With the
=5 2
viscosity of air 7 = 1.8%10 Nsfm® \ye get

2 4x107° x10° x9.8

Yterm =

X s 485mfs (1750/kmih
9 1.8x107° ( /%)

This is too high compared to the observed speeds of about 20 kmphto 5 kmph. Obviously the
dependence of drag force on raindrops has higher power dependence on their speeds. In this



lecture we will however restrict ourselves to those cases where the drag force depends

By = k%

linearly on the speed i.e. . We now solve examples involving such drag force.

Example 3 :An object is thrown in a fluid with initial speed vg. Find its speed and the
distance traveled by it as a function of time.

Assuming the motion to be in x direction, the equation of motion is

mE = =ik

or

d k

— () +—x=0
dt() m

You can easily check that the solution is

= v‘,e_(k’r m)t

So that the speed initially is vp and it decreases exponentially with time. The plot of speed
versus time looks like that given below

v(t) ¥

What about the distance traveled by the object? That is obtained by integrating the speed
with respect to time and is



x(t)

Thus as £ = | the body will stop after traveling a distance of

(%)

Of course as & =0 | the distance becomes larger and larger.

Example 4 :We now consider one-dimensional motion of a particle which is moving under
the influence of a constant applied force in a medium applying a drag force. Motion of a
particle thrown up or falling down is one such example. The equation of motion in this case is

mx=F—kx

s g AR )
of —(X)+—x=—
dt m

Let us take the force to be F and the initial speed of the particle to be zero. Without the term

.
Fimon the right-hand side, the solution of the equation above was LS which is, in the

language of differential equations, the solution of the homogeneous equation i.e., equation with 0 on
the right-hand side. To get the general solution, we add to the homogeneous solution the

particular solution corresponding to # # U The particular solution is



o e

So that the general solution for the velocity is
() = §+v‘,9_{k‘{m)f

Here vg is some constant (not the initial velocity, which is given to be 0). If we start
with ¢ =0 =0y get

which gives

i) = %[1 =g TR

The plot of velocity versus time looks as follows

F -
i e
A(6) P i
¥
t
F
with the terminal speed being & . The next question we ask if the solution goes to the standard

F
—1

solution ["” ]of particle moving with a constant acceleration when k=0. From



i) = £[1 — gt o
k we get an answer of 0/0 so we have to be careful in taking k = 0 . Recall

that the solution was obtained by assuming & # 0 because we have been dividing by k . Thus
for the k=0 case we should take the limit of £ — 0 . Doing that we find

F Y =
TN psii g S R DEm i L
x(£) k( -
- L +ow)
e

X —i
Now k£ — 0 gives ( m which is the correct answer. We now calculate the distance
x(t) traveled by the object as a function of time.

Ry,

x(t) = | x'(¢")dt'

P 0P

[_g _%(1_9—&:;5@ )}

You can see that t — oo the distance is given as

ool e Tl e T

T —
—
—

F Fwm
x(E) = —t——
ko pt

so at large times it increases linearly with the terminal speed.

Fort— 0Oitis

k o]
£ ml k 1% 2
= —|f——| —f— = 2! ZEF . cvin
k klm 2m
s 10
2m

This is easily understood as initially there is no drag due to small initial speed and the distance
is given by the formula for uniform acceleration. Combining the two limiting cases we see that
the plot of x(t) versus time looks like



%(t) s

1F 4
x R
I'll leave it as an exercise that as £ — 0, we recover the familiar result 2m Alsol

would like you to solve for the velocity and height of a ball thrown up with an initial speed v
0 when drag of air is taken into account.

Next we analyze the effect of drag on the projectile motion in the gravitational field. In this

case, we have a projectile shot with initial speed vg at an angle 8o from the horizontal and we
want to find to subsequent motion. The equations of motion are (taking vertically up direction as
the y-direction)

mik = —kx
5 = -mg - by

We have already solved these equations above, so the speed and distance in the x-direction
IS given as

ficfm )t

x()=v,cos8,e

and ()= TeL08B5 -kt

The equation of motion in the y-direction is



d, . k.
—+—y=-z
di m

Its solution with the initial condition @) = ¥4 it &g

() = —%[1 — o ®mM) 4y sin @ g Ukt

| give you an exercise now: find at what time Y =02 Show that this time correctly goes to
v, st &,

g whenk=0. Integrating the speed, we get the height y(t) as a function of time. It is
given as

yoy= The S By gt %{; -Zn- e‘(‘“"”:"l}

R k k

Now to get the trajectory one calculates x(t) and y(t) separately and plots y versus x . | give you

some of these for a given .., but varying k. We take vo = 100m/s and 6p = 45° . For no drag
situation we get the range R = 1010m and the highest point of the projectile to be at h = 254m .
When a drag coefficient of k = 0.1 is introduced we get R = 495m and h = 175m, a reduction of
about 50% in the range and 30% in the height. For k = 0.2 we get R = 313mand h = 135m,
giving a further reduction of about 40% in the range and 20% in the height from the
corresponding k = 0.1 values. Notice when drag force is introduced, the range gets affected much
more than the height. The corresponding trajectories are shown below.

One interesting question we may ask is: for zero drag the maximum range is obtained for 6 = 45°.
If we include drag, should the angle be larger than or less than 45° for obtaining maximum
range? Since x-component of the velocity is now decreasing one intuitively feels that the
projectile should be given larger speed in the x-direction for maximum range. Thus the projectile
should be fired at an angle less than 45°. This is easily understood from the calculations
presented above. As we saw in those calculations, for k # 0 the motion in y direction does not get
affected as much as it does in the x-direction. This also suggests that for maximum range we fire
the projectile at an angle slightly less than 45° giving it a lager velocity in x-direction. One can
also think of it slightly differently. When the particle is shot up drag force is large (because of
the initial speed) and also both the gravitational force and drag are working in the same
direction. So the partial takes longer to move up the same height than it does in coming down.
Since x-velocity is larger in the beginning, the projectile should cover as much distance as
possible while ascending than when it is coming down (the x-component may well vanish by

that time) This implies that 8g should be smaller than 45°.



What we have done so far is to include the simplest form of drag force in solving for the
trajectories of motion. However, as the speed increases drag force may also include
higher powers of velocity i.e. it may take the form

where ¥ is the unit vector in the direction of the velocity. This is written here to show that force
is opposite to the velocity vector. In such cases the corresponding differential equation become
non-linear in v and getting the solution becomes difficult, necessitating the use of numerical
methods. Some problems though do allow analytic solutions. | end this lecture by giving you
one such problem to solve.

Exercise :Throw a ball up will initial velocity iand let the force of drag be = ~kv*  Find the

final speed "7 of the ball when it hits the ground. Also find the height that it goes up to.



UNIT -1

IMPULSE AND MOMENTUM, VIRTUAL WORK
Momentum

So far we have dealt with motion of single particles. Now we are going to make the situation
slightly more difficult by letting two or more particles apply forces on one another either by
coming in contact or from a distance, and see how we can describe their motion. In such a
situation the motion become much more interesting. Let us take an example of only two
particles interacting through a spring connected to them, as shown below.

-

During their motion any of the following could take place: the distance between them
may change,

D N~ D @D

.
>

or their orientation may change,

-

v




or a combination of both these may occur. Now we wish to develop methods of dealing with
such situations. We do this gradually by taking one step at a time. In this regard, we start by
introducing the quantity momentum that plays a very important role in describing motion
when more than one point particle are involved in the motion.

To understand the importance of momentum, let us do the following experiment. Take a
cart moving on a frictionless horizontal plane and start putting mass into it; it may be
dropped vertically in it (see figure 1 below).

\

=4

L

Figure 1

You will see that the cart starts slowing down. If we wish to keep it moving with the
same velocity, we find that we have to apply a force on it

- AM Y.
F= [—jv
At

Compare this with the standard form of Newton's IInOI law where we put

So we see that whether the mass is changed and the velocity kept constant, or the velocity is
changed and the mass is kept constant, we have to apply a force to a body. Thus in general

At At
AMAY

(We have ignored the second-order term  &¢  right now assuming that both the mass and the
velocity are varying continuously). Therefore




Ao A(MY) _ (dMGJ
M dt
_dp
Todr

and this defines for us a quality called the momentum denoted above by 7 By definition
p=Mv

The force applied on a body or a system of particles is then the rate of change of their total
momentum, i.e.
- d_*
el
dt

where# now refers to the momentum of the system made up of a collection of particles. In the
example taken above, we have to apply a force to keep the cart moving with a constant velocity
because as the mass falls in the cart and starts moving with same velocity as the cart, the total
momentum of the system - the cart and the mass in it - increases. In writing the definition of the
momentum above, we have implicitly assumed that all the particles of the system, with total
mass M, are moving with the same velocity. However, if the system is made up of N particles,

each one being of different mass mj(i = 1 to N) and also moving with a different velocity v; :
the total momentum of the system will be given as

F=3m3,
i

A fundamental property of momentum is now follows from the definition of force in terms of
momentum. If the total force acting on a system of particles is zero, the total momentum of the
system does not change with time. To see it clearly let us go back to the two particles connected
by a spring (see figure 2 below). There we have

av, =
) —==J1
dt
for particle 1 and
av, =
my ——= f
dt

for particle 2. Here J1zis the force on particle 1 applied by particle 2. Similarly Jais the force
on particle 2 applied by particle 1. By Newton 's third law



N m I

Two particles of different masses moving with different velocities.
They are applying equal and opposite force on one another.

Figure 2

This immediately results in

m = —(mv, +my,) =0
> 27, d(ll V)

So no matter how these particles move - their individual velocities *1or Y2may change - but as
long as there is no other force on the system and Newton's third law is obeyed we are going to
have

m V| +mo¥9 = constant

The equation above expresses the principle of momentum conservation - which is a fundamental
principle of physics - in its simplest form.

Let us understand this result. If we consider both the particles together as one system, indicated
by the dashed line enclosing them in the figure above, there is no force on this system. This is
because although each particle is acted upon by a force applied by the other particle, on the
system as a whole these two forces act in opposite directions and cancel each other, resulting in a
zero net force on the system. As such the momentum of the system does not change. Thus we
conclude: If the net force acting upon a system of two particles vanishes, their total

momentum does not change with time . Let us now see what happens when we apply forces on
each particle also. In that case we have



which gives

or —=F

Again we see that no matter how the individual velocities change, the total momentum
changes according to the equation

dpy =

[Eﬁ—} - ‘FJ“omI

Lﬁt us now generalize this result to a system of many particles (say N ). Then we have for the
i .
i particle

¥ < -
= B+ i
dt g

J=

- -+

Where Bt is the external force on the i™" particle and Ty is the force applied on it particle
due to jth particle. Summing it over igives

4%, " -
Zmi ?1:! :ZFmi +Z.}r3j
i if

inmf

Now we can write

But by Newton 's third law Sy ="Js which when substituted in the equation above gives



i.e., the total momentum of a system of particles changes due to only the net outside force
applied on the system; the interaction between particles does not affect their total momentum.

And if Fert=0 i.e., there is no external force on the system,

[d_P] D
dt

which means that the total momentum of the system is a constant. That is the statement of
conservation of momentum. We will see later that when combined with the principle of
conservation of energy, it becomes a powerful tool for solving problem in mechanics. For the
time being let us use this principle to develop some intuitive feeling about motion of a collection
of particles; looking at it as a single mass.

We now introduce you to the concept of the centre of mass (CM). To do this, let us look at
the equation of motion

dpy =

ol = B

[a’z] -

d &
7 ] — “exfi

dt =

which is equivalent to

Since total mass of a collection of particles remains the same, we can divide and multiply
the left-hand side of the equation above by the total mass to rewrite it as

dr;
Since ' Ez_, where “iis the position of the ith particle, the above equation can also be
written as

<4

M

d? myh; -
I Zmi [MM = B s tosal)
. ?



Now we introduce the position vector R cae for the centre of mass by writing

B o 7
Chd M
so that the equation of motion looks as follows
M a0 = chmm

Now we interpret this equation: It says that irrespective of the interaction between the particles and
their relative motion, the centre of mass of a collection of particles would always move as if it were
a point particle of total mass M moving under the influence of the sum of externally applied forces
on each particle, i.e., the total external force. | caution you that the equation above does not imply
that all the particles are moving the same way. All it says is that they move in such a way that the
motion of their CM is described as if the CM was a particle of mass M.

Let us take an example.

Example 1: Suppose a bomb dropping vertically down explodes in mid air and breaks into three
m m 2

parts. Let the mass of the bomb be m and those of three pieces B " _2?, respectively. If the
heaviest piece falls 10m to the east and the lightest piece 12m south of where the unexploded
bomb would have dropped, where does the third piece fall?

Since MRess = Foxtotan: the CM keeps on moving - even after the bomb breaks - vertically
down as if it were a point mass of mass M falling under gravity. Thus the CM hits the ground
where the unexploded bomb would have fallen. Let us take this point to be the origin with
east side being the positive x-axis and the north side the positive y-axis. Then

2 . . .
7 after the bomb pieces having moved for equal times.
By definition of the centre of mass we have

- =%x—12}+%ﬁmﬁ +§x10€

-

Beae =0 this gives

With
Fop =158 46

Relative positions of the three pieces are shown in figure 3 below, with the centre of mass at the
origin.
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Positions of the three pieces of the bomb on ground

Figure 3

You see that having the knowledge about the position of the other two pieces, we have got the
position of the third piece without the knowing anything about the forces generated during the
explosion and therefore without solving any equation of motion. That is the power of the
momentum conservation principle. | will leave it for you to think which component of
momentum is conserved in this case. Would that component be conserved if drag force were
included?

Other familiar examples of momentum conservation are a gun recoiling when fired, two
persons on roller seats pushing each other and consequently moving away from each other.
Look around and you will find many such examples of momentum conservation.

I now discuss a little about calculation of the centre of mass of a mass distribution. Calculation
of the centre of mass is similar to calculating the centroid of an area (lecture 7), except that the
area is now replaced by mass. For finite masses at given positions, the definition of centre of
mass given above is used directly. For a mass distribution in three-dimensions, we calculate all
three components of the poison of the centre of mass. These are given as

Zi:x,-&m,- ]xdm zi:y?’mi _[ya‘m ?Zimé szm
Ko = = , Yo = = and Z. = =

m ] m m m m

wheredmis a small mass element at the position (x,y,z) in the mass distribution (see figure 4
below).



O
An element of mass Ay and its x- and y-coordinates

Figure 4

We are now going to change the topic a bit and ask how we describe a system where a large force
acts for very short durations. A cricket bat striking a ball, a hammer hitting a nail, a person jumping
on a floor and coming to sudden stop and a carom striker hitting a coin, or collisions in general, are
examples of such forces in operation. In these cases it is not meaningful to talk about the force as a
function of time because the time span over which the force acts is very-very short. Further, the force
varies a great deal over this short time-interval, as | show in an example below. It is therefore better
to describe the overall impact of the force in terms of the momentum change it causes to the system.
This is given by the integral of the force over the time that it operates.

Thus e I s describes the effect of the force on the system. The integral I rat is known as
the impulse and denoted by the symbol J. Obviously the momentum change of a system
equals the impulse given to it. We now discuss these ideas with the help of an example, that of
a ball hitting a wall or any other hard surface.

Let us ask what happens when a ball hits a wall or we jump on the floor. If the ball hitting
the wall reflects back, that means that the wall has applied a force on the ball so that

Ap=[Fa
If the time of contact between the ball and the wall is ££ seconds then the average force is

F_ =

average

B~ BE|&



But the real force varies greatly from the average force. We show that now. Take the model of
the ball as following Hooke's law so that if it is compressed by x by the wall, it applies a force
kxon the wall and consequently experiences an equal force in the opposite direction (see figure
5 below).

ﬁ

A ball hitting a wall and getting compressed by amount x

Figure 5

Since the force on the ball follows Hooke's law, the ball performs a simple harmonic motion, its
o k
compression is given by * = 48 @¢ \yhere A is the maximum compression and "
b3

From time t = 0, when the ball comes in and touches the wall, it takes @ time (half acycle)
before leaving the wall. The force during this time is given as

F=lkx
= kAsin @4

@=.,]—>>1
Since for a hard ball k is very large, . So B[;we time the ball comes back, the force varies with
time as shown in the figure 6 below. Here the maximum force Fmax is given by kA

3
and  @.Inthe figure we show both Fmax and Faverage . The latter is calculated as
O 2kA
Frorage = 7—— | edsin @t dt = —
e g 4

or
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Variation of the force on a ball with time as it hits a hard surface at
t=0, and gets reflected from it At time later. The area under the

curve gives the impulse. Both Fyay and Faygrage are also shown.

Figure 6

So you see that over this short period force varies a great deal and is hardly ever near the
average force that we calculated. The discussion above has been in terms of a model of the
force; the exact force will be different this model and so the variation could be even larger than
that shown. It is in such situations, when a strong force is applied over a very short time period,
that it is much more meaningful to talk of the total momentum change of a particle than the force
Fals)

dt /. Further, in such cases, we generally observe only the initial & final momentum
and are hardly concerned about the finer details. It is this change

AP = ]F’dz

In the momentum that is known as the impulse. So in the ball rebounding from a hard surface

with the same speed as it comes in with, the impulse is 2Py , where #iis the initial momentum
of the ball. So instead of talking of the force applied by the ball on the surface, we say that the
ball has imparted momentum to the surface it hit. The amount of momentum transferred is equal
to the impulse. This has interesting application in calculating the force on a surface when there
are many-many particles continuously hitting a surface, for example molecules in a vessel
hitting its walls from inside.

We show two situations in figure 7 below. The upper figure shows the variation of force on a wall
when particles hit a surface at some time interval. The lower one, on the other hand, shows



the situation when particles hit continuously. In the first case the force on the surface due to the
particles hitting it varies pretty much like the force due to each particle itself. In the second
case, however, the force at any instant is given as the sum of the forces applied by each particle
at that time. This gives an almost constant force Fmany as shown in the figure. The value of this
force is calculated as follows. Let each particle hitting the surface impart an impulse J to it. If
on an average there are n particles per second hitting the surface, then in time At the momentum

transferred to the surface will be (n4¢)J. The force Fmany will then be given as

(nd)J
Fman_}r = ?

g

F A
Af | the force above can also be written as

average =

Since
2 many = (RAL)F, average

Thus when a stream of particles hits a surface, the force applied by them to the surface equals the
number of particles striking in time At times the average force applied by each one of them, a
result that you could have anticipated. This is precisely what happens when a jet of water or
flowing mass hits another object.



Force on a surface when a stream of particles is hitting it. Upper figure shows the
Jorce when particles come one at a time whereas the lower one shows the force
when the paricles are hitting the surface almost continuousiy.

Figure 7

As an example let us calculate the pressure of a gas filled in a container. Let the mass of each

molecule be m and let their average speed be v . The number density of the molecules in the gas

is taken to be n . Now consider a surface of the container perpendicular to the x-axis. (see
figure 8).
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Molecules of a gas hitting the wall perpendicular to
the x-axis.

Figure 8

Each molecule, when reflected from the wall imparts a momentum equal to 2mvxto the wall.
The average number of molecules hitting are A of the wall per unit time will be half of those

contained in a cylinder of base area A and height v (the other half will be moving in the other
Av.n

direction). This comes outto be 2 . Thus from the formula derived above the force on

the wall applied by these molecules is

F= Anmvf

which gives the pressure

This is a result you are already familiar with kinetic theory of gases. But now you know how it
comes out. Having done this problem we now deal with another very interesting application of
the momentum-force relationship, known as the variable mass problem.

So far we have been dealing with particles of fixed masses. Let us now apply the equation

dﬁ] =~
[a’f to a problem when the mass of the system under consideration varies with time. The
most famous example of this is the rocket propulsion.



Let a rocket with mass M at time tbe moving with velocity ¥ . A small mass Am with velocity i
comes and gets stuck with it so that the rocket now has mass M + Amand moves with a velocity

Vv +AV (see figure 9 below) after a time interval of 4z. We want to find at what rate does
the velocity of the rocket increase? We point out that the word rocket has been used here to
represent any system with variable mass .

amO/

M+AM - v+ AV
Figure 9

Let us write the momentum change in time interval 4rand equate this to the total external force on
the system (that is the sum of external forces acting on M and Am) times At. That gives

(M +Am)(P+ AV) - MY — homid = F_ At
or
MAY = Amfid —5)+ F_ At — AmhP
@ -v) is nothing but the relative velocity ¥ of the mass Am with respect to the rocket.

Dividing both sides of the equation above by At then leads to

MAS _ Am. | = AmhV

=—u .+ F
K B g
Amhyv
We now let 4z — 0. Inthis limit  4¢ also goes to zero for continuously varying mass.

dm _dM

Further, df  di , the rate of change of the mass of the rocket. Thus the equation for
the velocity of a rocket is

av dM . P
M—=""g +F
dt dr vel éat



Note that both the mass and velocity are now functions of time. For a rocket
ﬁc:ﬂandffmczﬂ Mﬁ)ﬂ o .

dt sothat  dt . It is this term that provides the thrust to the rocket. As
pointed out above, although this equation has been derived keeping rocket in mind, it is true

for any system with variable mass .

Example: We now solve a simple problem involving the rocket equation. A rocket is fired
vertically up in a gravitational field. What is its final velocity assuming that the rate of
exhaust and its relative velocity remain unchanged during the lift off?

The motion of rocket is one-dimensional. We take the vertically up direction to be positive. Then we

-

have “re =¥ \where u is a positive number. Therefore the rocket equation takes the form
dv_ M o
dt dt
which gives
dv =- ﬁu -gdt
M

Qr

M;
Ve =ul.n{——J— gty
M.f

Here we have taken the initial time and initial velocity both to be zero. Even after the fuel has
all been burnt, we see if we observe the rocket time t after being fired, its velocity will be given
by the formula

v(!)zuhl{j;;J—gz

assumingg to be a constant.

Finally, although the momentum-force equation can provide answers for the velocities, | would like

to urge you to always think about how the internal forces that generate momenta in opposite

directions are generated. That helps in understanding the underlying physics better. For example
dM :

in the rocket problems, we say that ¢ ' provides the thrust to make the rocket move

forward. But think about what generates this force? The answer is as follows. In a closed
container, gas pressure applies force in all directions and these forces cancel each other. But



when a hole is made from where the gas can escape, the force in the opposite direction is
unbalanced; and that is what makes the rocket move. If you understand this, you should e able
to answer the following question. If we take a closed box with vacuum inside and punch a hole
in it. Which way will it move?

We conclude this lecture by summarizing what we have learnt. We studied the conservation of
momentum and a related concept of the centre of mass. Using momentum, we then calculated
the force on a surface being hit by a stream of particles, or jet of water. Finally we learnt about
the variable mass problem and applied it to a rocket taking off. In the coming lecture we will use
the conservation of momentum principle along with the conservation of energy and see how this
combination becomes a powerful tool in solving mechanics problems.



UNIT - IV
WORK ENERGY METHOD

Work and Energy

You have been studying in your school that we do work when we apply force on a body and
move it. Thus performing work involves both the application of a force as well as displacement
of the body. We will now see how this definition comes about naturally when we eliminate
time from the equation of motion.

The question that immediately comes to mind is why should we eliminate time from the equation of
motion. This is because when we follow the motion of a particle, we are usually interested in
velocity as a function of position. Secondly, if we write the equation of motion in terms of time
derivatives, it may make the equation difficult to solve. In such cases eliminating time from the
equation of motion helps in solving the equation. Let us see this through an example.

Example: Consider the motion of a particle in a gravitational field of mass M .
Gravitational force on a mass m is in the radial direction and is given as

M

F(?\ —— 4

~
&

r

Since the force in the radial direction, it is better to write the equation of motion in spherical
polar coordinates. For simplicity we consider the motion only along the radial direction so
that the equation of motion is written as

As you can see, integrating this equation to get r(t) as a function of time is very difficult.

On the other hand, let us eliminate time from the equation by using chain rule of
differentiation to get

d’r _d (dr} _drd [dr] _ v

de*  del\dt) dtdr\dt dr
whereY =7 is the velocity in the radial direction. This changes the equation of motion to

dv oM
v -_——

dr r2

This equation is very easy to integrate and gives ¥ =7 as a function of r, which can hopefully be
further integrated to get r as a function of time. Now we go back to what | had said earlier that



the definition of work and energy arises naturally when we eliminate time from the equation
of motion. Let us do that first for one dimensional case and analyze the problem in detail.

Work and energy in one dimension

The equation of motion in one-dimension (taking the variable to be x, and the force to be F ) is

d%x
m—=F(x
3 (%)

Let us again eliminate time from the left-hand using the technique used above

]
&

d’x _d ( cf,\"] _dxd{dx)__adv
de*  dt J

= yV—

dt) dedx\dt) dx
to get
v dil )
mvi = —(— my° ] = F(x)
dx dx\2
On integration this equation gives
%7
: F(x)d
Emvf ——my; = I (x)dx
u

where Xj and xs refer to the initial and final positions, and vj and vs to the initial and final
velocities, respectively. We now interpret this result. We define the kinetic energy of a particle of
mass m and velocity v to be

S 2
Kinetic energy = —mv

&

and the work done in moving from one position to the other as the integral given above
Work done = | F (x)dx

With these definitions the equation derived above tells us that work done on a particle
changes its kinetic energy by an equal amount; this known as the work-energy theorem .

You may ask: how do we know this equation to be true and consistent with our observations?
This is the question that was asked in the early eighteenth century when it was not clear how

to define energy, whether as mv or as mvz? The problem with the definition as mv is that if two
particles moving in the opposite directions have their energies canceling each other and if they



collide, they stop and all the energy is lost .On the other hand, defining it proportional to

v’makes their energies add up and noting is lost during collision; the energy just changes form
but is conserved. Experimental evidence for the latter was found by dropping weights into soft
clay floors. It was found that by increasing the speed of the weights by a factor of two made
them sink in a distance roughly four times more; increase in the speed by a factor of three made

it nine times more. That was the evidence in favor of kinetic energy being proportional to Ve,

Potential energy: Let us now define another related energy known as the potential energy . This
defined for a force field that may exist in the space, for example the gravitational field or the
electric field. Before doing that we first note that even in one dimension, there are many
different ways in which one can go from point 1 to point 2 . Two such paths are shown in the
figure below.

1

L 4

On path A the particle goes directly from point 1 to 2 , whereas on path B it goes beyond point 2
and then comes back. The question we now ask is if the work done is always the same in going
from point 1 to point 2. This is not always true. For example if there is friction, the work done
against friction while moving on path B will be more that on path A. If for a force the work done
depends on the path, potential energy cannot be defined for such forces. On the other hand, if
the work W12done by a force in going from 1 to 2 is independent of the path, it can be expressed
as the difference of a quantity that depends only on the positions xjand x20f points 1 and 2
(Question: If the work done is independent of path, what will be the work done by the force field
when a particle comes back to its initial position? ). We write this as

x2
Wy = | F(x)dx=-U(x,) +Ux)

xl

and call the quantity U(x) the potential energy of the particle. We now interpret this quantity.
Assume that a particle is in a force field F(x) . We now apply a force on the particle to keep it in
equilibrium and move it very-very slowly from point 1 to 2. Obviously the force applied by us is
- F(x) and the work done by us in taking the particle from 1 to 2, while maintaining its
equilibrium, is



x2
- [ F(x)ydx = W,y = Ulx) - U(x)

xl

Thus for a given force field, the potential energy difference U(x2 ) - U(X1 ) between two points is
the work done by us in moving a particle, keeping it in equilibrium, from 1 to 2 . Note that it is
the work done by us - and not by the force field - that gives the difference in the potential
energy. By definition, the work done by the force field is negative of the difference in the
potential energy. Further, it is the difference in the potential energy that is a physically
meaningful quantity. Thus is we want to define the potential energy U(x) as a function of x , we
must choose a reference point where we take the potential energy to be zero. For example in
defining the gravitational potential energy near the earth's surface, we take the ground level to be
the reference point and define the potential energy of a mass m at height h as mgh. We could

equally well take a point at height hoto be the reference point; in that case the potential energy
for the same mass at height h would be mg(h - hp ) . Let us now solve another example.

Example: A particle is restricted to move along the x-axis and is acted upon by a force

it
FR=—m—p __ . .
x" +a” . Find its potential energy.

We first note that the force is always acting towards the positive x-direction. Thus when we
move the particle, we will have to do positive work when taking it towards the negative
direction. Thus we expect the potential energy to increase as x becomes more and more
negative. By definition

2

Uxy) - Ulx,) = —] F(x) dx
1
- 1

==|= > dx
nXx +a

X x
=tan | 2L |-tan | 22
a a

Now we choose our reference point. If we choose U(x1 = o) = 0, the potential energy is given as

Uy (%) =§' - ‘(3

On the other hand if we choose U(x1 =0) =0, we get

Uy (x) = —tan _I[E]
a




The two energies are shifted with respect to one another by a constant so that the difference in
the potential energy between two points is the same for both the forms, as pointed out earlier.
The potential energy is lowest for x = oo and increases as we move towards left and becomes
largest for x = - o . This is precisely what we had anticipated above on the basis of the
meaning of potential energy.

Conservation of energy: Having defined potential energy we now combine it with the
work energy theorem to come up with another very important conservation principle: that of
conservation of energy . This is obtained as follows. By the work energy theorem

x2
- ¢

——mv =W, = IF(TJ dx

= x1

b b

V.

0o | =

and by definition of the potential energy
W, =-Ulxy)+U(x)

Combining the two equations we get
1 5 1. 2
Eifm’2 +U(x,) = Emvl +U(x,)

This equation means that if a particle moves in a force field where the work done by the force
does not depend on the path taken, the sum of its kinetic and potential energy remains
unchanged from one point to another. The sum of the kinetic and potential energy is known as
the total mechanical energy. Thus in a force field for which the potential can be defined, total
mechanical energy is conserved. Such force fields, where the total mechanical energy is
conserved, are therefore known as conservative force fields. Thus whereas the example above is
a conservative force field, frictional force is not. Question: If the potential energy is explicitly
time-dependent, is the total energy conserved?

We now move on to generalize and discuss these concepts in three-dimensions.
Work and energy in three dimensions

As we already know, work is defined as the scalar product of the force and displacement vector.

Thus if a particle moves under the influence of a force field F(7) from point 1 to point 2 along the
path shown below, the total work is calculated as the sum of partial work done when the

particle moves a vanishingly small distance &/ along the arrows shown below in the figure.



Thus the total work done in gives as

Wy = [FF) di
{12)

whereC(12) indicates that the particle is moving along the curve C from point 1 to 2 . Writing
the dot product explicitly, we get

Wiy = J'Fx(x,y,z)dx+ J-F_‘,(x,y,z)dy+z+ _[Fx(x,y,z)dz
ci12) y12) y12)

whereF;j (i = x,y,z) indicates the ith component of the force and x, y and z are varied along
the curve. Let us do an example of calculating the work in this manner in two-dimensions.

Example: Consider two force fields (a) £(%%) =% +YJ and (b) F(%2) = =Y1 +%Jjn the x-
y plane. Calculate the work done by these forces when a particle moves from the origin to (1,2)
along the three paths C1, C2 and C3 shown in the figure below. On C1 the particle goes along
the x-axis first and then moves parallel to the y-axis; on C2 it travels along the y-axis first and
then parallel to the x-axis and on C3 it moves along the diagonal.



(1.2)

The work done is given by the formula

W, = [Fx(;.-,y,zj)dx+ .[F.v (x.y.2)dy
c112) cf12)

Along C1y = 0,dy = 0 while moving along the x-axis whereas x = 1 and dx = 0 when the
particle travels parallel to the y-axis. Thus the work done along C1 is

1 2
Wy (CD = [ (x.y = Odx + [ F, (x = 1,y)dy
0 0

Similarly work done along C2 is given as

2 1
W, (C2) = [ F,(x= 0,)dy +[ 7, (x,y = 2)dx
0 0

For path C3, we have y = 2x so that dy = 2dx . Therefore we substitute y = 2x in the functions
giving the force and replace dyby 2dx . As a result, the final integration is over x only with x
varying from 0 to 1 . Thus the work done is

Wy (C3) = [ B, (x.y)dx+ | B, (x,5)dy
3

J

3

1 1

= [F (x,y = 2x)dx+ 2] F,(x,y = 2x)dx
0 0

We are now ready to work out the work done by force in (a) and (b) (I would like you to
plot these force fields and leave it as an exercise for you). For the force in (a) we get



1 2

5

Wy (C1) =[x [ yay = >
0 0

2 1
5
W, (C2) = | ydy+ | xdx=—
12(C2) !yy Ixx >

0

1 1
5
C3) = | xdx+2| (2x)dx = —
W, (C3) _[xx !( x)dx >

0

For force (b) on the other hand we get

1 |
W, (C1) = [ (0)dx+ [ (Ddy =2
0 0

2 1
W (C2) = [ (Ody + [ (-2)dx = -2
0

0
1 1

W, (C3) = [ (—2xydx+2[ (x)dx = 0
0 0

Thus we see that whereas the force in (a) gives the work to be the same for all three paths, that in
(b) gives different work along the three paths. Thus the first force field may be conservative
but the second one is definitely not.

Now let us derive the work-energy theorem in three dimensions. Start from the equation
WL
of motion s and take the dot product of both sides with the velocity Vo get
m‘_; a’v 1 d (_.. _.)

= V-V

—=—m— =F.¥
dt 2 dt

Now integrate both sides with respect to time and use % = V4% \where @/ is the small distance
traveled by the particle in time interval dt, to get

%md{f"-{;} = %md{v2)= F.vdt

=F.4

On integration this leads to



This equation tells us that when a force makes a particle move along path C from point 1 to 2,
the work done by the force equals the change in its Kinetic energy. This is the work-energy
theorem in three-dimensions. It is exactly the same as in one dimension except that the work
done is calculated by moving along a three-dimensional path.

Potential energy: As is the case in one dimensional motion, potential energy in general can
be defined only if the work done is path independent. In that case, the work done depends only
on the end points of the path of travel and can be written as the difference on a quantity that is
a function of the position vector only. Thus

72
Wy = | B dl =-UGFE)+UG)

7l

where” ) is defined as the potential energy. Notice that this time | have not written any
specific path but just the end points with the integral sign because the work is supposed to be
path-independent. From the definition above, it is also evident that here too the difference in the

potential energy U (%) =U(A) petween point 1 and point 2 is the work done by us in moving a
particle slowly, maintaining its equilibrium, from point 1 to point 2. Now following the exactly
same steps that we did for the one dimensional case, we show that

S +UG) = +U )

Thus when the potential energy can be defined, the total mechanical energy of a particle
is conserved . | remind you that the total mechanical energy is the sum of the kinetic and
the potential energies. In such cases the force is said to be conservative.

By now you may be wondering how can we find out whether a force is conservative or not. Do we
have to calculate the work done along all possible paths before we can say that the force is
conservative and therefore the principle of conservation of energy holds good. That certainly would
be impossible to do. However, there is a much simpler test to check whether a force field is
conservative or not. | am going to tell you about it without giving the proof. To find out about

the conservative nature of a force F() , we calculate its curl VX F(7) defined as
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Now if the curl of a force field vanishes everywhere, it is a conservative force field. On the other
hand if the curl of a force field is nonzero, it is not conservative. Let us now apply this test to the
two force fields for which we calculated the work done along different paths. For the force field

Flx,y)=x1+yy , the curl is zero everywhere. Hence it is conservative and, as we saw with
three paths, the work done in this field is indeed path independent. On the other hand, for

Flxy)=-yit XJ  the curl comes out to be 24 and therefore the force is not conservative. This
was seen above where the work done along the three paths were all different. We now solve an
example where knowing the conservative nature beforehand helps us avoid an unnecessary
calculation.

3
Fxyz)= Ay + 1 5+2%0
Example: Take the force field given by 3 and consider a particle
moving from A to be along the semicircular path ACB (see figure below). Calculate the

difference in its kinetic energy at B and at A.

x @1
(Dsl) B

To calculate the change in the kinetic energy of the particle as it moves from A to B, we should
calculate the work done by the force in when the particle travels along the semicircle. For this
we should calculate

Wy o = J'Fx(x,y,z=0)dx+ J-Fy(x,y,z=0)dy

{ACE) {ACE)



withy and dycalculated from the equation of the circle (x=D*+(r-1" = 1 You should try it
and see for yourself that the integrals become really lengthy. On the other hand, if the force is
conservative, we can calculate the work done in particle moving along the diameter. The
latter calculation is much easier. Let us therefore first calculate the curl of the force. It is

P
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Thus the work done between any two points is path-independent. We therefore calculate the
work along the diameter AB. It is

§
I

F(x,y=1z=0)dx

o
=
[ %]
&
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e

W= =

Since the work done is independent of the path, it is going to be the same for the
semicircular path ACB also.

After defining the potential energy and getting the principle of conservation energy, we now
look a little more at the relationship between the potential energy and the force it gives rise to.
As a consequence we also discuss what can we learn about the motion of a particle by looking at
its potential energy curve.

Learning about force and motion from the potential energy

We learnt above about how the force leads to the concept of potential energy. However, it is the
potential energy that is easier to specify than the force. The reason is very simple: force is a
vector quantity and as such in specifying it we have to give its three components as a function
of position. On the other hand, potential energy is a scalar quantity and is easier to write as a
function of position. For the same reason, many a times it is easier to calculate the potential
energy than to calculate the force, as we will see in an example below. Thus generally we give
the potential energy of a particle to tell about the force field in which the particle is moving. In
this section we discuss what can we learn about the motion of a particle by looking at its
potential energy.



First we discuss how do we get the force from the potential energy. Let us first look at
one-dimensional case. Employing the definition of potential energy, we find that for a
small displacement Ax

du) ,

F(x)Ax=-Ux+Ax)+U(x)=—

which means that the force is given by the formula

dU(x)
dx

F(x) =-

This is the key formula relating the force to the potential energy. On the basis of this formula,
we can infer a lot about the nature of motion by looking at the potential energy curve. First if
dU(x) 0 dU(x) <0
dx , then the force is towards the negative x-direction and if  dx , the force is
towards the positive x-direction. Thus the force is in the direction of decreasing U(x). What if

au@ _,

dx ? In that case the particle in either on a maximum or a minimum of the potential and
there is no force on the particle. The particle is therefore in equilibrium. The equilibrium will be
stable one, that is the particle will come back to the equilibrium point when displaced slightly

2
U@ .

from that point, if it is at the potential energy minimum or equivalently where dx’ . On the
other hand at the maximum of the potential energy, the particle will rush away from that

2
U@ .

point if it is disturbed. Thus at the potential energy maximum, where dx’ , the
equilibrium is unstable. We see that a particle tends to move towards its potential energy
minimum and move away from its potential energy maximum. All these concepts can be shown
nicely with a bead moving on a smooth frictionless wire bent in the shape of a curve with many
maxima and minima and held in the vertical plane (see the figure below). The potential energy
of the bead is then proportional to the height of the curve and as such the wire itself represents
the potential energy curve in the figure below.
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Now with a bead sliding over the wire, you can easily check that all the points made above
about the relationship between the force on the bead and the mathematical properties of the
potential energy curve are correct. Further the minima and maxima of the curve are clearly
observed to be stable and unstable equilibrium points, respectively.

In three dimensions the equivalent of the derivative is the gradient operator. Thus the force

F(7) in two or three dimensions is given as

O _ [ 9UGx,».2) »  OU(x,y,2) » U ),2) ¢

Thus the force is in the direction opposite to that of increasing U. Further, it vanishes wherever the
gradient of the potential energy is zero. Individual components of the force are given as

o= g g W
o oz
po_dUp 2U; AU,
A word of caution is needed here. ox &y 82 does not mean that if we transform

to some other co-ordinates system (say spherical) then



will be correct. This is not even dimensionally correct. To get the correct answer, one
must properly transform from Cartesian to polar co-ordinates. The result then is

- o, 10U 4 1 U,
Fem— e r— oo — ¢
or r 08 rsmn 8 o¢

Thus in spherical polar coordinate system, the force components are given as

frwally: Pomad L8 god Hmm— 5.
or r 08 rsin 8 ¢

Similarly in cylindrical coordinate system the force is related to the potential energy as
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With the individual force components
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Having given you the prescription for obtaining force from the potential energy let us now
apply it to find the field of an electric dipole using its scalar potential.

Example: As an application of finding force from the potential, let us calculate the electric
field due to a dipole.

Let the dipole be situated at the origin along the x-axis. Let the charges -q and +q be separated

by distance 2a (see figure below) so that the dipole moment is # = 2441 Then potential and
field at any point can be calculated by adding the field due to the two charges. Adding the field
in this case becomes a bit difficult because we have to obtain three components of the field for
each charge and add them. On the other hand, finding the potential is relatively easy because it
is a scalar quantity and we obtain it by adding the potential due to two charges. Then the
gradient gives the field. In the calculation we assume that « — 0 and q is correspondingly very
large so that their product is finite. We will be using this by keeping term only linear in a and
neglecting higher orders.
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The potential (potential energy per unit charge) due the two charges is given as
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Now taking the gradient we get the three components of the force, which are
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Similarly
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Combining these results together we get for the field of the dipole
— = 1 AT -
EF)= kf—;[%wl* - 7]

I would like you to get the same result by adding the fields of the charges together and
compare the answers.

In these lectures, we have learnt: the work-energy theorem, definition of potential and its
relationship with the force field, concept of conservative forces and the principle of
conservation of energy. | leave these lectures by giving you a few exercises.

Exercise 1: Consider one-dimensional motion in a potential U(x). Show that if a particle of

mass m is displaced slightly from its equilibrium position at a potential energy minimum at Xo, it
will perform simple harmonic oscillations. Find the corresponding frequency.

Exercise 2: Consider two different inertial frames moving with respect to one another with a
constant velocity. Starting from the work-energy theorem in one frame, prove that it is true in
the other frame also.

Collisions
In the previous two lectures, we have seen that when many particles are interacting, there are
two conservation systems that are obeyed by them. One, if the net external force on the particles

is zero, the total angular momentum of the system remains a constant. This is expressed
mathematically as

iji = 0= m;V, = constant
i i

d —
— V. |=0
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Further we saw during the motion of a many particle system, one point - its centre of mass -

AL
moves as if its mass M is equal to the total mass : “of the system and the total force
Fm = mez . ] ] ) . ]
i is being applied on that mass. The CM co-ordinate is defines as
X my;
B
h o M

And it moves according to the equation

}.‘1‘{1"\."}“ =l ot

Thus if “ar =Uthen s =constant hat means if the total external force on the system is
zero, the CM moves with a constant velocity. This is another way of expressing the
conservation of linear momentum.

The other conservation principle that we saw was that of total energy. Accordingly the total

energy, which is the sum of their kinetic energy KE;j and potential energy PE;, of a system
of particles remains a constant

Y. (KE, + PE,) = constant

1

As an example of the power of these principles, in this lecture we apply these two principles
to the problem of two particles of masses miand macolliding.

Before we discuss the problem of two particles colliding, we prove something very important
and useful: Kinetic energy of a system of particles is equal to the sum of the kinetic energy of
its centre of mass and kinetic energy of particles with respect to the centre of mass . By kinetic
energy of the CM we mean its kinetic energy calculated as a point particle of the total mass
M=% m, 3

i moving with the velocity “*@ of the CM. To see this, substitute in the expression
for the kinetic energy

1 i
22 E VY,
&

Vi =Va tVie \where Yo is the velocity of the CM and Yic is the velocity of i particle in the

CM frame. This gives
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Now i is the momentum of the CM with respect to the CM and therefore proportional to the
velocity of the CM with respect to the CM. But the velocity of the CM relative to the CM is

m:'{;éc = 0
zero implying that : . This immediately gives

PR T | ~2
& L |

= KE of the CM + KE about the CM

This result, that the kinetic energy of a system of particles can be decomposed into KE of the
CM and KE about the CM, is very important and useful. In a later lecture, we will see that
the same is true for the angular momentum.

The division of kinetic energy as shown above is useful in learning how energies are shared
when particles interact with each-other for short periods of time. As an example take explosion
of a bomb. Since the CM will keep on moving the same way as it was before the explosion -
because the forces generated are between the pieces of the bomb and therefore have no effect on
the total momentum of the system - the explosion does not change the kinetic energy of the CM.
Thus all the energy released in the explosion goes to the kinetic energy of the pieces of the bomb
with respect to the CM. As another example, consider two particles colliding and getting stuck
together. Since the CM keeps on moving with the same speed because of momentum
conservation, the minimum kinetic energy that the masses stuck together have to have is that of
the centre of mass. Thus the maximum possible energy loss in this case is the sum of their
kinetic energy relative to their CM (also called the kinetic energy in the CM frame).

We now get back to the problem of two particles colliding. We consider two particles of masses
miand macoming in with velocities 1 and V2, respectively, interacting in a region, and then

going out with velocities vy and v (see figure 1). This is the simplest collision problem. If more
particles are involved then the problem is going to be move complicated.
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Two particles colliding

Figure 1
Since
we assume particles interact only when they are close to each other, they are essentially free
before and after the collision. Further, the interaction region is very small; thus even if the
particles are in an external field, the potential energy remains essentially unchanged during the
collision. Thus we can write

1 2 1 2 1 2 1

-7 -+ ¢ 2 -
—mVy +—myv; +AE = —mV)* + =,V
= = Y 2 e L

& A & &

where we have added 4E on the left-hand side to take into account any addition or loss of energy
during the interaction of particles. For example if the particles generate some energy during
interaction, 4E >0 . This will be the case when two particles release some chemical energy. On
the other hand, 4E <0 when the particles lose energy during interaction. This is called an
inelastic collision. AE = 0 is the case of elastic collision; here the total kinetic energy before and
after the collision is the same. If particles interact over a large region, we can take the velocities
to be in the asymptotic region, where the particles are far apart and therefore the equations above
are applicable. The discussion so far has been in terms of balancing the energies involved during
the interaction.

The other conservation principle is that of conservation of momentum. Usually during collision
the impulse due to collision (internal force if two particles are considered as one system) is
much larger than any external impulses. So we neglect it and conserve momentum. If the
external impulse comparable to the internal impulse, it must be taken into account. This could be
the case when the external force is very large or the particles interact for a long time. For the
time being though, we will focus on cases where external impulse can be neglected. Thus

- e _ e —+
vy T2V, = Y v,

The two equations are actually a set of four equations with momentum conservation giving three

¥.,%, and AR

equations, one for each component. However, given , we have to solve for six

g 4 -
quantities, three components for 1 and three for 2. Thus to solve the problem completely, we



need more information, for example the scattering angles. In two dimensions also, the
conservation equations alone are not enough to solve the problem of finding velocities after
the collision. This is because now there will be four unknowns - two components for velocity
of each particle - but only three equation, one from the energy balance and two from
momentum conservation. Only in one dimension, we can solve the collision problem
completely because there are two equations and two unknowns. Nonetheless, we can get a lot
of information about the motion from these two conservation laws as we now discuss.

As the first example, let us consider two particles of masses miand mpmoving with velocities
vy and Y2, respectively, colliding, getting stuck together to make a particle of mass (mz1 +mz)

-

that moves with velocity ¥ . In the process energy AE is released. Then moment
conservation tells us

-t

vy + vy = (g + iy W
and balancing the energy gives

1 2

Notice that we have added to AE to the left-hand side so that the total final kinetic energy is the

sum of the total initial kinetic energy and the energy added to the system. Substituting for ¥"
from the momentum conservation equation in the energy equation, we get

- - \32
-3 L " {m +m.1){m v, + 2, V. }
myv, +m,vy + 208 = L Lotk vt 43

]
&

(ml +an}
which on simplification gives

. v 20E(m +my)
G-%) =———=

{ml * mz}
The left-hand side of the equation above is definitely positive. On the other hand, the right-hand
side is negative if AE >0, i.e., the final kinetic energy is larger than the initial kinetic energy.
So this reaction will not be possible if it is exothermic, i.e., some energy is generated and added
to the initial kinetic energy. Thus two atoms colliding in free space will not combine to form a
molecule (in which process the energy is usually released). However if energy is taken away
from the system, i.e. AE <0, then the reaction is possible. This is the information we have got
purely on the basis of conservation laws. We now go on to discuss collisions as described with
respect to the CM. We will see that this gives us a lot of insight into the collision problem.

As we had stated earlier, the conservation of momentum implies that the centre of mass moves
with a constant velocity when there is no external force on the particles. Thus if we attach a



frame to the CM, it will also move with constant velocity and will be an initial frame of
reference. Let us call this the CM frame. Since it is an inertial frame, we can equally well
describe a collision process is a CM frame. Observing a collision from the CM frame gives us
the biggest advantage that the sum of the momenta (the total momentum) is always zero in this
frame. In this lecture we will be focusing on two particle collisions as described from the CM
frame. We will see that because of the total momentum being zero, description of a collision in
this frame becomes simpler. In coming lectures we will see that CM provides a convenient
origin for studying rotational motion also.

For now, let us look at the two particles collision. As stated above, in the CM frame the total
momentum is always zero because in this frame the CM does not move. So that the velocities of
two particles in the CM frame are always in the direction opposite to each other. Further the
motion remains confined to a plane formed by the lines representing the initial and the final
velocities directions (keep in mind that the velocities of the two particles at any instant are
along the same line though opposite in direction). Thus in the CM frame a collision looks as
shown in figure 2.

Vi

A two particle collision observed from the CM frame. Incoming
velocities are shown by unprimed symbols whereas outgoing
velocities are primed. Scattering angle is @

Figure 2

Vo = :
In figure 2 two particles with masses miand mpand velocities Y1 and are coming:in for a

Wi b

collision; they collide and particle 1 goes out with velocity Vic and particle 2 with

=
R
Vae =

3 . In the process particle 1 gets deflected by an angle ®@cm. As stated earlier, even in

byt | ==f
2d there are four unknowns: two components of ¢ and two of “2¢to be obtained but only three
equations- one for energy conservation and two for momentum conservation. So the problem
cannot be solved fully by using conservation principle only. However, if the interaction is



known, then ®cn and both the velocities after collision can in principle be calculated. Let us
now see how much can we learn about the motion after collision applying only the conservation
principles. We will be discussing both the elastic and inelastic collisions. Recall that if the
kinetic energy remains unchanged in a collision, the collision is elastic; on the other hand, if the
energy is lost the collision is inelastic.

Let us first focus on an elastic collision and analyze it in the CM frame. As pointed out earlier,
the velocities of the two particles before and after collision are opposite to each other. Thus
the relationship between the magnitudes vic, vac, V'icand v'acof the velocities is

Ve = PVan

r f
Ve = Voo

1 2 2 1 02 2
Emlvlc Al Emz"’zc = —mVie + =My Voe

Substituting for Yzcand Y2¢from the first two equations in the last one we get
Vie=Ve and Vi =vye

Thus the velocity vectors of both particles just rotate but do not change in magnitude as the
partial move out after collision. You have learnt in previous classes that in an elastic collision the
magnitude of the relative velocity of one particle with respect to the other remains unchanged
during the collision. In one dimension it means that the speed of approach of two particles is the
same as their speed of separation. Let us now see how it follows directly from the conservation
principles.

r
and vy

' e o o - - - - - -
As we have derived above, Yic = Yic = Yacin an elastic collision. If the velocities of

the two particles are vy and ¥, , respectively, in the ground frame, then
V) = Vgy + Ve and ¥V, = Vg +Vy0
Similar relationships hold for the velocities after collision i.e.
Vi = Vg + Vi and ¥] = Vg + g

Using these relationships we find that



{vz ""’1} = (Vzc _"’lc}
2 2 - —
= Ve + Ve — 2V Vig
2 2
= Vie +Vie + 2V Vi

(because ¥, =~V )

Similarly, we have

o ) v S -+t 2

{"”2 _"’1} = (Vzc _Vlc}
g 12 =+t ¢
= Ve +Vie — V30 Vi
.2 2
= Ve + Vi +2v50 Mg

(because Vi = Vo, Vie = Voo and ¥ = —V/a
Thus we see that in an elastic collision
= —+¢y2 ~ =+ \2
{vé _"’1'} = ("’3 """1}

We have shown that the magnitude of relative velocity of one particle with respect to
other remains the same in an elastic collision.

To see the dramatic effects of a nearly elastic collision, take a table-tennis ball (very small mass m),
put it on a large bouncy ball of mass M (M >> m) , and drop them from a height (see figure 4) on a
hard floor. You will see that the table-tennis ball bounces back really high after the balls hit the
ground. Can you work how high will it go if the balls are dropped from a height h?

Assume that no energy is lost.

. Table-tennis ball

Bouncy ball

l
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Figure 4



Now we consider a two-particle elastic collision in a plane and analyze it. This could be the
collision of a striker and a coin on a carom board, for example. It is a two-dimensional case. We
are going to analyze the motion graphically. First we look at the velocities in the CM frame. If
we take the initial direction of particle 1 towards +x , the velocities of the two particles before
and after collision can be shown as done in figure 5. Keep in mind that in an elastic collision,
the magnitude of the velocities of each particle remains unchanged in the CM frame. However

the direction of the velocity for each particle changes by an angle &cm.as shown in figure 5.

\ = : ) ®cm

- 2
s h vjc i

Velocities of twe colliding particles before and after collision as seen in the CM frame

Figure 5

The picture above shows the angle of scattering in the CM frame. However experiments are done on
ground - and not in the CM frame. So we should be answering the question: by what angle

Alabdoes particle 1 scatter in the laboratory frame? Since velocities Viand ¥ in the lab frame are

given as ¥1 = Ve TVic and ¥y =Vae +Vie the relationship between these velocities can
be shown as done in figure 6.



Velocities af particle 1 before and after collision as seen in the CM and the lab frame.

Figure 6

From figure 6, it is now very easy to see that

o B
Vi sin Oy,

tan 8, = e 5
Vs TV COSO oy

Viesin © 4,

Vg T V0 COSO oy,
sin ® gy

- Ve V10) 05O (g,

Similar relationships can also be derived for particle 2. Now if particle 2 was at rest when hit
by particle 1, then

Y 2,V
Vg = 11 and v = 29
»‘?'314-»*22 m +m,
This gives
sin &
tan 8,,, = L

- (m, fm,) +cos® 4,

Let us now look at two cases: m1> mzand mp<mp. In the case of m1>ma,fjapcannot be greater
than a particular angle &max. This can be either calculated by using the expression above or

alternatively, graphically as we do. For m;> mawe also have vcm>Vvic . Thus a picture
showing the velocities in the laboratory and the CM frame looks like that in figure 7.



Deflection angle of particie 1 in the lab frame is maximum when velocities V| and v\ are

perpendicular.
Figure 7

It is clear from figure 7 that the deflection angle of particle 1, when hitting another particle of

=]
smaller mass, increases as @cpincreases from zero. It is maximum when the velocities Y1 and
vi~are perpendicular. If Vixis rotates beyond this angle, deflection starts becoming smaller.

Thus 6maxis given by the formula

r b
Yie _ Yic _ "4

Ve

sin 8, =
Vina

It is clear from the expression above that when a particle hits a lighter particle at rest, it is
deflected by a small angle. This is reasonable as a light particle can hardy deflect a heavier
particle. Thus the heavier particle keeps on moving forward even after the collision. On the
other hand, there is no restriction on the scattering angle when a light particle hits a heavier
particle at rest i.e. my<may. In this case vcm< vicand therefore the graphical representation of
different velocities is as shown in figure 8.



Deflection angle of particle 1 in the lab can take any value when mp<my.

Figure 8

It is clear from the figure that as @cmincreases, so does fiap. In this situation, however, there is
no restriction on the value that djap can take as ©@cmsweeps angles from 0 to 27z .

So far we have focused on elastic collisions only and could learn a great deal about them from
conservation laws for momentum and energy. Such general conclusions are difficult to draw for
inelastic collisions. As discussed in the beginning of this lecture, for inelastic collisions, we can
definitely say that the maximum possible loss of energy is equal to the kinetic energy of
particles in their CM frame. This would occur when the colliding particles get stuck together so
that their kinetic energy after collision is zero in the CM frame. This concludes our lecture on
collisions as analyzed using conservation laws.

Rotational dynamics I: Angular momentum

So far we have applied Newton's laws to point particles and the CM motion for a collection
of particles. We are now going to look at what happens beyond the motion of the CM, which
is described by the equation

Let us see what else could happen to a body made up of a collection of particles where forces
are applied at each point (figure 1). The particles are connected with flexible attachments shown
as lines.
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Distortion of a collection of particles connected with
each ather maving under force on each particle.

Figure 1
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In the figure above, although the CM moves with R M | the body itself could deform and
change its orientation. Thus the distances between the particles and the angles between lines
joining them would change. This is the most general motion that could take place. In the next
few lectures we want to focus only one of the effects of the force applied. We are going to
assume that a body only changes its orientation but does not deform. This is achieved by
keeping the distance between any two particles of the body unchanged. Such a body is known as
a rigid body . Thus in the example above, if we connect all the particles with each other by rods
of fixed length, the body will become rigid. This is shown in figure 2.

A bady is rigid if the distance between any of its two
particles remains unchanged.

Figure 2

The only possible motion of such a body is a translation plus a change in its orientation. The
simplest example of a rigid body is two masses attached at the ends of a rod of fixed length.
On the other hand, a tin-can partially filled with sand is not a rigid body since the distance
between two particles keeps on changing with the motion of the can.



As stated above, the most general motion of a rigid body is its translation plus its change of
orientation. The latter is equivalent to a rotation about a point. The beauty of this decomposition
is that to get the final position of the body, we can translate any point in the body and then rotate
the body about that point. Irrespective of which point we choose, the sense and the angle of
rotation is always the same. Usually this point is taken to be the CM for reasons that will
become clear later lectures. This general motion is shown below in figure 3, giving two possible
ways of translating and rotating the body.

rotation transiation

rotation

The most general motion of a rigid body is its translation plus a rotation.
Two such possible ways giving the same final orientation are shown. In
both cases the sense and angle of rotation are the same

Figure 3

You see that in figure 3 the rigid body has translated and also rotated. On the other hand, if we
keep one of the points on the body fixed the only thing the body can do is to change its

orientation (see figure 4). Thus with a point fixed, the only possible motion of a rigid body is
a rotation.

mmtzon:'l
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The only possible motion af a rigid body with one af its points fixed is a rotation.

Figure 4

A question that arises now is how many variables do we need to specify the general motion of
a rigid body. It requires three variables - X, y and z coordinates of the point that is translated -
to describe the translation, and three more - angle of rotation about each axis - to represent the
rotation. You can see that in general a rigid body would require six variables to describe its



motion. However, if one of its points is fixed, three variables are sufficient to specify its
rotation. So we conclude a rigid body needs six parameters to describe its motion.

For simplicity, in the beginning we are going to focus on rigid moving with its one point fixed.
Thus it will change only by changing its orientation. We will further simplify the problem by
considering rotation about an axis fixed in space. In the next step, we will allow the axis to
translate but without changing its orientation. Finally we will also let the orientation of the
axis change. Thus we will increase the complexity of the problem gradually.

Dynamics of rigid body: The dynamics of a rigid body is best described by considering its
angular momentum. You can think of angular momentum as the rotational counter part of linear
momentum. This quantity is central to describing rotational motion of a rigid body. So let us first
spend some time in understanding this quantity. Although we are introducing angular momentum
here in the context of rigid bodies, the treatment below is quite general.

For a single particle moving with linear momentum # at a distance # from the origin the
angular momentum £ is defined as

E:FX‘E

You can immediately see that it is an origin-dependent quantity. If we calculate it with respect to
some other point, it will come out to be different. If a particle of mass m is moving in a plane
then using the polar coordinates for it, it is easily shown that its angular momentum is

7 — 2 i 2 - - -
L=mr"9Z | et us now find out what is the rate of change of angular moment? It is
calculated below.

dﬁ_d(},x*)

@ a’ ¥
ar + - dp
= —X 47 X—
dt & dt

With d dt

is simplified to

, Where F is the force on the particle, the equation above

22— FxF =T (torque)

Thus rate of change of angular momentum is equal to the torque applied on the body. From the
equation above, the law of conservation of angular momentum follows immediately: If the

applied torque T=0the angular momentum i does not change, i.e. it is a constant. The equation



dl .
_-_-T
dt

is the angular momentum equivalent of Newton 's IInd law. Let us now illustrate the
ideas presented so far with the example of a conical pendulum.

Example 1: A conical pendulum is like the regular pendulum with a light (mass m = 0 ) rigid
rod carrying a bob of mass m at one of its ends. The other end is fixed and the bob moves in a
circle with speed v (see figure 6). We wish to calculate the tension in the rod and the angle @ it
makes from the vertical by applying the angular momentum-torque equation.

O

A conical pendulum
Figure 6

Let us first calculate angular momentum about point O . We will use cylindrical co-
ordinates because of the symmetry of the problem. With respect to O

F=lsin 8F-lcos82 and V=vg
o :,&?2;‘.-)(1-;
= m(isin 8F —lcos 85)xv

=mvisin 8Z +mvicos 8F

The \irébtor looks as shown in figure 7, when the bob of the pendulum is in the paper plane.
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mvisin 82 1

mvicos 87

The angular momentum and its components
Jor a conical pendulim

Figure 7

So the angular momentum Lis perpendicular to the rod (take the dot product with
r=lsm 87 =1cos82 g mass m and see for yourself) and as the particle rotates the horizontal

component of L are rotates with it and the vertical component remains a constant. Let us now
apply the equation

dly
—_— =T
a
We have
B s i(mvf sin 82 +mvli cos OF)
dt dt
= mvicos 5’%5‘“
it
= mvicos 8 ¢5¢?

= mvicos 8 x ,v ;3
{sin &

= mv® cot 5'-;5

We now calculate the torque acting on the pendulum. There are two forces, the tension 7" and

the weight #¥ = ~2% acting on the particle as shown in figure 8.



O

Qo -
-
-
-

e e e L L L L D]
-

mg

Forces acting on the mass m of the conical pendulum

Figure 8

But f’passes through O and does not give any torque. Thus

T, = (Isin 8F =l cos 82) x mg(-2)
= mg!sin 9&

-

| e

Substituting these in the angular momentum-torque equation @i “then gives

2
Y —tan8sin 8
gl

The angular momentum-torque equation therefore gives us the angle # that the pendulum
makes with the vertical. How do we find the tension T ? On the other hand, applying Newton 's
second Law we get

2
wmy

Tcos8@=mg and Tsm 8=

{sin &
giving
2

and tan Gsin 8 = X
cos & gl

M
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These equations give us both T and 6, but the equation & 5 gives only the angular
relationship. Does this mean that the angular-momentum torque equation is not equivalent to
Newton 's second law? The answer is that it is. It so happens that in applying the equation about
0, when cross products 7 % ? @4 7 X F ape taken, some components of the force do not

contribute to the torque and drop out of the equation. For example in this case 7 x T becomes
dL _ ..

zero. To get full solution, therefore, we now apply ¢ about point A. Taking A as the

origin we have

F=lsin 87 and V=vg
g =mism 8rxvg
= mvisin 8z

-

L

Since all the quantities in “4 are constants, we have

Let us calculate the torque “4about A. With A as the origin, the forces are given as

T =-Tsin 8#+Tcos87 and md =—-mg?

Therefore
T, =1sin 87 x{-Tsin 8F + (Tcos&—mg) }5=0
= (Tcos 8- mg)sin 5(;3 =0
which gives
fim g
cos&
dl _.
Thus applying & about two different points gives exactly the same solution as that obtained
P_F
from dt . Thus the two ways of solving the problem are equivalent. Through this example |
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have shown you (a) the origin dependence of Land T , and (b) equivalence of @t and
@ _ g

dt

Let me now illustrate conservation of angular momentum by a well known example: that of
Kepler's Law of equal area concept in equal time. Accordingly, when planets are going around the
sun, the rate at which their position vector from the sun sweeps the area is a constant. Recall from
the lecture on polar coordinates that for a particle moving under a radial force, we had

obtained that **@is a constant. This is nothing but two times the rate of area sweep by the
radius vector. We now want to get this law from the conservation of angular momentum.

For a planet, we know that the force is in redial direction. So that the torque
Fuprxl=0
Thus

ﬁ =F=0 or L =constant
dt

-’_ A = P - . . 2 1A ;
Since £ = mrf xv = mrf X (FF+r@) = mr 92 s constancy means

¥ 21,?5’ = constant

which is Kepler's second law.

dl. .
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After this initial demonstration of @ with a single particle, we move on to a system of many
particles. It is really a system of many particles that we are dealing with in rigid-body dynamics.

Angular Momentum of a collection of particles: If there are many particles then the total

angular momentum Labout a point O is the sum of individual angular momenta of each
particle about O . Thus

m7; X Py

o
ZEZ -.



As for the angular momentum of a single particle, the angular momentum of a many-particle
system is also origin-dependent. (Question: Under what conditions will the angular
momentum be independent of the origin?)

Now recall that the kinetic energy for a collection of particles is the sum of the kinetic energy
of their centre of mass (CM) and the kinetic energy of particles with respect to the CM.
Interestingly the angular momentum of a many-particle system can be expressed in the same
manner. Thus the total angular momentum of a collection of particles is equal to the angular
momentum of the CM plus the angular momentum of particles about the CM. Let us now prove
it. To do so express the position vector and the velocity of a particle as

T =7ge the and ¥, =V, tV

where” e @9 Ve refer to the position and velocity of the CM and 7ic 24 Vie the position and
velocity of it particle with respect to the CM. Now the total angular momentum can be writes as

A Z”"i(;a.: ‘H;;c) X':‘-;a.a +vie)

= (Zmi]‘:@f XFW +Fm X(Zmiﬁc]
2

+(Zmi?}c] XV eae +Zmi’}'c X Vi
:. .

[ miﬁcl= 0 and L ms“;:'cl =0
However, by definition of the CM, \Therefore the second and the last term in the expression
above do not contribute. The remaining terms are written as

L= {Zmi]’"m X Vogg + 2 T X Vi

= MVgq XV 34 +Zmi'r:.ic X Vi
i

= Lene + Lopourcas
where M is the total mass of the system. This is a remarkable result, and as we will see,

facilitates calculations involving rigid-body dynamics a lot. Keep in mind though that this
result is true only with for the CM. For an arbitrary point O in the body, we cannot write

L= "[\o' +Labouto‘
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because = = Lo + Lasouscae depends explicitly on the definition of the CM. We will later use
this fact to obtain the parallel axis theorem that you may have learnt in your previous classes.
The theorem is similar to the transfer theorem of the second-moment of an area.

- - -

The relationship L= Lese + Lasowcaa also tells us that if the total momentum of a system of
particles is zero, its angular momentum will be independent of the origin. I leave the
simple proof for you to work out.

Example: Take a bicycle wheel of radius R rolling along the ground and assume all its mass M is
concentrated along the rim. If it is rolling without slipping then its motion is as follows: its CM
moves with speed V along a straight line and the wheel rotates about the CM with angular speed

V

" R so that the point on ground is at rest. We want to find its angular momentum in a
frame stuck to the ground such that the wheel is moving along its x-axis see figure 9).

X
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A bicycle wheel rolling along the ground

Figure 9

The angular momentum of the wheel about its CM is given as

Eabom(?-d = (Z ms]RV
= MRV

So angular momentum about the origin O1(see figure 9) would be

= MRV +angular momentumaf CM about O,
= MRV + MRV
= 2MRV

On the other hand, if we were to calculate the angular momentum about O (see figure 9)
it would come out to be



= MRV +angular momentumaf CM about O,
= MRV +M(R+a)l”
= 2MRV + MRa

Notice that in both the cases we have added the angular momentum of the CM and that about
the CM. It is because their directions come out to be the same (negative z direction). One must

be careful about these things because angular momentum is a vector quantity. Having

introduced you to the concept of angular momentum, | now discuss about the rate of its change

for a many-particle system where the particles are interacting with each other also.

dr.

Dynamic of a rigid body; ¢ and conservation of angular momentum: Let us now look at

dL
dt in the case of a collection of particles which are interacting with each other and are
also being acted upon by external forces.

—_— — XY
dt dt Z:m' P
= Za iy X——
: dt
av, -+
m; —= _f: f . .
But ° at ( “is the total force, i.e. the sum of external and internal forces on the

particle). This gives

}

di .
— " X1
d‘f ; 1 1

Before simplifying this equation in terms of the external torque, let us see where does
this equation lead us for a two particle system shown in figure 10?



A twao particle system with particles interacting with each other and
are also being acted upon by external forces

Figure 10

The two particles 1 and 2 shown in figure 10 are external forces S 204 fr , respectively.
They also interact with each other with particle 2 applying a force J1on particle 1 and particle 1
applying a force Jaron particle 2. We assume the forces to be following Newton 'sIIIrOI law so

that 21 = /12, Now the rate of change for this system can be written as

-

dl, . =« - - - -
% = A X (e +S12)+ 75 X (fo0e +F21)

=P X flon t 7o X Sy +71 % fig +73 X
= A X fim+t B X hat A -B)x S0

= T + (A = 7 )% s
Thus the rate of change of angular momentum is equal to only the external torque if

(F-A)x A =0 or /12 | (1 =72) i e. the force between the particles is along the line joining
them. At this point I would like you to recall that in the case of linear momentum, the rate of

d:’g — 2 - -
. . =, only f £, =-/
change on linear momentum equals the total external force, i.e. . For
dl .
= ¥

., = t . . Lo TRy
angular momentum to satisfy @ , the additional condition of 12 [l71=7) is also
needed. Fortunately for most of the mechanical applications this is true. Let us now generalize
this to the case of a many-particle system. For such a system

dr i
——— — e g b
- 2hx%g

:ZF: X fn +2 20 ini

i g gwi



Recall the trick used in the case of linear momentum that

Tl Ry,
¥, E»j-

im ]

so that

- - 1 -t s - =
Xty = EZ [’"z' xSy +’J'Xfﬁ]
¥ v
inj i

= %% [(E-: - :'-;)xf“] (}ﬁ = "}a‘;' by Newton's ]I[Law)

inf

=0 f I{E -7)

Under these conditions, i.e. if the force between the particles is along the line joining them , we
get

dr. L i
E—Z’}Xfi

I
a“"ll -

dL -
. — = 0= L = constant _ )
Thus if e then d . Thus is the law of conservation of total angular

momentum. In the next lecture we will do a few example of its application.

We now conclude this lecture by listing the following points that we have learnt:

1 Arrigid body needs six parameters to describe its general motion; three for translation
and three for rotation,

2 Dynamics of rigid body is governed by its angular momentum,
3. The angular momentum satisfies the equation

dl _ -
dt "
under the condition that the internal forces satisfy Newton 's IIIrOI law and an additional

condition that 7% ”(’3' _’}')
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Rotational dynamics I1: Rotation about a fixed axis

We saw in the previous lecture on rigid bodies that a rigid body in general requires six
parameters to describe its motion, and the dynamic of a rigid body is determined through its
dL .

b - . iy - .
angular momentum £ that satisfies the equation “* where fextis the applied torque on

the body. Further, fext = 0 means that Z is a constant.

In this lecture | start with an example of the conservation of angular momentum involving
two particles. | again show that a direct application of Newton 's laws and a solution through
the conservation of angular momentum give the same answer.

Example 1: There is a rigid massless rod of length bheld at point O carrying a mass mp at its
other end. Let the y-coordinate of m2 be a. Another mass m1 comes parallel to the x-axis and

hits m2 and the two masses get stuck together (see figure 1). Question is at what speed will the
rod rotate?

3
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Figure 1

Let us apply the conservation of angular momentum to the system of two masses about point O.
This is because the only external force acts at O so the torque about O is zero and therefore the
angular momentum about O is conserved. Since the particles are moving in the xyplane, their
angular momentum is going to be in the z direction. So we write the unit vector explicitly and
work in terms of numbers (both positive and negative) only. Assume that the angular velocity

of the rod after the mass mygets stuck with it is ®. To apply angular momentum conservation
we calculate the angular momentum of the system before and after collision and equate them.



Initial angular momentum about O = miva

Final angular momentum = (my + m2 )b2 )
Equating the two gives

B ey va
() +my )b 3

Let us now see if the conventional force analysis also gives the same answer. The incoming

mass micomes in with momentum myv. Now after my is hit, it cannot have any movement
parallel to the rod because the rod is rigid, i.e. the rod is capable of generating enough tension
(impulse) in it to make the component of momentum parallel to the rod zero. On the other hand,
there is no force perpendicular to the rod so the momentum component p Lin that direction
remains unchanged after the hit. Now

mva

P, =mvsin 8=

After the masses get stuck together, p .Lremains the same. Thus the new speed v' acquired by the
masses will be such that

wyvaE mva
(22, + 2y )b

(#2) + 2, V' = f=

or

This gives

v mva
BJ=—== s
b (my+my)b

which is the same as obtained by angular momentum conservation. Thus again showing
the equivalence of the two methods.

With all this preparation, let us now start with the simplest motion of a rigid body that is the
rotation of a rigid body about an axis fixed in space. So the axis is neither translating nor
rotating. Without any loss of generality, let us call this axis the z-axis. In this case the body has
only one degree of freedom and the only variable that we need to describe the motion of the body
is the angle of rotation about the axis. Further, the only relevant component of angular
momentum in this case is the component along the z-axis. Note that there may be other
components of angular momentum but their change is accounted for by torques applied on the
axis to keep it fixed in space. Calculation of such torques will be discussed in later lectures.
Suffices here is to say that these torques arise out of the constraint forces that enforce the
constraint of the axis being fixed in space.



Shown in figure 2 is a rigid body rotating about the z-axis with an angular speed ®. Also shown

there is the position and velocity vector of one of its constituent particles of mass mjin a plane
perpendicular to the rotation axis. We wish to calculate the z component of the angular
momentum.
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A rigid body rotating about the z-axis (left) and the pasition and velocity vectors
of a point in it (right) shown in the plane perpendicular to the z-axis

Figure 2

The z component will be given as
L= Zm,(f‘; XV ), '_'Zmi{xz' "’iy‘yz'vix)
i i

For a particle at distance pjfrom the z-axis and its radius vector making an angle ®jfrom the
X-axis

X; = Oy cosdh, Vi, = —@0 sin @
yi =0 sm g, Vy = @0;cos @

so that
L= [Z‘. mj,afJal

{,= (Z m:'p:'gJ
Calling : the moment of inertial about the rotation axis, we can write



Depending on the direction of ®, angular momentum about an axis could have negative or
positive values because it is a vector quantity. The convention we take is the right-hand
convention; Let the thumb of one's right hand point in the positive z direction; if the rotation
of the body is in the same (opposite) direction as the fingers, o is positive (negative).

Having defined the moment of inertia about an axis, we make a few comments on it. First
thing we notice about it is that it depends on the perpendicular distance of point masses from
the axis of rotation. So no matter where we take the origin of the coordinate system, the
moment of inertia of a rigid body about an axis is always going to be the same. Secondly, for
continuously distribute mass moment of inertia is calculated as the integral

Ip = | o%dm

wherep is the perpendicular distance of a small mass element dmtaken in the body (see figure 3).

A small mass element dm in a rigid body at a disiance
L from the axis of rotation

Figure 3
Finally, for planar objects the moment of inertia is the same as the second moment of an
area except that the area is replaced by the mass.
We now calculate moment of inertia of some objects.

A rod at an angle from the axis of rotation passing through its centre: This is shown in
figure 4. The length of the rod is | and its mass m . It is at an angle @ from the axis of rotation.
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A rod at an angle from the axis of rotation

Figure 4

We take a small mass element of length ds at a distance s from the origin. It is at a distance
£ =551 & from the axis of rotation. Then
V& ngd‘m

112
»n

= _[ sgsmzﬂ?a’s

mi?

Thus for a rod rotating about its perpendicular passing through its centreis 12 .

Exercise: Calculate the moment of inertia of a disc rotating about an axis passing through
its centre and perpendicular to it.

Moment of inertia of disc about one of its diameters: Shown in figure 5 is a disc of mass
M and radius R rotating about its diameter which lies on the y-axis.



A disc rotating about its diameter

Figure 5

To calculate the moment of inertia | take a strip of lengths width dx at distance x from the y-axis,

dm = E{ 2y dx
the axis of rotation. Its mass is R (see figure 5). Thus

The integration can be carried out easily by substituting * = £cos&and gives

_ MR?
4

I

Moment of inertia of a sphere about one of its diameters: A sphere of mass M and radius R
is shown in figure 6. To calculate its moment of inertia, we take a cylindrical shell of radius p
and thickness dp (see figure 6). The mass of this shell is given by



M
M= ———— X2 OodOoX?2
anRi 3 LAPTEY

M
= F\’RJ - 0" pdp

A sphere rotating about its diameter

Figure 6

Therefore the moment of inertia is
M §
= I,ona‘m = ?I,ozq.‘Rz —,oza‘,o
0

By substituting © = Rcosé?, this is an easy integral to perform and gives the result

I:EMRQ
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Let us now recapture what we have done so far. We have looked at the angular momentum of a
body rotating about a fixed axis. We find that angular momentum Lzabout an axis (denoted as
the z-axis) is given as Lz = Iz @ and, depending upon the sense of rotation, can take positive as
well as negative values. We have also calculated Izfor some standard objects about an axis. We
now go on to study the equation of motion satisfied by Lz. The equation satisfied by L zis

=T
Z
dt



where %z is the component of the external torque along the axis of rotation. If the external
torque is zero, the angular momentum is conserved. You can observe the effect of
conservation of angular momentum easily at home.

Sit on a revolving chair holding a brick (or something similar) in each of your hands and keep
your arms stretched. Start revolving the chair and then pull your arms in. You will observe that
you start revolving much faster. This happens because when you pull the arms in, the masses
that you are holding come closer to the axis of rotation resulting in a reduction in the value of the
moment of inertia. However, since there is no external torque on the system, the angular
momentum cannot change. Thus if the moment of inertia decreases, the angular speed must
increase in order to keep L = Iwconstant. This is precisely what you observe. You should also
repeat the experiment holding different weights. When do you observe the rotational speed to
increase the largest? Let us now solve an example of applying the angular momentum
conservation principle.

Example: A man starts walking on the edge of a circular platform with a speed v with respect
to the platform (see figure 7). The platform is free to rotate. What is the rotational speed of the
platform? Mass of the platform is M , its radius is R and the mass of the manism .

A man of mass m walks on the edge of a circular piatform of mass
M and radius R the platform in turn starts roiating.

Figure 7

Since there is no external torque, the angular momentum of the system about the axis of rotation

must be conserved. Thus as the man starts walking, the platform starts rotating the other way.

Since the speed of man with respect to the platform is v, his speed in the ground frame would be
(v—@R) . Thus the angular momentum of the man is

mR{v— @R)

At the same time, the angular momentum of the platform is



—lMRQaI
2

where the minus sign shows that the angular momentum of the platform is in the direction
opposite to that of the man's angular momentum. By conservation of angular momentum

mR(v—mR)—%MRgmzl)

which gives
v/R
(3]
2m

Having learnt about the angular momentum, its equation of motion and the conservation of
angular momentum for rotations about a fixed axis, we now discuss the kinetic energy and
the work-energy theorem for a rigid body rotating with angular speed w about a fixed axis.

O =

Kinetic energy and work-energy theorem for a rigid-body rotating about a fixed axis: The
kinetic energy of a rigid body rotating with angular speed ® is obtained by calculating the
energy of small mass element in the body and adding it up. This mass element is rotating in a
plane perpendicular to the axis of rotation. This gives (using the notation of figure 2)

e %Z mv?

=E(Zﬂ%,of]m"
2\

= l!mz
i,

The corresponding work-energy theorem for the motion considered here is that the change in
kinetic energy is equal to the work done on the body. Let us first calculate the work done on a
body, which can only rotate about an axis, when an external force is applied on it. To do this, |
would first like you to prove a result (look at figure 2 for reference): when a body rotates by an

angle 46 about an axis in the unit vector direction A the corresponding change in position of

a particle in the body at position vector " is

AF, = (AxF)AE

-

The total work done on the body by a net external force composed of forces Ji acting at
each point is



AW =3 4 - (AxF)A8

By using 4 (FxC)=C-(Ax5)=5-(AxC) e can write the work done as

s =35 [x 7)o

=ﬁ{z(;~;xj})Ja.s

=#-TAS
=T,A8

wherezzis the component of the external torque along the axis of rotation. Thus the total
work done is

W= [1,d8
Now the work energy theorem can be expressed as follows:

AK B =[1,d8

This pretty much concludes what all I have to say about the rotations about a fixed axis. One
question that may be asked at this point is: Why is it what describing dynamics in term of
angular momentum, torque etcetera rather than momentum and force is more useful in
discussing rotational motion. This is because in rotational motion, force, momenta etcetera are
distributed and taking their moments by considering the angular momenta and torques
automatically takes care of this distribution. We conclude this lecture by drawing a comparison
between linear and rotational motion about a fixed axis.

Linear motion |Rotational motion about a fixed axis
Momentum p Angular momentum L

:LJ‘l. = L’All

Impulse“:




This correspondence will help in understanding and getting relationships to solve most of the
problems involving rotations about a fixed axis, particularly if you have solved many
problems involving linear momentum.

Rigid body dynamics I11: Rotation and Translation

We have seen in the past two lectures how do we go about solving the rigid body dynamics
problem by considering the rate of change of angular momentum. In the previous lecture, we
concentrated on rotation about a fixed axis and solved problems involving conservation of
angular momentum about that axis. In this lecture we consider what happens where an
external torque is applied and also when the axis is allowed to translate parallel to itself.

Let us first take the case when the axis is stationary and a torque is applied. Take for instance
your pen or a scale and hold it lightly at one of its ends so as to pivot it there. Raise the other
end so that the scale is horizontal and then leave it. You will see that the scale swings down. |
would like to calculate the speed of its CM when the scale is vertical after being released from
horizontal position (see figure 1). Assume that there is no loss due to friction. In this case I will
solve this problem in two ways and also comment on a wrong way.

A scale pivoted at ane end and released from horizontal position swings down

Figure 1

| take the mass of the scale to be m and its length I. Then its moment of inertia about one of its

;mi
ends is 3



I first solve the problem using energy conservation. Since there is no loss due to friction the total
mechanical energy is conserved. Therefore the total mechanical energy is conserved. Let us take the
potential energy to be zero when the scale is horizontal. Since the scale starts with zero initial
angular speed, its total mechanical energy is zero. When the scale reaches the vertical position,

its CM has moved down by a distance 240t potential energy is ~ mglf2 |fits angular speed

at that position is o, then by conservation of energy

1
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which gives

3
o=
!
I now solve the problem by a direct application of torque equation. When the scale makes an
angle 0 from the horizontal (see figure 2), the torque on it is given as

f g

Figure 2

The angular momentum-torque equation then gives

f@:@gosg
dt 2



dg
@ =

Substituting Cdr and the value of Ifrom above this leads to
2
ﬁ = 3_g cosd
dt 2!

This equation cannot be integrated with respect to time directly. Recall from the proof of work-
energy theorem that in such situations we change transform the equation to write it in terms of
the displacement variable, which is the angle in this case. So we write

ﬁ_i(ﬁ]_ﬁi[ﬁ]_li{g )
dt?  dt\ dt dt d8\ dt 2de

to write the equation above as

12
l o = 3_g 0s 8
2 d8 2
Integrating this equation then gives
& =2Egin 0
i
For ¢= 7if2 this gives the same answer as obtained earlier. If you have noticed, what we

have done here is actually used the work-energy theorem

You may ask at this point: wouldn't the correct way of solving this problem be to equate
the kinetic energy of the CM to the change in the potential energy. This would lead to

The reason why this answer is incorrect is the following. Recall from our previous lecture that
the most general motion of a rigid body is a translation plus a rotation. So while it is true that the
CM is moving, the scale is also rotating at the same time. We represent the combination of the
two motions as a translation of the CM and a rotation about an axis passing through the CM.
Why we split the motion of the scale as a combination of the translation of its CM and a rotation
about the CM - and not that of any other point in the body - will be discussed in detail below.
For now it is sufficient to say that by doing so the kinetic energy can be written conveniently as
(KE of the CM plus KE about the CM). So the true K.E of the scale is
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o = ﬂ . . . . VYo = i""" .
where 12 is the moment of inertia about the CM. Using the relationship 2 this
gives the same kinetic energy as that used above in applying the energy conservation method.

This correct approach then gives the same answer as obtained above.

An interesting problem related to the one solved above is as follows. Sometimes if a book you
are holding slips out your hand, it usually falls with its upper face down (see figure 3). You can
try this at home and see for yourself. In fact there is an interesting book which has a title based
on this observation. It is entitled "Why toast lands jelly side down™ and is authored by Robert
Ehrlich (Universities press, Hyderabad 1999). Let us try to understand this observation.

A book falling down afier slipping out of one’s hand. Notice that
the centre of the book is shown to be coming down in a straight line
while the book rotates at a constant angular speed..

Figure 3

When the book falls its angular acceleration o immediately after it slips off the hand is
calculated approximately as given below

2
dt 2 3 dt 2
dt 2!



Here m is the mass of the book and I its length. I call it an approximate expression because in
our calculation we have assumed the book to be in horizontal position. It will slip off when

tan & = 4 o for small angles 0 ~ u, where m is the coefficient of friction between the book and
the hand. Starting with zero initial angular speed, let the angular speed of the book when it slips

out of the hand be @ . Then
@= A28 = ;3‘?‘—8

Taking u=0.5, g = 10ms’ 2and | = 20cm = 0.2m , We get
©=87rads *

After the book has come out of the hands, there is no external torque on it about its CM so it

falls rotating with a constant angular speed of about 8.7rad s L Keep in mind that the sense and
amount of rotation of a rigid body is the same irrespective of the point about which its rotation is
considered. So although before slipping out of the hand, I did the calculation for its angular
speed taking its edge on the hand as the axis, after it comes out of the hand, | consider its motion
as the translation of its CM and rotation about its CM. Let us stake a typical height of about 1m
from which the book falls. Then the time it takes to reach the ground is

I").‘
| af2 . e
L == = “‘4:“'._?

Thus the angle through which the book rotates by the time it reaches the ground is
8= @t =87x045=39%ad = 225°

If we add to this angle the initial rotation of 8 = p = 0.5, the angle increases to about 250°. The
angle of rotation of course varies in a range but it is around 180°.You see that the book has
just the right angular speed and the time of fall for it to turn by around 180°. That is precisely
what we observe.

Rotation of a rigid body combined with translation of the axis parallel to itself:

Let us now introduce translation of the rotational axis parallel to itself - it may even accelerate -
and ask what kind on motion is going to follow. So for example there may be a rod on a
horizontal table and is hit by an impulse one end, and we may be interested in its subsequent
motion. | general it could be a rigid body of general shape on which we apply a force. We split
the motion into a translation of the CM of the body and rotation about an axis passing through
the CM. By doing so the equation of motion for the translational motion of the CM is very
easy. Itis

dPan s
dt =Mag, = applied




Here # o s the total momentum of the body; M is its mass; @« the acceleration of the CM and

Fappliea the total applied force. With this equation we know how the CM of the body
translates. Next we wish to find the rotation of the body with respect to an axis passing through
the CM (recall that the most general motion of a rigid body is translation of a point and rotation
about that point). But the question is: can we apply

AL 5y B
A = Tapph’ed,C‘M

5 :
where e is the angular momentum about the CM and  @PliedCM s the applied torque about
the axis of rotation passing through the CM. I raise this question because in general the CM will
also be accelerating and therefore with respect to the CM, there will be a fictitious force that may

also give rise to a fictitious torque which is in addition to the applied torque Capplied CM |
However, it is easy to see that such a fictitious torque about the CM will always be zero. This
is because the fictitious force effectively acts at the CM itself. Because of this reason, there is
one more point about which the torque due to the fictitious force vanishes: this is the point that
accelerates towards the CM. Thus the equation above can be applied safely about these two
points. There is also a third point about which the above equation is valid. This is the point that
does not accelerate at all. Let me now prove these statements.

X

O

A rigid body that is both transiating and rotating. Two paints in
the body are shown by J and 1.

Figure 4

Shown in figure 4 is a rigid body performing a general motion, i.e. it is both translating as well
as rotating. For convenience we have shown the body in two dimensions. Two points J and iof
the body are also shown. These points are also moving with the body. We now calculate the rate
of change of the angular momentum about point J . This is done below.
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where all the terms have their standard meaning and the subscript (iJ) denotes the quantity being
calculated for point iwith respect to point J . Denoting the velocity and acceleration of point

iabout the origin O as V; and g , respectively, and that of J as v, and @, , We have

JiJ:%({;i -V;)=d;—d; and %zzmi(ﬁ.rxai)_(zmia:]xa.r
_ mydy = -f;"apph'gd and Y m7y = MRey B .
With , Where “"@4.J s the position vector of the CM

with respect to J , we get

dl " - .
"g} N ; {"s': x-’ﬂ',apph’ea’)_ MRepgy %ay

= Tapph’gd 5 MRCM.J Xajy

If we want the rate of change of the angular momentum to depend only on the applied
torque calculated about J, we should have

-

MRy 5% d; =0
That will happen under the following three conditions:

({) a,=0, 1e.J is moving uniformly,
() a, | §CM_J ,1e. Jis accelerating towards the CM,
() Reggy =0, ie. point T is the CM

I have just shown you that irrespective of the whether point J is accelerating, rotating or
performing some general motion, the equation

dl, .
d o Tapph’ed,.f

can be applied about J if it satisfies one of the three conditions obtained above. Notice that in
under these conditions the right-hand side has only the externally applied torque. Thus if we
choose one of these points to apply the angular momentum-torque equation, we do not have to



worry about any fictitious torques arising because we are sitting on an accelerating point. We
have been applying the angular momentum-torque equation about points satisfying condition |
above; it includes stationary points also. Of the other two points, it is always safer to apply the
equation about the CM (condition I1). This is because of the difficulty in ensuring that a point is
accelerating towards the CM (condition 111), although in some situations it may be easy. We will
discuss one such case below. We now solve some simple examples to illustrate what we have
learnt above.

Example 1: A uniform rod of mass m and length I is on a smooth horizontal table (friction =
0) and is hit at one of its ends so that an impulse J is imparted to it in its perpendicular
direction (see figure 5). What is its subsequent motion?

A rod being hit at one of its ends giving it an impulse J(left) and its
position and orientation of the rod some time after the impact(right).

Figure 5

As the rod is hit, its CM will start moving with a velocity

At the same time the rod also starts rotating. Although the CM will be accelerating during the
impact, we can apply the angular momentum-torque equation about it with only external torque
in the equation. If the angular speed of the rod after the impact is o, it is given by

i.i':fmw = &= £ [M]

2 2bui?12) \oml

Note that in the sentence above, | have said ‘angular speed of the rod' and not ‘angular speed of
the rod about the CM because the sense and amount of rotation about any point in the body is
the same, as was discussed in a previous lecture. The position and orientation of the rod some
time after the impact is also shown in figure 5.



Example 2: A wheel of mass m and radius R is sliding on a smooth surface (No rolling) with
speed V. It then hits a very rough surface so that it starts rolling (see figure 6). What is it
rolling speed?

WV
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A wheel sliding on a smooth surface (left) hits a rough surface
{right) and starts rolling.

Figure 6

Let the rolling speed of the wheel be V1 .As soon as the wheel hits the rough surface, it gets an
impulse J at its point on the surface in the direction opposite to its velocity. This reduces its speed

and also makes it rotate. It rolls if the speed Vjof its CM is equal to wR, where o is the rolling
speed it gains after hitting the rough surface. The change in the CM speed is given by

pim
M

Applying the angular-momentum torque equation about the CM, we get

mRiPo=JR = J=mRa

With the condition of rolling, Vi =aR , the above two equations give

| would like you to repeat the same exercise for a disc.

The problem can also be solved by applying conservation of the point of impact on ground, because
the impulse gives zero torque about that point. The initial angular momentum of the wheel with
respect to that point is mVR. The final angular momentum is (angular momentum of the CM plus

angular momentum about the CM). This comes out to be (mV1R + mRza)) . Equating this to mVRand
using the rolling condition gives the same answer as above. A warning: keep in mind that the torque
is being taken with respect to the point on ground and not the point



on the wheel that is touching the ground. Doing that will not be correct because at the time
of impact the point on the wheel is accelerating in the direction opposite to ¥".

I now solve a problem that involves, in addition to the equations above, energy
conservation also.

Example 3: A rod of mass m and length | is held making an angle @ from the horizontal at a
height h from the floor (see figure 7). When dropped from rest, what will be its linear and
angular speed after it rebounds from the floor? Assume no energy is lost during the impact
with the floor.

T T

A rod dropped from a height rebounds from the floor and starts rotating.
The UM maoves only in vertical direction

Figure 7

When the rod hits the floor, it receives an impulse J from the ground in the vertically up direction.
Although the rod is also being acted upon by its weight, we neglect its effect during impact (see
discussion in the lecture on momentum). Since all the forces are in the vertical direction, the CM of
the rod also moves only vertically. Before hitting the floor, the speed of the

CMis ‘f@ and the angular speed of the rod is zero. Let the rebound speed of the CM be V and
the angular speed of the rod after rebounding be w. Then similar to the example above, these
quantities are related as (keep in mind that we are dealing with vector quantities so their signs
have to be properly accounted for)

mV +m.f2gh =J

Sy
—w=Jicos¢5
1 2



These are two equations for three unknowns: ¥, w andJ. We therefore need one more equation.
This is provided by energy conservation. We express the kinetic energy of the rod after it
rebounds as the sum of the kinetic energy of its CM and the kinetic energy about its CM. Thus
immediately after the impact, energy conservation gives

2
mgh = lmfﬂ +l£&12
2 2 12

Now we have three equations that can be solved for the three unknowns. This is left for you
to do.

Question you might now ask is if we could use the principle angular momentum and energy
conservation directly to solve this problem in a manner similar to what we did at the end of the last
example. We would like to apply the conservation of angular momentum about the point of impact
on the ground because torque due to the impulse about this point vanishes. Although there is
another external force - the weight of the rod - acting on the system, its effect during the impact can
be ignored because very short duration of impact. Thus we can say that the angular momentum
about the point of impact is conserved. This gives (left as an exercise for you)

{ mi? ]
majlgh —cos = — @—ml —cos
gh oS d=1 T

or

2
{m 2gh +mV}écos¢= %m

This is the same equation that is obtained by combining the first two equations above. Thus
we obtain the same answer by this method also.

| end this lecture by giving you an exercise.

Exercise: A disc of mass m and radius R is made to roll on a rough surface by applying a force F
at its centre. If it does not slip on the floor, i.e. it does pure rolling, find its acceleration by
applying methods developed in this lecture.

Rotational dynamics IV: Angular velocity and angular momentum

In the previous three lectures, we have dealt primarily with rotation about a fixed axis or an axis
moving parallel to itself. What we saw in those lectures was that dynamics of a rigid body is

[ a‘fl .

— — T -

. ; exfernal T >

described by the absence of “exfernalthe angular momentum Z is a conserved. In the case
of fixed axis rotation, the relationship between the angular momentum and

the angular speed was quite straight forward in that £ ={@and all that was done in those
problems was to change the magnitude of w to change L. But the rotational motion is much more



interesting than that. For example L is a vector so it could change direction because of applied

torque with or without its magnitude being affected. How the changing direction of L affects the
orientation of a rigid body is one question we should answer if we wish to understand the
motion of a rigid body. To start with, | want to point out to you that rotational motion is
sometimes not what one would expect naively.

You must have played with a top. If it is not spinning and we try to make it stand on its pivot, it
falls sideways. On the other hand, if it is given a spin and then put on its pivot point, it does not
fall but starts to move about, what is called precession, a vertical axis passing through its pivot
point. This is shown in figure 1. Obviously the precession of the top has something to do with
its spin.

A top that is not spinning falls to the side (left) whereas a
spinning top starts precessing (right).

Figure 1

My second observation is from something that is seen in science museums. You can also make
it easily in your local workshop. Take a track with many soft curves on it and let three different
shape rollers roll on it. You may want to keep the track slightly tilted so that the rollers roll by
themselves. Question is which of the rollers will be able to negotiate all the curves.
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A curved track (top) as seen from above. Three rollers of different shapes are
made to roll on it. (uestion is which one of these will negotiate all curves?

Figure 2

| make the third observation on a rectangular box of sweets (empty of course) or any similar
box. Put a rubber-band around it so that its lid does not come off. Hold the box at a height with
one of its faces perpendicular to the vertical, give it a spin and let it drop (see figure 3). Observe
how its spin changes when it is falling down. You will find that in two out of three possible
ways of holding the box, its spin will remain essentially unchanged whereas in one case it will
start wobbling. On the other hand, if the box is dropped without giving it a spin, it comes down
in the same orientation. What does the spin do to it? We wish to understand this.

A box being given spin about different axes and being dropped from a
height. In one case it wobbles while coming down.

Figure 3

In all three cases we see that when an object is given a spin its motion is very different compared
to when it is not spinning. This happens because the angular momentum of the object due to its
spin changes direction during the motion and the orientation of the body changes accordingly.
So we now really have to get into the vector nature of angular momentum and relate it to the



parameters - the angle and the angular speed / velocity - of the body. | develop this structure of
three-dimensional rigid-body dynamics step-by-step. The first question we address in this

development is if the angle of rotation & can be expressed as a vector &€ ? And if the answer
is yes, what is its direction?

The answer to the question whether an angle of rotation can be treated as a vector is in the
negative. This is because it fails to satisfy a fundamental property - that the addition of vectors

iIs commutative - of vector addition. Thus if we make two rotations of angles #1and #2about two
different axes, the end results will not be the same if the order of rotations is changed. This is
depicted in figure 4 where | show a rectangular box that is to be rotated by 90° about the x and
the y axes. The x and y axes are in the plane of the paper and pass through the centre of the box;
the z-axis is coming out of the paper. The results are different if (a) | do the rotation about the x-
axis first and then follow it with a rotation about the y-axis, and (b) | do the rotation about the y-

axis first and then follow it with a rotation about the x-axis. Thus 81and @2 cannot be treated as

vectors because &1 T8 # & +8;

® &
(a) (b)

Results af two rotations — one about the x-axis by 90 ° counterclockwise and the
second about the y-axis by 90° counterclockwise — performed on a box: (a) x-
axis rotation that is followed by y-axis rotation, (b) y-axis rotation that is
followed by an x-axis rotation.

Figure 4

Mathematically let us take a rod of length | lying along the x-axis with one of its ends at the origin
so that the (xyz) coordinates of its other end are (I, 0, 0). Keeping its end at the origin fixed, the rod
is rotated about the x and the y axes in the same manner as the box in figure 4. If rotated about the
x-axis first the end still has coordinates (I, 0, 0). Now the rotation about the y-axis makes the rod
align with the z-axis with the new coordinates of its end being (0, O, - I) . Let us perform the
rotations in the other order now. The first rotation is performed about the y-axis and makes the rod
align with the z-axis with the new coordinates of its end being rod (0, 0, - I)



.Now the rotation about the x-axis makes the rod align with the y-axis and the final coordinates
of its end are (0, I, 0) . Thus we see that two rotations have absolutely different effect on the
orientation of a body depending on their order. This is demonstrated in figure 5. The
conclusion therefore is that rotations in general cannot be treated as vectors .

T

rotation about x-axis rotation about y-axis

Different order of rotation about x and y axes leaves the rod being rotated with
twao different final orientations. In the upper set of rotations, first rotation af 90°
is performed about the x-axis and is followed by a rotation of 90° about the y-
axis. In the lower set, the order is interchanged.

Figure 5

Although rotations by a finite angle are no vector quantities, rotations by infinitesimal angles
A8

A@are. This also makes the derivative % A¢ avector quantity. We therefore call this quantity
angular velocity rather than angular speed. Let me first show you through a simple example
that infinitesimal rotations do satisfy the commutative property of vector addition and then go
on to assign a direction to such rotations.

Let me again take a rod lying along the x-axis with one end fixed at the origin and the other at
(1,0,0). However, this time | consider infinitesimal rotations about the y and the z axes. | do so
because | want both the rotations to cause change in the orientation of the rod; first rotation
about the x-axis does not do that. Before | present the calculations, 1 would like you to recall
from the first lecture how different components of a vector change when the frame is rotated. |
would be making use of those relationships now with one change: rotating a vector by an angle
46 about an axis is same as viewing it from a frame rotated by the angle -46 about the same axis.

| perform a rotation of the rod about the y-axis by an angle 6y and that about the z-axis by angle

0z. Let me first consider the case of rotation about the y-axis that is followed by a rotation
about the z-axis. Rotation of the rod about the y-axis gives the new coordinates of it free end as



x'=-0xsm(-A8,) +icos(-AG, )= ]

y'=0
z'=0xcos(-A8,) +1sin(—A8,) =~ —IA8,

Now rotate the rod about z-axis to get coordinates of its free end as

x"slcos(—A8,)+0xsin(—A8,) s
y'=—Isin(~A8,) +0x cos(-A8,) = IAS,
2'=-IA8,

Let us now do it the other way. Rotation about the z-axis gives

x'slcos(—A8) +0xain(—-A8, )=/
y'==lsn(-A8)+0xcos(-A8,) mIAL,

z'=0

Now give a rotation about the y-axis to get

x'm—0xsin(-A8,) +lcos(-A8,) =
y'=1A8,
z'=0xcos(-A8,) +ism(-48,) = —IAE,

When we compare the two boxed results above, we find that the coordinates of the end point of
the rod come out to be the same. We conclude that two infinitesimal rotations will give the same
final result irrespective of the order in which they are applied. Thus infinitesimal rotations can be
treated as vectors . But what about the direction of rotation? To assign a direction, notice that the

change in the position vector 7 =% of the end coordinate of the rod considered above can
be written as

AF = (A8, ]+ A8, k) xF
= (AGk+A8, ) xF
= IAGf —188,k

where | have written the second line above to emphasize that the order in which infinitesimal
rotations are performed does not affect the end result of these operations. The equations above
suggest that an infinitesimal rotation about an axis be assigned a direction parallel to the axis
following the right hand convention: If the thumb of the right hand points in the direction of the
infinitesimal rotation, the movement of fingers gives the sense of rotation. With this definition, the
change in the position vector of a point after it is rotated by an infinitesimal angle 46about an



axis in the direction of unit vector # (sense of rotation given by right hand convention) is
given as

AF = AGaxF = AG xF

It is obvious that the vector 28 =882 The corresponding derivative with respect time is
called the angular velocity, usually denoted by @ . Thus

I now point out that although the above equation is written for a position vector, there is nothing in
its derivation that limits it to position vectors only. It is in fact true for any vector as can be easily
proved by replacing the (xyz) coordinates by the corresponding components of the vector

in the derivation above. Thus if a vector 4 is given an infinitesimal rotation A8 = ‘59’5, its will
change by

Change&ﬁ in a vector Awhen it is rotated by A8about an axis
in the direction of.

Figure 6



Let us now see how much does a vector 4 change when we apply two infinitesimal rotations
‘55 and 592 about two different axes. Let the vector be denoted by Al after the first rotation and

by -"’feafter the second one. Then we have

e
o
R
> 5

— ._,QT."'. -
X

+A8 x A+ A8, x(A+A8, x )
= A+{88 +A8 )x A (up to first orderin A8)

thereby showing that for several infinitesimal rotations the final effect can indeed be
expressed by adding the effect of each one of them.

Next we consider the rate of change of a vector rotating with an angular velocity @ Itis
obtained as follows:

—AGx A
_88 i =
At

E\E+ El
BB

X

e

This is the rate of change of a vector A only due to its rotation. If it changes additionally due to

some other causes, that has to be added to the above change separately. If we take the vector Ato
be the position vector 7, we get the formula

V= =@Xr
at

for linear velocity of a particle due to pure rotation of its position vector.

You may ask this point why is it that we want to take 48, @ a5 vector quantities. The answer is that
we in doing our calculations, we should know whether a quantity is a scalar or a vector or
something else so that mathematical operations on it can be appropriately defined. For example,

now that we know that @ is a vector quantity, we can take its components and deal with
them independently. Let me give you an example.

Example 1: A ball is given a spin at speed w and then put on a rough floor With making
an angle g with the vertical. When the ball eventually rolls, what would be its rolling speed
(see figure 7)?
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put on a rough floor with its angular velocity at
e variical.

Figure 7

In solving this problem, I make use of the vector nature of @ and split it into its two components. It
is the horizontal component @ st & that is responsible for making the ball roll. The vertical

component @cosé& does not contribute to rolling, as you well know. Further, this component
eventually goes to zero due to friction. So the question is: if a sphere rotating with angular speed

@sm & s kept on a rough floor with axis of rotation horizontal, what is its find rolling speed. |

will let you figure that out. The point that is emphasized here is that knowing that @ is a vector
quantity helped us to solve the problem easily.

Now that we know @ is a vector, the next question we ask is: how does @ change when an external
torque is applied on a body? So far we have learnt that external torques change angular

momentum Z . So to know how & changes, we should know the relationship between Land &
. We derive this relationship next.

Angular momentum of a rigid body rotating with angular velocity @ : \We now derive the
relationship between the angular momentum of a body rotating in space with one point fixed.
That means the body is not translating and has only three degrees of freedom. By definition,
the angular momentum

L= m7 x,
]

-

For a rigid body rotating with one point fixed, | have derived above that V=g i, With

= @K = (a}yzi Y mx)"z'};‘*'(mxxi - @,z }-;+ {mwyi ~ iy xi}je



we get
L= Y mi x(@x7)
i
. Z 9y (xi;+yij+zi£) g {(wyzi . mxyi}‘-l- (@.x, - @,z }}"' (wxyi =@y X W
1
This gives the three components of the angular momentum to be

L, = [Z 2 ()’;‘2 +zi2)]wx —[rzmi%)’f]my - (ijxizéw]‘ﬂx

=lpo +i 0, +i,0,

s _(Zmiyi X:‘]mx +(Z my (2} +x§)}ﬂ_,. = (Z ms)"z'zz']&’z

=l,e.+i, @ +] @

L= —(Z mZ; X, ]&Jx - (Z miz,yiJaJ_‘, - (Z i (.xf +y,-2)]&33
=@ +ti o +i o,

This is usually written in the matrix form

Lx ! »w x ! w || @
L =1y 1, I.| e,
Lx ! = = = \P:

The (3 x 3) matrix in the equation above is known as the moment of inertia tensor. Its
diagonal terms

. =Zmi(_yf+zf) "‘1'»' =Zmz-(zf +xf) 1512”%(’%2 +_yf)
are the moments of inertia about the x , y and the z -axis, respectively. The off-diagonal terms
J’vzf)w:~2m}.x,—yi fxg_——[n:—-z,miszi f)s_—_[v_—_uz,miyizi
i i i

are known as the products of inertia. The values of the moments and products of inertia
depend on the set of axes chosen.



So you see that relationship between Land @jg quite involved. Luckily, for a rigid body, for
each point one can find a set of axes about so that products of inertia about that point vanish.
These are known as the principal axes. Thus for the principal set of axes at a point

These axes are attached with the body and rotate with it. However, the principal axes offer an
advantage when dealing with the angular momentum of a rigid body. At a given time, if |
calculate the components of the angular momentum by taking the rigid-body to be rotating in the

principal axes frame at that instant, they turn out to be simply Lx =Ixxwx , Ly =lyywyand L;
=lzzwz. Thus the angular momentum of the body is given as

L= z’nmxf+fwmy}+!”m,£

at any given instant. It is easily seen from the expression above that in general the angular

momentum and the angular velocity are not parallel; they will be parallel only if I =dy =lg

i.e. if all three moments of inertia about the principal axes are equal. This is shown in figure 8
in two dimensions.

g

L 4

Direction of Efor a given @ (upper figure). If lu=1,, L and @, shown by dashed
arrow, are parallel (lower left). If I, # 1, L and &are not paralle! (lower right).

Figure 8

Let me now solve an example.



Example 2: A thin massless rod of length 21 has a point mass m at both its ends. It is rotating
with angular speed w about a vertical axis passing through its centre and at an angle 6 from it, as
shown in figure 9. Calculate its angular momentum.

A thin massiess rod with point mass m at both its ends rotating about a
vertical axis. The principal axes are shown as X and Y axis with 2
perpendicular to the XY plane.

Figure 9

We will apply the formula for angular momentum derived above. It is easy to see that at the
centre of the rod, the principal axes are: one axis parallel to the rod and two of them
perpendicular to it. These are shown in the figure above. Notice that the principal axes rotate
with the body. The moment of inertia with respect to the principal axes shown in figure 9 are

Ie=2mi® 1,=0 I_=2mi
The components of the angular velocity along the principal axes are
a,=-@osmb @& =a@cosd @ =0
Thus the angular momentum is given as

L=Il,of+1,@ )+ 0k

= —2mi’@sin 8i



This is also shown in figure 9. It is clear from the figure that as the body rotates so does its
angular momentum vector. Thus the angular momentum of the body changes with time
although its magnitude remains unchanged.

| end this lecture by asking you to solve a similar problem.
Exercise: A rectangular thin sheet of sides a andb is rotating about one of its diagonals (see

figure 10) with angular speed w. The mass of the sheet is m. What is its angular momentum?
Express it in terms of the principal axes unit vectors.

Figure 10

Rotational dynamics V: Kinetic energy, angular momentum and torque in 3-dimensions

You learnt in the previous lecture is that the angular velocity @ js a vector quantity pointing in the
direction of the axis of rotation. Any vector that is rotating about ¢ also changes direction.

Thus the vector changes even if its magnitude is constant. If the vector is A then its rate of
change purely on the basis of rotation is

dt

Thus the velocity of a rotating particle at position " from the origin is

—+ —+ -

V; =&J><.’“=



| also derived the general expression for the angular momentum, which is given as

L=l @+ @+ @)
+( @, +1,0,+1,@)]

+ (U@, +1,@, + 1 0,)k

Here {,..{., and I are the moments of inertia about the x, y and the z axes, respectively. The off

diagonal elements like Ixyare the products of inertia. A simplification in the expression above
arises by employing the principal axes for which the products of inertia vanish. For convenience
in writing, the principal axes are usually denoted by (1,2,3) instead of (x,y,z). Using this notation
the angular momentum vector can be written in a simple form as

wherew1, w2and w3are the components of the angular velocity along the principal axes. |
now derive the expression for kinetic energy for a rigid body rotating with one point fixed.

Kinetic energy of a rotating rigid body: | consider a rigid body rotating with angular velocity
@ _ Its kinetic energy T is calculated as follows

-+

Substituting ¥# = @7 for of the velocities above and making use of some identities of vector
products we get

T =3 imd, (Bx7)
S X D)
= = LT - LV, -
2 g 2 2
1 - - —+
:;Zmim'(ri}{vz)
1

T o
2

In the principal axes therefore



1, 2. 1, 2.1, 4
T==] +—il,5 +=-1@
21‘1‘1 5 2@ T 4393

This is the expression for the kinetic energy in terms of the principal moments of inertia and
the components of angular velocity along the principal set of axes. Having obtained the general
expressions for the angular momentum and kinetic energy of a rigid body, we now study the
dynamics of a rigid body through the angular-momentum torque equation. Along the way | will
explain the three observations that | had started my previous lecture with.

Dynamics of a rigid body: Dynamics of a rigid body is governed by the equation

dl .
E ~ “applied
and it is this equation that governs everything about the rigid-body rotation. What makes the

motion of a rigid-body interesting is that there is a fantastic interplay between the angular
momentum, angular velocity of a rigid body with or without an applied torque. For example if

the angular velocity and the angular momentum of a rigid body are not parallel, the L vector would
rotate about @ and that would make L change. However, if there is no torque applied on the body,

angular momentum cannot change. Therefore to compensate the change in £ arising from its
rotation, the angular velocity @ itself must change. Changing @ would make body rotate

in a different way and this goes on. It is thus this interplay between Land @ that makes a
rigid body move in seemingly counterintuitive ways.

As a body rotates, its angular momentum changes on two counts: first because in general i
and @ are not parallel and therefore Z rotates about @ . With

=i +a,)+ak
and
the rate of change of i only due to its rotation about @ s given as
dl
dt
= (@, L; - 933"1-2);"' (@4, - ml-’f-z)} +H@L, —@, L)k

a@x L
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If the components w1,w2and w3were also changing, | would have to add an additional term on
the right-hand side of the expression above to take care of that. This is the second reason for the
change in angular momentum of the body. For the time being I focus on cases where the
components of 4 along the principal axis remain unchanged. This in turn implies that the
magnitude of the angular momentum remains constant during the rotational motion of the
body. This happens when the applied torque is always perpendicular to the angular momentum.

Substituting for L , Lpand L3zin the equation above, | get

74 |
%4mwwg—gﬁ+@@m—gy+@%gfﬂﬁ
i

dL
So at any instant the components of df are

-

al dl al
— | =ey&y(;-1) | —| =&e(,-1;) ad |—| =@qa,(,-1)
dt ¢ dt A dt "

For a geometric interpretation of these equations I urge you to go back to the previous
lecture and see how we obtained the changes in the coordinates of the end of a rod rotating
infinitesimally. This gives the components of the torque required to be

0= @@ (5 - 1) o =aq (], - 1)

G =@, -1)

To apply these equations | start with calculation of torque for the example that we solved at
the end of the previous lecture.

Example 1: A thin massless rod of length 21 has a point mass m at both its ends. It is rotating
with angular speed w about a vertical axis passing through its centre and at an angle 6 from it, as
shown in figure 1. If the axis of rotation is held at its two ends by ball bearings, calculate the
force that the ball bearings apply on the axis. The ball bearings are placed symmetrically from
the centre of the rod at a distance d each.
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A thin massless rod with point mass m at both its ends rotating about a
vertical axis (leff). The axis of rotation is kept fixed in place by two ball
bearings at a distance of d from the centre of the rod. The forces on the
rod applied by bearings are also shown (right).

Figure 1

Recall from the previous lecture that | had taken the principal axes (1,2,3) with (1,2) as shown in
figure 1 and axis 3 perpendicular to them. The moments of inertia about the principal axes are

L=2m* 1,=0 and I, =2mi*
The angular velocity and the angular momentum of the rod-mass system are

&= @i +a,+ak
=—@sin & +@cos 8
and
I=lai+lej+Laek
= —2mi*@sin 87
All the parameters - mass m, length | and angle 6 - in the equation above are constant so the

magnitude of the angular momentum is also a constant. As such we can apply the formulae
given above to get the components of the torque to be applied as

T, = @@, (1, - 1)) = 2mi* @ sin Gcos 8



Thus the torque needed to keep the rotating rod in its position is in the direction of principal axis

3 of the body. As was noted above, the torque is indeed perpendicular to Z . The torque is
provided by the forces applied by the bearings. When the rod is in the plane of the paper, as
shown in the figure, the force would be to the left at the upper end and to the right at the lower
end of the rod (see figure 1). And their magnitudes will be equal since the CM of the rod has

zero acceleration. Thus the forces provide a couple equal to 3. Their magnitude is

2mi*@? sin Bcos & » mi*a@?® sin Ocos &
2d d

B =

dL
There is another method of calculating @ that we describe nowZ has one component

Ly = 2mi*@sin* 8 in the direction ofd@nd the other component Lz = 2" sin &cos &
perpendicular to @ (see figure 2).

Figure 2

As the rod rotates Lyremains unchanged but LHsweeps a circle with angular frequency @ . The

rate of change of L is therefore the same as that of LH. The magnitude of the latter is wLn.
Since at the position shown, the tip of Lyis moving out of the paper, the direction of the change
in Ly is also the same. This is the direction of principal axis 3. It thus follows that

dr.

—|= @l
dt L

=2mi*@® sin Ocos &

in the direction of principal axis 3. For completeness | also calculate the kinetic energy of
the rod-mass system. It is
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! 13&132 +E!3m22

2
=mi*@*sin?@

1, .2
T==Ia&a"+
5 1

I now give you a couple of exercises similar to the problem above.

Exercise 1: In the problem above, if the axis of rotation passes through a different point than
the centre of the rod (see figure 3), what will be the forces applied by the bearings with
everything else remaining the same? ( Hint: the CM is now moving in a circle )

]

Figure 3

Exercise 2: For the rotating objects shown below in figure 4, calculate the rate of change of
their angular momentum by the two methods employed in the example above.
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Find the rate of change of angular momentum of (a) a rectangular
sheet rotating about its diagonal, (B) @ rectangular sheet rotating about

an axis passing through its centre, and (c) a thin disc rotating about an
axis passing through its centre.

Figure 4

If you have followed the example above, and have also done the exercises suggested, then you
will be in a position to understand the explanation of two of the three observations | started my
previous lecture with. The two observations were the precession of a spinning top and only
one roller of the three shown being able to go over a curved track entirely.

Example 2: Let me take the case of the precession of a spinning top. In this case we observe

that when a spinning top is put on a floor and its lower point is held at one point, it starts
precessing about the vertical axis (see figure 5)

!
:
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A precessing top (left) and its angular momentum and force
mg acting on it (right).

Figure 5

| take the mass of the top to be m, its moment of inertia about the spinning axis | , distance of its CM

from the pivot point | and its spinning rate to be ws. The top's axis is making an angle 8 from the
vertical. Let us take the rate of precession, i.e. the angular speed at which the top starts to



rotate about the vertical to be Q. It is observed that Q is usually much smaller than ws. S0 in
calculating angular momentum we are going to take it as arising from the spin only and neglect any
contribution of Q to it. The angular momentum is then along the spin axis of the top and its

magnitude is L= ij’ where 1 is top's moment of inertia about its axis. Further, there is torque
acting on the top due to its weight. The magnitude of the torque is mglsindand it is perpendicular

to the plane formed by the vertical and the spin axis (the direction of i ). At the position shown in
figure 5, the torque is going into the plane of the paper. The problem then reduces to the

following. A rigid body has an angular momentum Land s being acted upon by a torque
of magnitude mglsindperpendicular to L . What will happen to the body?

Since the angular momentum is being acted upon by a torque perpendicular to it, it changes
continuously with time with its magnitude remaining unaffected. Thus it moves on the surface of
a cone as shown in figure 6.

@ e

Ly

Angular momentum vector moving on the surface of a cone at a constant
rate. lis vertical and horizontal components are Ly and Ly, respectively.

Figure 6

Let me now calculate the frequency of rotation of vector 7.. For this | again look at the vertical
Lvand horizontal Lycomponents of the angular momentum, as shown in figure 6. The vertical
component remains unchanged and the horizontal component changes at the rate ‘Lz as the L

ﬁjlj Ciosin &

dt
vector rotates. This gives , whic

get

should be equal to the torque. Substituting £ = @ | thus



(U@, sin &= mglsin 8
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This is the rate at which the Z vector rotates. Since Z is attached to the top, the top also rotates at
mgl

the same rate. 1@, s then the rate of precession of the cone.

As the top precesses, its CM moves in a circle. You may now wonder where does the centripetal
force for this come from? This is provided by the horizontal reaction or the frictional force at
the pivot point. Second question you may raise is why is it that the component Lystarts moving
in a horizontal circle due to the torque while the vertical component does not move in a vertical
circle. In the actual motion, it does. So in addition to the precession, the axis of the top also
oscillates up and down with very small amplitude. If you are careful in you observations, you
will see this motion. This is known as the nutation of the top. In our present treatment, we have
ignored this motion and solved the problem only to get the precession rate.

I now wish to explore if to get this answer, | could equivalently have used the equations

T, = oyl - 13)

oo T e
@y iy — 1)

T
“3

To do this, let me first identify the principal axes of the cone at the pivot point and label them.
The principal axes are the spin axis and two other axes perpendicular to it. These are shown and
labeled (1,2,3) in figure 7; in this position axes 1 and 2 are in the plane of the paper and axis 3
is coming out of it.

A spinning top precessing about the vertical. Its principal
axes ! and 2 are shown.

Figure 7



The moments of inertia about the principal axes are {1 =7, {3 = {3 =1, The components of &
at the instant (I take it to be time t = 0 ) shown in figure 7 are

@ =@, +Qcos = @, @, =(lsin &
@, =0

Substituting the values of moments of inertia and the angular velocity components in
the equations for the components of the torque gives

=0 T,=0
T =0Qa, sin 8(1, - 1)

This is not the same answer as obtained earlier. Where have we gone wrong? Is the previous
answer correct or is this answer correct? We will see later that in applying the equations above,
we have not taken into account the fact that due to the spin of the top, its principal axes also spin

about axis 1 and that makes the components of @ along them time-dependent. For now | move
on to explain the observation about only one of the rollers being able to go over all the curves
of a track.

Example 3: If you have performed the experiment, you would have seen that only roller 1 (see
figure 8) that is tapering down as we move away from its centre is able to go over all the
curves. Let me now explain that.

)7 Y,
(2)
(1

(3)

Three rollers of different shapes that are made to roll on a curved track. Only
roller 1 goes over the entire track; the other two fall off it.

Figure 8

As a roller goes over a curve, its centre of mass moves requires a centripetal force to do so. At
the same time, the angular momentum of the roller also changes direction and that requires a
torque. Both the centripetal force and the torque are provided by the normal reaction of the track
on the rollers. These reaction forces on the three rollers are shown in figure 9.
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Normal reaction on three rollers of figure 8. The rollers are moving
into the page. Their angular momentum is pointing to the laft.

Figure 9

In analyzing the motion of these rollers, | am taking them to be moving into the paper. Thus the
direction of their angular momentum is to the left, as shown in the figure. Now if these rollers
have to make a turn, the normal reactions should provide the required centripetal force in the
horizontal direction. This rules out the plain cylindrical roller (roller 2) from making any turn
because both normal reactions on it are in the vertical direction. This leaves the other two
cylinders for further consideration. For those rollers, the torque of the normal reaction forces
about the CM should change their angular momentum vector in the appropriate direction. Let
us look at roller 1 first.

Roller 1: For a left turn, N1< N2 for centripetal force. Therefore the torque generated by them is
in the direction coming out of the page. As the roller makes a left turn, the associated change in
its angular momentum also is in the direction coming out of the page, consistent with the torque

generate. For a right turn by this roller, the centripetal force is to the right so N1>N2 . This
generates a torque about the CM that goes into the page. For the right turn, the change in the
angular momentum is also into the page, consistent with the torque generated. Thus for roller 1 ,
the centripetal force and the torque generated are consistent with the centripetal force and the
change in its angular momentum. Let us now see what happens to roller 3 .

Roller 3: If roller 3 turns left, the centripetal force will be provided correctly if Ny>Ng2 . This
however gives a torque about the CM that is going into the page. On the other hand, during left
turn the change in the angular momentum comes out of the page. Thus the torque and the
change in angular momentum are in opposite directions. Exactly the same situation arises for a
right turn. Because of this inconsistency, the roller fails to turn at any of the curves. This
example teaches us about the centre of mass motion combined with angular momentum changes
about the CM. We now move on to discuss the general form of the equation relating the torque
and the angular momentum.



The general equation governing rotation of a rigid body:
Having dealt with situations where components of @ are constant, we now ask what happens

when @ s also changed. For this let me look at the expression for the angular momentum in
the principal axis frame again. It is

I now give a slightly different derivation for the rate of change of L. In doing this derivation |
keep in mind that as a rigid body rotates, the unit vectors along its principal axes also rotate
and their rate of change is (see previous lecture)

e ~ d_f g0 Y dk -+ My
X1 =@xj — = @XK

di di dt

di

b

Now I differentiate Z to get

~

@z(glﬂfhfg dm3j+f3 aij%%‘]+[flfsalj—I+f2m:gd—“"+f3rﬂ3ﬁ
¢ t

dt dt dt dt dt
(nof + o)+ Lokl axlaf +1L,e,)+ Lo,k)

(nof + Lo+ Lo+ ax L

Here the first term is due to the change in the components of @ along the principal axis and the

second term is the change in £ due to its rotation. Notice that we recover the formula derived
=, =d=0

earlier if the components of @ do not change with time, i.e. @ . Let me repeat the
interpretation of the equation: at any instant we take the body rotating in the principal axes frame at
that time, i.e. the frame is frozen at its position at that time and the body is taken to be rotating in it.
To see this geometrically, let me take a two-dimensional case. Shown in figure 10 are the principal
axes 1 and 2 of a rigid body at times t and (¢+ 4z) . In time interval Arthe body and the

frame attached to it rotate by an angle A8 = A8k, and w1 and wachange to w1+ Aw1 and w2 +
Aw2. With these changes let me calculate changes in the components Liand Lzin the frame
frozen attime t .



1(t+AD

1(t)

The principal axes of a rotating body at time ¢ and (+4). In time interval At the
body and the attached frame have rotated by an angle A8 about the z-axis and the
components of angular velocity have changed by A@; and Aay.

Figure 10

Looking at the figure, where | have shown all the changes that have taken place during the
time interval 4z, we get in the frame at time t

AL =I,A@, cosAG- LAG
= LA®, - L AG

and

- LA@,+ LA

So the total change in the angular momentum is

AL=1Aef+1,A@j-LAG +LAG)
= LAaf + LAa) +AGkx(Li +1, )

Dividing both sides by Azand taking proper limit gives

—-

dL A e
L“T“—‘fl&ﬂli-l-f;.ng-%@}{ﬂ
¢

This gives you some idea about where this equation comes from. Of course in a more accurate
treatment, rotations about the other axes also have to be taken into account. For infinitesimal
rotations, they can all be added up and give the general equation



-+

‘;—‘f = [11@15‘+ L, j+ 13@3£)+ GxL

This gives

L = La +(&xL),
=le+e,0,(l,-1,)
L,=1a,+(@xL),
= Lo, +ayey () - 13)
L= L, +(@xI),
=L@, + @@y (i; - 1)

Each one of these rates of change should be equal to the component of the torque in that
direction .Thus

q =h@ +ayaz(i3-1;)
n=h@ey+eya(l - 1)
=Ly +aay(i - 1)
These are the most general equations governing the dynamics of a rigid body and are known as

Euler's equations. | now use it to explain the third experiment I had suggested in the beginning of
Lecture 21.

Example 4: Hold a rectangular box at a height with one of its faces perpendicular to the
vertical, give it a spin and let it drop (see figure 11). Describe its subsequent rotational motion.
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A box being given spin about different axes and being dropped from a
height. lis moments of inertia about three different axes are shown.

Figure 11

This is an example of torque-free ('f = 0) motion because there is no torque on the box about
its centre of mass. Thus its rotational motion is governed by the equations

hay +@y@y(l3-13) =0
Loy +azey (1 - 15) =0
Lag+ay@y(l -1)=0

For a box similar to the one shown in figure 11 we would generally have I13>12>11 .

Let me first consider the case when the box is given a spin about its principal axis 1. Let me also
assume that in the process I also disturb it and give it very small angular velocities w2 and w3 about

its axes 2 and 3, respectively. Since both wp and w3 are very small, their product is second-order in
smallness and will be ignored. The Euler equations and there are then as given below.

L@y=0 ={1)

La,v+aye(l,-1)=0 (I

Lo, +ee,(i,-1)=0 - (I
The first equation implies that w1 is a constant. Let me call it the spin rate wo . Using this fact
the other two equations are dealt with as follows. Differentiate equation (I1) with respect to time
to get

and substitute for “%from equation (I11) to obtain
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Since I3>12>17 , the equation above is of the form

oI .
@2+Q2m2:0 where Qg—_—(3 })52 1)6213
243

Its solution is of the form

@, = Asin (¥ +Bcoslt

One can similarly get equation for w3 also and see that it also has similar oscillatory solution.
This implies that as the box falls down it spins about axis 1 and oscillates about axes 2 and 3.

Since magnitudes of w2 and w3 are small, you see the box fall essentially spinning only. The
same thing will happen if we give initial spin about axis 3. However something different

happens when the initial spin is about axis 2. Assuming w1 and w3 to be small, in this case the
Euler equations take the following form right after the release of the box.

(L= - L)@}

=0
1 1, @
@, =0
G, - (1o = 1) - 1)ag @ =0
I

The second equation above implies that w2 is a constant and with 13>I2>11 , the other
two equations take the form

Z i _ L= I -1y)
@, - Q@ =0, &-Q'@, =0 where sz(g })53 ")6335
e

Solution of these equations is of the form
Aexp(Qlt) + Bexp(—CX)

which indicates that right after the release, the angular velocities about axes 1 and 3 will grow
very fast and take on a large value. Thus the box will start rotating about all three axes and that
is what you observe. Thus we see that a rigid body is stable when it is given a spin about the
axes having the smallest or the largest moment of inertia. However, if given a spin about the axis
with intermediate moment of inertia, it will be unstable. Next | take up the case of precessing top
that | had not solved by employing Euler's equations earlier. This is an example where a torque
is also being applied on the system



Example 5: Apply Euler's equations to a precessing top and get its precession frequency Q.

The top has a mass m and is spinning at a rate of ws (see figure 12). Its centre of gravity is at a
distance | from the pivot point.

o
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A precessing top (left) and its principal axes and spin and
precession angular velocities at time t=0 (right).

Figure 12

| have already discussed about the principal axes of the top in example 2 above.
with ©1= 442 =13= 1 the Eyler's equations for the top are

=l &+ee,(l -1

Now in applying Euler's equations you have to keep in mind that the top is spinning. As such its

principle axes 2 and 3 also rotate about axis 1 with angular frequency ws . So the components of
angular frequency and torque in the direction of these axes also change with time. Taking time at
which the position of the top is shown in figure 12 to be t =0, I draw in figure 13 the position of
axes 2 and 3 at time t . In this figure, | have neglected the angle W t through which the top and

therefore the torque vector itself has rotated. In other words | have assumed that @s =~ & Thus
the angular velocity and torque are shown where they were att=10.
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Figure 13

Looking at figure 13, it is clear that the components of the angular velocity and the torque are

@ =@ +Clcos s @ @, = Qs Ecos(als!) @ =—C2sin s (msi)

=0 T, = —mgisin Fsin (@) T, = —mglsin Gcos(w,t)
Substituting these in the Euler's equation for the top gives

@ =0
— mgl sin Gsin (@.t)=—1 Qg sin sin{@t)— (1 -1 Q@ sin Gsin (@t)
— mgl sin 8cos{@yt) = —1,Qa, sin Scos{@yt)+ (I, — Q@ sin Fcos{@st)

The first of these equations gives w1= constant = ws. The other two equations give the
same answer which is

q= e
@,

This is the answer that we have seen earlier. In solving the Euler's equations for the top, we made the

assumption of @g >> (2 Further we assumed that the top only precesses about the vertical.



However, there is no reason why it cannot posses a horizontal angular velocity 2nalso.

Assuming the existence of Q and 2nand then solving the Euler's equations will give a more
complete solution for the motion of a spinning top. It in fact gives the nutating motion also.
You may want to try getting this general solution.

With this lecture | end of the topic of rigid-body rotation.
Harmonic oscillator I: Introduction

Having analyzed the motion of particles in different situations, let us now focus on a very special
kind of motion: that of oscillations. This is a very general kind of motion seen around you: A partial
moving around the bottom of a cup, a pendulum swinging, a clamped rod vibrating about its
equilibrium position or a string vibrating. A good first approximation to these motions is the simple
harmonic oscillation. Let us see what does that mean? At a stable equilibrium point, the force on a
body is zero; not only that, as a particle moves away from equilibrium, its potential energy increases

and it is pulled back towards the equilibrium point. Thus around a stable equilibrium point xg (for
simplicity, let me take one-dimensional motion) the potential energy

#(x) can be written as

d 1
B(x, +Ax) = ¢(x0)+—¢ Ax+— Ax? +
dx|,o 2

x0

d’¢
dx*

Since at an equilibrium point, the force F(xp )on the particle vanishes,

L

T ==F(x,)=0

x0

Further, because @(x) has a minimum at Xo, this gives

| el e d’¢
$(xg +Ax) = P(xp) + -kAx" with k=— >0
2 dx” |,

Writing 2% =Y | get
1, 2
) = #(%) +5ky
and the corresponding equation of motion for a mass m as

mi==ky or wy+ky=0

As | will show a little later, the solution of this equation is of the form



y(&) = Asin &t + Bcos @t

and is known as the simple harmonic motion. It is the simplest possible motion about a stable
equilibrium point. Of course if k = 0, the force will have higher order dependence on y and the
motion becomes more complicated. Further, even if & # O, if we include higher order terms, the
resulting motion will become more complex. It is for this reason that we call the motion above
simple harmonic motion. We will see that this itself is quite a rich system. A system that
performs simple harmonic motion is called a simple harmonic oscillator. A prototype if this
system is the spring-mass system with k being the spring constant and m the mass of the block
on the spring (figure 1).

m
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A spring-mass system

Figure 1

In these lectures, | will talk about the motion of this system and how it is represented by a phasor
diagram. | will then introduce damping into the system. The simplest damping is a constant
opposing force like friction and next level is a damping proportional to the velocity. Then I will
apply a force on the system and see the motion of force damped and undamped oscillator. Along the
way, | will solve many examples to show wide applicability of simple harmonic motion.

To start with let us take our prototype system of mass and spring with unstretched length of the
spring “2so that equilibrium distance of the mass is 2. Now when the mass is displaced about

%0 by x in the positive direction, the force is in negative direction so that
mi = —kx
or

F+@ix=0 with all
g

This is the general equation for simple harmonic oscillator. Recall that in such cases we assume
a solution of the form



and substitute it in the equation to get
ﬂze’” + &J,felr =0

Since this equation is true for all times, we should have

Prad=0 = A=z%ig,

] T@wgf —laf L. ] )
Thus there are two solution 2" and ¢ " . A general solution is then given in terms of a
linear combination of the two solutions so let us write

x() = Ae'®0f 4 Bp~1%d!

Since *@® s real it is clear that 8=A". Thus

Ta,f * —J@.f
0 P 0

x(t) = Ae + 4

If we take A = AR + iA|, where both Ar and A are real then the solution above takes the form
x(t) = 24, cos @yt — 24, sin @yt

which alternatively can be written as

Ccos @yt + D sin @yt

Another equivalent way of writing the solution is

|x(£) = Asin{ @yt + @) |O|,|x(£) = Acos(@yt + @) |
where

A=~C*+D? sin ¢= and cos =

c D
J& s D JC? + D?
A is the maximum distance that the mass travels during a simple harmonic oscillation. It is

known as the amplitude of oscillation. The quantity {m'i": - {"j} is known as the phase with & being the
initial phase. All the boxed equations above are equivalent ways of writing the solution for a



harmonic oscillator. The general graph depicting the solution x(t) = Asn( @yt + ) jg given in
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eneral displacement af the mass in a spring-mass gystem

Figure 2

Thus A is the maximum distance traveled by the block and Asin ¢gives its initial displacement.

The constants C and D or A #are determined by the initial conditions, i.e. initial
displacement and velocity of the mass. In general any two conditions are enough to
determine the constants.

For a displacement

x(£) = Ccos@yt + Dsin @yt
= Asin( @yt + &)

the velocity of the mass is given by

v(t) = x(t)
= @,{Ccos @yt — Dsin @,t)
= @, Acos{@,t + ¢)

Thus the maximum possible magnitude of the velocity is wpA . The general displacement and
the corresponding velocity of the mass with respect to time are displayed in figure 3.



i)
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Displacement and ¥€lo€ity in a harmonic oscillator

Figure 3

It is clear from the figure that for a given displacement, the velocity is such that when
displacement is at its maximum or minimum, the velocity is zero and when the displacement
IS zero, the velocity has the largest magnitude. This is physically clear. When the spring is
compressed or stretched to its maximum, the particle is at rest and when the particle passes
through the equilibrium point, its speed is at its maximum. Let me now solve a few examples.

Example 1: In a spring-mass system k = 16 N/m and m = 1 kg . If the mass is displaced by .05 m
and released from rest, find its subsequent maotion.

x(t) = Csin @yt + Decos @yt

mnzx/gzﬁ;%=4radfs

Using the initial conditions I get
x(0)=D =0.05m

i) =aC=0 = C=0

So the solution is %) =-022054¢ \yith the maximum speed of 0.2m/s . The solution x(t) is
plotted in figure 4. Also plotted there is the velocity v(t) of the mass as it performs its
motion. Notice that from the x(t) curve, the velocity can be easily plotted by taking its slope.
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Displacement and velocity in example with the initial condition
x(Q)=0.5m and v{O)=0.

Figure 4

Let me now show you how the solution changes when the initial conditions are different.
Suppose instead of pulling the mass and releasing it, | give it an initial velocity of .1m/s
toward the right from the equilibrium. In that case

x(0)=D=0
i(0)=aC=01 = C=0.025

So *() = 0.025sin 4z Obviously the maximum speed in this case is 0.1m/s, that given in
the beginning. The solution looks like shown in figure 5.
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Displacement and velocity in example 1with the initial condition
x(Q)=0 and v(O)=0. Imls.

Figure 5

Third possibility of initial conditions is when | take the mass to a displacement of .05m and
push it towards the equilibrium point with a speed of .1m/sec. Then

x(0) = D = .05
i) ==aC=-1 = C=-1/4=—-025

Thus the solution is *& = ~0-023sm @yt +0.05c0s @¢ £ e wish to express this as
x(z) = Asm x(ayt +0) then

A=.[(05)% +( 0257 = 056

and

sin §= = ,cosd= e
JOo5)F +(0297 J(05)% +(025)°

and tang=—2 with i;<¢<yr

This gives @ = 116 and x() = .056sin( 42 +116)  The maximum speed in this case is Vmax = 4
x 0.056 = 0.224m/s . So the graph of the motion looks like that shown in figure 6.
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x(t)

Displacement and velocity in example 1with the initial condition
x(Q)=0.05 and v(0)=-0. 1mfs.

Figure 6

From the graph it is very clear that initially the speed of the particle increases in the
negative direction and then the particle starts slowing down, stopping at the full
compression of the spring, as is clear from the plot of its displacement.

If in the case studied just now, the mass was thrown out instead of being pushed in, it would
have a positive velocity to start with but the speed would be decreasing at that moment. Then
the mass will travel out to its maximum displacement and would then turn back. The general
plot of displacement and velocity versus time would then look as in figure 7. | will leave it for
you to work out the numbers for amplitude and initial phase.



w(t)
x(t)

Displacement and Velogity in example Iwith the initial condition
x(0)=0.05 and v(Q)=+0.Imls.

Figure 7

Example 2: In the second example | show that about any stable equilibrium point, the motion to
a good degree is simple harmonic. let us take two changes of 10 uC each at a distance of half a
meter so that is a positive charge of 5 uC is kept at the centre, its experiences no force (see
figure 8). The 5 uC charge is confined to move along the line joining the two changes. If
displaced by a small distance from its equilibrium position, what kind of motion does it perform?

«— 05 > ] >
o s @

Figure 8

When the 5 uC is displaced to the right by x, the force on it is

7= 9x%10° x 50x107 3 50x107
(5+x)* (5-2°

=-36x

“
In obtaining the force above, we have used the binomial theorem to expand {-5 + x] . Since the
force is proportional to the displacement and in direction opposite to it, the charge will perform

simple harmonic motion.



Let me now look at some other examples, going beyond the spring-mass system.

Example 3: A disc of mass M and radius R is hanging on a will about a point on its periphery

8

(see figure 9). If it is displaced from its initial position by small angle “c and released, find

its subsequent motion.

Figure 9

This is a case where a rigid body is moving under distributed forces so we use angular
momentum to describe its motion. The equation of its motion therefore is

I, @=168=-MgRsin &
= —MgR 8 (small angle)

By transformation theorem,

3MR?
2
I‘, =‘{abourC’M +MR" =

So the equation of motion becomes
G+28g=
3R

This means that in general the motion of the disc would be simple harmonic and will be given as



. ’2
8(t) = Csin @t + Dcos @yt with @, = %

The initial conditions in this case give C = 0 and D = 6p. Therefore the solution in the present

&(¢) = 8, cos q,2—g£
case is 3R .

Example 4: As the final example here, let me take a particle moving in a potential

U(x)zi;+.8x2 (4>0,8>0) _ . .
X .The potential has a minimum at xpgiven by

i[i;-k Bx:’]
adx

X

=0
x0

:’—¥+2an =0
g

You can yourself check that the second derivative at this point is positive and its value is 8B. For
very small displacements x about this point we have the change in the potential energy given as

A
AU(x) = W+ B(x, +0*)

(]

which by binomial theorem or the Taylor series expansion leads to
AU) =U(x,) +%(33) %

35
@ =.]—

This gives an equivalent spring constant of k=8B and frequency of oscillation : "

Having solved these examples | now wish to discuss a very important topic of phase and phase
difference in a simple-harmonic motion. I will spend some time discussion phasor diagrams
give a feel for the phase.



Phase and Phase difference in simple harmonic motion :In general the solution of a
simple harmonic equation is

x(f) = Asin( @t + &)

As mentioned earlier A is known as the amplitude and (@ +9) 55 the phase. is a constant
depending on the initial conditions and we call it the phase constant. Let us now see how does

the motion look for different values of the phase constant ¢ The displacement versus time plots
for different signs of the phase constant are shown in figure 10.

x()

Displacement versus time graphs for different values of phase constant.
Biack: ¢=0; Red: ¢=0 and blue is ¢<0.

Figure 10

For @ > 0 the motion at t = 0 begin at a value or phase angle that it would have slightly later in the
#=0 case. On the other hand, for @ < 0 the motion is such that a particular displacement for

the =Y case is reached at a later time. The motion lags behind the ?=0 motion. I leave it
for you to figure out yourself how the corresponding velocities are related.

Let us now at the special case of ¢=180°

. In this case | get
x(£) = Asin{ @ +180°) = —Asin @t

and for #= ~180°

x(t) = Asin{ @t —180°) = —Asin @t



So you see that a phase difference of 180°, whether position or negative, means the same thing.
I would like you to plot the displacement versus time graph for these particular cases. For the
phases in between you should see for yourself how the displacements at t = 0 are different from

#=0 case.

A good way of visualizing the simple harmonic motion is the phasor or vector diagram. |
discuss that next.

Phasor or vector diagram: A nice geometric way of looking at various quantities in a simple

harmonic motion is the vector or a phasor diagram. You may have seen it in your 12" grade

while studying AC circuits. Let me show you how we represent %€} = Ac0s @t jn 5 geometric

way. You see that displacement in this case is the x component of a vector making an angle
wtfrom the x-axis. Thus the displacement is represented as shown in figure 11. The motion

described by %) = Acos @ s 15 given by the projection of a vector of length A, rotating
counterclockwise at a rate w, on the x-axis.

Prajection of a vector A rotating counterclockwise at a rate @on
the x-axis gives x(f) = Acos @t

Figure 11

Let us now see how the velocity %(£) and the acceleration will be represented in this scheme?
The velocity and acceleration are given as

() = —@Asin @t = @ﬂcos(mﬁ+g]

i) = —@*Acos at = @* Acos{wt + )



The displacement, velocity and acceleration are shown in the phasor diagram in figure 12. A
b3

general feature that we observe from this phase diagram is that the velocity vector is always 2
ahead (measuring counterclockwise) of the displacement vector and the acceleration vector is at
7 (ahead or behind?) the displacement.

0 | x(®)

wt

N/

(@)

Displacement, velocity and acceleration for a simple harmonic
motion shown on a phasor diagram

Figure 12

So far we have discussed the simple case of *() = 4Ac0s @ \what ahout the general case of

x(t) = Alcos @+ ) This is also equally simple. All we have to do is keep the initial position of
the vector at t = 0 at an angle @ from the x-axis and start rotating it from there. The velocity
bis

vector and the acceleration vector are then going to be given at 2 and « from it, as
discussed above. This is shown in figure 13.
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Dhsplacement x(t) = A(cos @t + @), and the corresponding velocity
and acceleration for a simple harmonic motion

Figure 13

Recall that in the middle of this lecture I had solved a spring-mass problem with different
initial conditions. |1 would like you to make the phasor diagram to represent the motion of the
mass in many different situations like those considered above. Do not solve for x(t) to start
with, just make the phasor diagram directly to see if you have got a feel for motion under
different conditions.

Finally in this lecture I look at the energy of a system performing simple harmonic motion.
The potential energy U(x) and the Kinetic energies T are

U(x):lkf e R gpld
2 2

The total energy E is of course a sum of the two. With %) = Acos(@ + ) his gives

E= %mi cos (@t + @) + %mmw sin ? (@t + &)



Thus the energy depends on the square of the amplitude. This makes sense because if | stretch a
lm’

spring by A, the energy stored in it is 2 . On releasing the mass it performs oscillations of

amplitude A. Thus you see that amplitude A immediately implies a total energy given above.

| have now set up all the basic concepts of simple harmonic motion. In the coming lectures |
will introduce damping in the system and see how it evolves.

Harmonic oscillator 11: damped oscillator

In the previous lecture, | covered some basic aspects of simple harmonic oscillations.
We considered the equation

mx+kx=0

and saw how its motion is described. A general solution of this equation is

x(©) = Acos(@,t +§) with @, = \/E
g

I now make the system little more realistic and introduce damping into the system. Let us first
look at what happens if we introduce friction into the system. | consider again our prototype
spring-mass system and let there be a constant frictional force f on the mass. This force will
always oppose the motion so the system will eventually come to a stop. Let us see when does
it do that?

The simplest way of seeing when he system will stop is the through the consideration of
energy. But | would like to solve the problem by employing the equation of motion. I will later
solve it from energy considerations also. Here is one case where | will have to analyze motion
step by step because as the velocity direction changes, so does the force direction. So let us pull
the spring out to a distance A and let it move towards the equilibrium point (see figure 1).

kx

-« Xo L

A spring-mass system with friction. Force applied by
the spring and frictional force are both shown.

Figure 1



When the block is moving towards the left, equation governing its motion will be
mx=—kx+f

In the above, the frictional force f sign is positive because the mass is moving in the negative x
direction and therefore the frictional force is in positive x direction. This equation can be

recast into the form
" _ k
wmx+ &J,fx = i with @, = \[:
wm m

We have encountered such kind of equation earlier. It has a homogeneous part
and an inhomogeneous term on the right-hand side. So the general solution is

it@px=0

xr= thogumous B xjnhmogmecrus

where
Xpomogmeos = C COS@,¢+ Dsin @,¢
- o &
. = =
ma,’] k
Thus

J

x() =Ccos@,t+ Dsm w‘,z+g

With the initial conditions *(0 =4 and x(0)=10 1no so1ution is

)= (A— i] cos @,¢ + i
k k

This is the solution when the block is moving to the left. Since

S A 4 :
¥ = _[ oo &, sin @,
.k

so the block will come to a stop when {@o‘f} =7 At that time



xif)=-4A +i @, Cos @t +i
k k

el

2f
So by the time the block comes to a stop it has lost & distance from its amplitude. And this loss
is irrespective of the distance from where the block starts its motion from. This should then also
happen when the block starts coming back. Let us find that out. On its way back (see figure 2),
the block follows the equation

mx = —kx—f

Notice that the sign of the friction force is now negative. This is because now the block
is traveling to the right and therefore the friction force acts towards the left (see figure 2).

_pk-x

<

L
+— Xp ——»

X

A spring-mass system with friction when the spring is compressed.
Force applied by the spring and frictional force are both shown.

Figure 2

Now we have to solve this equation with the initial condition that

x(O)z—A+[Eg] and %(0)=0

| leave it as an exercise for you to get the solution. It is

x(g) = —[.A— EJ COS @i — i
k k

The corresponding velocity is proportional to wot, and therefore goes to zero again after a time

ad x—_—(j‘{—fli

interval of % . At that time k ) . Thus every half time the block goes from one



%) (%)
extreme to the other, it loses a distance of k , and in each cycle it loses a distance of kJ.
Question is how many cycles does the block complete before it comes to a stop. The block stops

J

when its final displacement is & . If it completes n cycles before that, we have

4
k k 47 k
The same result can also be obtained, as | said earlier, by energy methods. If stretched by A the
Lpg
total energy of the system is 2 . Let us say that before stopping, the block it compresses the

1

: _ L —kA?
spring by A1. Then its energy will be 2

. The loss in the energy is caused by friction. Thus

%Mz - %:‘bﬂlg: energy loss due to friction

The total distance moved by the block is (A+A1) and so the energy lost against friction is f(A+Az)
. Thus the equation transforms to

%M —%mﬁ = f(A+ 4)

and gives

(a- =2

which is the same loss in amplitude over half a cycle as obtained earlier. The rest of the
analysis is the same as done earlier.

Having dealt with the constant friction case, we now consider the most common example of

damped oscillations. This is the oscillator where damping force is proportional to the
velocity i.e.,

In this case, the equation of motion is

mik=—-kx—-5b%x or mi+bi+kx=0



b
— })
Writing #  we get
i+y+eix=0

This is the equation for a damped oscillator. The equation is homogeneous in x S0 we assume a

At
solution *@ =¢€"" and substitute it in the equation to get.

A+yi+ai=0

which gives

A_—}'ix;'yz—‘lwu’_ L
™ 2 R

So the general solutions are

oy g ;
E:'}_'-‘ -—t+, II_ - &t ‘ and v:—::p‘ . ..l y

P i
BEhb |
4 (we will deal with it later) the behavior of the solution depends

Except in the case when
A @?
. In that case

on the relation magnitude of y and wo. Let us first consider the case 4

2
4 ,}' 2 4 4 2
—— Y — i PRI IO i YNy P
A= 5 @y =—A4 and A= 5 2 @ =-4

The general solution then is
XLy = —Ce_ﬂlf +.De'_/zzf where A, > 4
This is known as a heavily damped oscillator. The coefficients C and D depend on the initial
conditions. For example if | stretch the spring to a distance A and release the block, let us
see what happen in this case. By initial conditions
x(0)=A=C+D
x(0)=0=-AC-4,D=00r D =—%C



This leads to

o Lt
e o
ﬂ“z 3 ’a'l
A -3t
x(g) = & e |
A t — oo this solution behaves like H=A . The general solution is displayed in
figure 3.
x(t)
et

t

Lhsplacement vs. time for a heavily damped oscillator

Figure 3

It is clear from the figure that there are no oscillations in this case the block slowly comes to
rest at x = 0, i.e. the equilibrium point. I now explore another situation. Suppose we give an
implies (speed v ) at t = 0 then the boundary conditions are

C+D=0 and -AC-A,D=v

Thus the solution would be

x(¢) = p i 3 [e_’!l? _2-32?)

In this case the distance versus time graph looks as shown in figure 4.
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Displacement vs. time for a heavily damped oscillator when the
block is given an impulse at the equilibrium point.

Figure 4

The figure clearly shows that the block goes out to a maximum distance and then comes back
and stops at the equilibrium point. So in both the cases studied above the mass does not cross the
equilibrium point. Next | ask: what if we stretch the mass out to a distance A and give it an
initial impulse from that point (in negative direction). Then the initial conditions will b

C+D=A ad -AC-4D=-v

Solution in this case comes out to be

ey GG e CR

The solution is plotted schematically in figure 5.




x(t)

Displacement ves. time for a heavily damped oscillator when the
block is given an impulse after stretching the spring .

Figure 5

It is clear that in this case the particle moves towards the equilibrium point, crosses it, goes a
distance and comes back. However on its way back it slowly comes to rest at the equilibrium
point and does not cross it. So in heavy damping cases, the block passes the equilibrium point
at most once and its distance decays exponentially as . “*1".

To summarize, | have covered three cases for the heavy damping situation and got

OT P L P
(i) Spring stretched and block released A=A

x@y=—"r [e_’!l’-e"’!?-’]

(i) The block given an initial positive velocity at equilibrium A=A

(iii) Spring stretched out and the block given a velocity in the negative direction

I would now like to tell you about the case when =2 This is known as the critically damped

2
4 @

. T . Fag I . i
case. Obviously this situation arises when 4 . I can easily find solutions for such case if

| take the limit 4 ™ % in the cases of heavy damping just studied. Please note that | cannot



straightaway take A= Ain the expressions above because | am dividing by (4 - /11}.
Taking the limit gives for the three cases studied above

0 X0 = Ao M (14 40)
31!'

(ii) X)) = vie
(III) .".'(.f) = (.A—Vf)e?_’llt

As remarked above, the cases we have just discussed correspond to critical damping. In this

4 = @) dﬂl:%:_l

situation 4 an 2 . Mathematically, in this case there is only one solution (
-%
e 2 ) that we get from the equation for A because of its double root. The other solution is found

+

to be 22 “ | That is precisely what we have found by taking appropriate limit.

Critically damped system and used when we want a system to return to its equilibrium position
after receiving an impulse, although one is tempted to say that use a heavily damped system
for this purpose. | would like you to understand this by carrying out the following exercise.

Exercise :The block on a damped spring-mass system is given an initial velocity v from
equilibrium. Given a damping coefficient vy, plot the distance versus time graph for the critically
and heavily damped cases. For ease of calculation take the heavy damping to be very large so

2
r o @ _ o
that 4 and make appropriate approximations.

Having discussed the heavily and critically damped systems, we move on to lightly

damped system. In such systems 4 so that

So the general solution is



-‘%1' i@, f i@t
xit)=e (Ae + Be ]

Or equivalently

_¥
x@®) =¢ 2 (Ccosayt +Dsin ayt)

?’2 2
sl . . . . ar o
4 , it is called very light damping and in such case *“1 ™ *0o,

In case when
Let us now take a particular can when the block is stretched to distance A and is released from
rest. | leave the details of the solution to be worked out by you. Here I give the final answer
which is

_¥s
Amﬂe 2 cos{myt—¢) where tan¢5=2i

ALy

@&

This solution is plotted schematically in figure 6. Notice how the maximum distance reached
by the block decreases with time.
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Lisplacement versus time in a damped oscillator

Figure 6

When we consider light damping, generally we are dealing with cases where we want the decay
to be small. Thus within the time that the motion decays, there are many-many oscillations.
Thus we can then write the displacement as



Aa, -t
x(t)=—e % cos{lai- @)
&

1

_Zs
=Ae 2 cosayt
?’2 2
et . @ = and ¢ =0 : o
because 4 implies that 1 = % . The equation above is interpreted as

L 2
the oscillation taking place with frequency w 0 with time-dependent amplitude 4, 2"

Mathematically what this means is that * @ 50 there are two time scales in the problem. Let

me now talk about the energy of the system. Since the amplitude is decreasing with time, the system
is obviously losing energy. | want to calculate the rate of energy loss in the system. First,
1

there and many oscillations over the time interval of ¥, which is also a very large time
span. Further, the decay of the amplitude is very small over a few periods. This allows us to
talk in terms of the average energy of the system. What it means is the energy averaged over
a few cycles around a given instant. | now calculate it.

B = L g
2 2

_ 4w 2
Now use @) =4e © cos@ty calcylate this energy. It gives

2
E() = %m{% A? cos* (@ t)+ @ A% sin * (@) + yw, A% sin [muz)cos(muz}]e_w
+ %Mﬁ cos (@ t)e "

Now taking an average over a few cycles under the approximation that the
exponentially decaying term be treated as roughly a constant over these cycles and

neglecting the term proportional to 72 , | get

(B(@))= %mze"’f

where angular brackets denote the average energy. So the average energy decays
exponentially for a lightly damped oscillator.



| now define the quality factor or Q for an oscillator. As mentioned earlier, we are interested in

systems where ¥ == @ it is in such cases only that talking about Q makes sense. Q is defined
as

E: 0¥
Q= Z : ,,"f :
dissipated raa’ra?z
]
Y

High Q value for an oscillator means that there is very low leakage compared to the store energy.

Finally | summarize the lecture by telling you that we have covered the cases of heavy, critical
and light damping in this lecture. You must have noticed that | have made a lot of graphs in this
and the previous lecture. Please do that when you solve a problem. It will give you a feel for the
system.

Harmonic oscillator 111: Forced oscillations

In the previous two lectures, you have learnt about free harmonic oscillator and damped
harmonic oscillator. In this lecture we study what happens when a harmonic oscillator is
subjected to a force. The simplest case is when an oscillator is subjected to a constant force F . In
that case nothing much takes place except that the equilibrium point gets shifted by (F/k). You
see an example of it when a mass is attached to a vertical spring. Mathematically we write

mi+ikx=F
ot mx+kx—F=10

mﬁr'+k(x—£}= 0
k

This can be written as

for an undamped oscillator and

.. Ry
mx+ }ﬁ’+k[.?.'— ?] =0

F

. . . Y )

for a damped oscillator. Define a new variable k
only the undamped oscillator equation)

so that the equation reads (I write

my +iy=0



This is the equation you are well familiar with. From its solution, that for x is written as

e
r

~ - a S . i
x=0Ccos@+ Llsin @yt ++ 4

_F
So the mass oscillates about 4 4 I now take up an oscillator subjected to a time-dependent
force.

A general time-dependent force F(t) can always be decomposed into its Fourier components like

F(t)y=Y F, cos{nat)
n so generally we study an oscillator subjected to a force of the form.

F(t) =Fros@ \yhere @ # @ognd F is the amplitude of the force. Let me start by first

studying the motion of an undamped oscillator under such a force.
The equation of motion for an undamped oscillator under a time-periodic force is
mx +kx= Fcos(at)

or equivalently
2 F
X+ m§x = —cos(at)
e

The general solution is a combination of homogeneous part of the equation and a
particular solution xp. Thus

x(t) = cos @yt + Dsin @t +xy

Here you can check that

Ffm
X, = ——=———Cos &t

7 2 2
(mo —E‘)

Let me start the oscillator from rest at equilibrium. It starts moving because of the applied force.

The initial conditions then are *(®) =0 and £(0) =0 ynder these conditions the solution
comes out to be

@ — o) (cos @t — cos @yt)

)=
]
So the general solution is a combination of motion of two frequencies. The resulting motion
can be represented on a phasor diagram by adding the two motions vectorially. This shown at t
= 0 and two other different times in figure 1.



Motion of an undamped oscillator shown at =0 (black) and two other different
times, shown by brown and blue. The net displacement is shown by thick arrows.

Figure 1

As is clear from the figure, at t = 0, the net displacement is zero. As the time progresses, the
displacement changes with the length of the rotating vector also changing with time. As an

illustrative example, | take the frequency @ =7 (7% =2)

&= 277 and m:ﬂ

3 for the force. The resulting solutions are shown in figure 2.

, and two different frequencies,
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Forced oscillations of an undamped oscillator af frequency @, = 27.

Solutions are shown for twe different frequencies of the applied force.
Figure 2

So you see from the figure above that the maximum displacement of oscillations keeps
changing. This is what | had inferred from the phasor diagram also. The motion is still periodic
and reminds us of the phenomena of beats.

Interesting is the case when @ =@ However, | cannot put it directly in the formula become

§ .73
we are dividing by (%o ~ @) 50 we have to take the limit @ > @0 Let me substitute in the
formula @ = (@, — &) or @={@, +4)and take & — 0. This leads to

()=

-sin @t
2m @,

Thus the displacement keeps on increasing with time oscillating with the frequency of the
oscillator. This is the phenomena of resonance. The corresponding plot of displacement is
shown in figure 3.



x(t)

Forced oscillations of an undamped at resonance
Figure 3

Having discussed forced oscillations for undamped oscillator, we now move on to study a damped
oscillator moving under the influence of a periodic force. The equation of motion then is

mx+bx+kx= Fcos(ax)

AT .
X+yi+@)x = —cos(@x)
m

As earlier, the general solution of this equation is going to the sum of the homogenous
and inhomogeneous part. So



_Y
—p 2 '
x(t)=e * [Ccosayt+ Dsin @]+ X particular

~L¢
As the time progresses € 2" will make the homogeneous solution die down so finally the only

solution remaining will be

X(ﬂ) = xpam:uiar(‘g)

This is known as the steady state solution. Obviously it does not depend on the initial
conditions. Let us now find this solution.

For the equation of motion

2 B 2 7 5
x+p+ @, x=—cos(a)
b

| assume a steady state solution of the form Acos @ But when substituted in the equation, this

will give rise to a term containing sin @ because of Y% in the equation. So a general solution
should be of the form.

x(£) = Acos @ + 5 sin ax]

When substituted in the equation, this leads to

B . . ] F
cos atl(@,® — @*) A+ y‘mB]+ sin mﬁ[{m(,g —@*)B - yad|= —cos @t

e
U
2 2 ey 2. ra
(@,"—@")B—yad=0 and (@, -@")A+yal=—
m
These equations give
(‘7";-2 - &szF/ / yaf /
A= T3 fzﬂg and B = 7 ::rrﬂm 7.3
(@, — @) +y'o (@ -a&)+ya

So the general solution is



yaf/

(@, -a*)F/

x{t) = cos @ + sin @
(@, - @) + v’ (@, - @) +y*a’
7 2 2
@ -a @
= 4” @, ) cos @ + 4 sin @
V[(maz —ah)? +yip? \J’("’%Q — o) 4yl J(mon —aM)? +y2a?
F
X 2 ézz 2,2 cos(ax ~ )
.J(a.}:, - ) +yae
where
vo (@} - &%)
sin $= cos = -
V’("ﬂaz - @*)? +p2a? J(waz - @*)? +pa?
and tan ¢=2})—m2
(@, —a%)

Thus after reaching steady state, the displacement lags behind the applied force by an angle ¢

ya
tan ¢= N T
with (@,” = @) and oscillates with an amplitude

g

Y@, -a) +y'a’

A=

The oscillation frequency of steady-state solutions is obviously equal to the frequency of the
applied force. A typical displacement and its shift with respect to the applied force are shown
in figure 4.
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x(t)

Applied force (black) and steady-state displacement (red) of an
oscillator. Displacement lags behind the applied force by an angle ¢

Figure 4

As far as getting the steady state solution for a forced damped oscillator is concerned, we
are done. What we need to do now is to analyze the solution in different situations.

First of all we notice that irrespective of whether the system is lightly damped or heavily
damped, it will always oscillate under an applied time-periodic force. Let us first consider
the case of light damping and see how the amplitude varies with the applied frequency. The
amplitude as a function of ® is given as

F
Al@) = /”

\J'(mog T mQ}E = },ng

F _F
==
This amplitude goes to #*%o £ as@ =0 Thisis nothing but the stretch of the spring under
A iﬂ
a constant force. For very large frequencies m@" | In between the amplitude has a

maximum at @ * @ as is easily seen. So in this case, the amplitude as a function of
frequency looks as shown in figure 5 for two different values of y .
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Amplitude as a function of frequency of applied force for twe
different values of ywith yi<v3

Figure 5

It is clear from the figure that the amplitude is maximum around @ = @ \which reminds us of the

phenomenon of resonance for undamped oscillator. For large y values the peak shifts to the left
(lower frequency).

For heavy damping ( 2‘7‘:"0) we do not see any amplitude maximum near % = @ put the
system has large amplitude for low frequencies. A schematic plot of amplitude as a function
of frequency looks like figure 6. It is evident that only for low frequencies the system
oscillates with reasonable amplitude.
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Alw)

Amplitude as a function of frequency of applied force
for a heavily damped oscillator.

Figure 6



What about the phase of the system with respect to the applied force? | leave this as an
exercise for you to plot the phase of displacement as a function of frequency.

Next | discuss how much power is absorbed by the system to maintain its oscillations.

Power absorption in a forced damped oscillator :Since a damped system has a retardation force
opposing its motion, it dissipates energy. For it to maintain a steady-state the applied force constantly
supplies energy to it. It is this power that | now calculate. Power given to the system is

v = Fx since | am considering a one dimensional system. Otherwise | would have taken the dot
product between the force and the velocity. The calculation proceeds as follows

F=Fx
FJ

£

=—F cos@f x 'a b

\j':mo -o*) +y%e?

o _ 2 |

=— 5 == — [c:os @ sin @fcos@—cos” @ sin .g‘r]
mi(e,’ - o*)} +y'a’

@sinl @ — @)

2 i ¥
Since the average of “©% G or sin” & gyer g cycle is % and that of cos&sin & zero, the average
the last expression with respect to time over one cycle gives

Fa

P=
2mJ(a:f - m2)2 +yia’?

sin @

This is the average power being supplied to the system to maintain its steady-state. The same can
also be obtained by realizing that in steady-state the power given to the system is the same as

=-bv= ~ymv)

power dissipated by it. Power dissipated is the drag force Farag times

the velocity. This is therefore calculated as follows:

P =—-by?
FQ
2
/?3 mﬁst(mﬁ_g@]

-
[(@,® - @) +y*a®]

Taking its time average over a cycle then gives the average dissipated power

_ Flygh

P=
2m(@,’ - @) + V']




which is the same result as obtained above. The negative sign shows that this is the energy lost,
and produced heat due to the friction in the system. Since the amplitude of the motion is largest
when the force has a frequency close to the natural frequency of a system, it is expected that
the power loss will also be maximum near that frequency. | have plotted the power dissipated
in a forced damped harmonic oscillator in figure 7.

P(w)

wo

Power dissipation in a forced damped osciliator as a
Junction of frequency of the applied force.

Figure 7

The curve peaks at woso the power absorption is indeed maximum at the resonance frequency.

Finally I relate the Q factor of a damped oscillator with the power versus frequency curve
given above. To do this let us see at what frequency does the power absorption is ¥ of its peak
value. The calculation, in which we make the frequency-dependent factor in the expression for
power dimensionless and equate it to %%, is given below

v e 1

(&) -a*)? +ya®] 2

2y 0 :(maz — @*)? +y2a?

or @' — @' =tya
Solving this equation for the frequency w under the approximation of light-damping gives

m:w+% and @=a, il

2
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wa . .
The frequency width from 2 2 is known as full width at half
maximum (FWHM) and its value is y. Thus the quality factor can also be interpreted as

N @, resonance frequency
S = : .
v  full width half maximum

This pretty much sums up what I want to tell you about forced oscillations. | want to point out
that we have focused here strictly on the steady-state solutions for the damped oscillator.
However, before steady-state is reached, the system goes through transient motion, which is
also important to understand in designing of systems.



