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UNIT T |
KINEMATICS OF PARTICLES - RECTILINEAR MOTION

Motion in a plane: Introduction to polar coordinates

So far we have discussed equilibrium of bodies i.e. we have concentrated only on statics. From
this lecture onwards we learn about the motion of particles and composite bodies and how it is
affected by the forces applied on the system. Thus we are now starting study of dynamics.

When we describe the motion of a particle, we specify it by giving itsiposind velocity asda
function of time. How the motion changes with time is given by the application of Newtbn's II

Law. One such particle at position moving with velodity and acted upon by ¥ igce
7

- 5 = —
shown in figure 1. The forc8  givesaito an acceleratic ~ #. Notice that in general
the position, the velocity and the acceleration are not in the diaeotion.
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Figure 1

Each of these vectors is specified by giving its component along a set of conveniently chosen
axes. For a particle moving aplane, if we choose the Cartesian coordinate systgnaxes)
then the position is given by specifying the coordinates (X, y), velocity by its components

(v..v.) _ _ ax=—xanday=—
** "¥/and acceleration by its compone m m . These are related by

the relationship



V., = — V., = —
dt Tooat
and
s sus - d*x . dv, on d?y
S T T e e

These expressions are easily generalized to three dimensions by includinrgpthpanent
of the motion also. However, in this lecture we will be focusing on motion in a plane only.
With these components the equations of motion to be saheed

d*x d’y
m—-=£~5F . m -
7 g e

Coupledwith the initial conditions solutions of these equations provide the velocity and position

of a particle uniquely. However, the Cartesian system of coordinates is only one way of

describing the motion of a particle. There arise many situations whergdestine motion in

some other coordinate system i.e., taking components along some other directions is move
convenient. One such coordinate system is polar coordinates. In this lecture we discuss the use of
this system to describe the motion of a parti€le introduce you to polar coordinates and how

their use may make things easy, we start with the discussion of a particle in a circle.

Consider a particle is moving with a constant angular spdaad circle of radiuf centered at
the origin (see figwe 2). Itsx andy coordinates are given as

x=Rcos a¥
y=Rsm ax

with bothx andy being functions of time (see figure 2).



wt

A particle moving with constant angular speed @
in @ circle of radius R

Figure 2

On the other hand, if we choose to give the position of the particle by giving its distance
from the ori gin anfiomthea a&igiratotigelparticléa makds witkaxis h e
in the countexclockwise direction, then the position is given as

r=R

¢ = at
I n this coordinate system, r is a constant
variable that varies with time whereas the other one remains constant. The motion description
thus is simpler. These awdinates (rand @) are known as the planaolpr coordinates. As

and

expected, these coordinates are most useful in describing motion when there is some sort of a

rotational motion. We will therefore find them useful, for example, in discussing motion of
planets around the sun rotating bodies and matiosotatingobjects.



Unit vectors ¥ and @ in polar coordinates

Figure 3
So to start with let us sapthe unit vectors is polar esrdinates ¢ , . Givena point (r.9) , the
unitvectorfi s in outward radial direction and has mag
magnitudeu ni ty and i sfperpendicul ar tfigurand in the di

3). Obviously th@lotproductﬁ #=0_in term of the unit vectors xandy direction these are
given as

F=cosgi+sin ¢
£= — st ¢;+cos¢5}
As is clear from these expression the directioF@fn d G 1 s dependsbntheargle b ut
0. On the other hand, it doe<andtiadepemadnon r
unchanged as we move (recall that two parallel vectors of same magnitude are equal). But that
i's not t hohangedse i f O i s
The position a of garticle in polar cebrdinates to given by writing

F=rf

As particle moves abol” changes. Does the mean thatwhkcity



The answer is no. As already discus# #la function ofi , the angle from the-axis. Thus as
a particle moves such that thefalsonimpigedtst change
derivative with respect to time is therefore not zero. Thus the cenxpassion fof¥ is

_ [dr]A (d:’-‘]
Vv=|—|r+r|—
dt dt

Let us now calculat[df] . As alrealy stated,” does not change as one moves radically in
orout. Thu¥c hanges only i f 0O changes. 4et UuUS nNnow C:;

dr

Change in unit vector ¥ and 923 as angle ¢ is changed to $+A¢

Figure 4

As is clear from the figure

AF = Agd

df _(AgYs -
ﬁz‘[ﬂﬂ‘"@’

where the dot on top of a quantity denotes its time derivative. The exprabsia can also
be derived mathematically as follows:



Thus the velocity of a particle is given as
v =rF+ rdﬁg’ﬁ

We note that the unit vectors in polar coordinates keep changing as the particle moves because
they are given by the particles curreosition. Thus even if a particle were moving with a

constant velocity, the components of velocity along the radial and the directions will change. Let
us calculate the velocity of a particle moving in a circle with a constant angular speed. For such
a paticle

F=0 and g=o
so the velocity is given as
v=Rad

This is a well known result: the velocity of a particle moving in a circle with a constant angular
speed is in the tangential direction and its ma

coordinates? Thiis the derivative of with respect to timeThus

dv o P o
(%)= (&)

As was the case with thait vector# , the unit vecto #also is a function of the polar angle
0 and as such changes as the particle moves a

2y

derivative of ?also should be taken into account. From figure 4 it is chedr

This can also be derived mathematically as



% =%(— sin -;5'1{\+cos¢_}'\)

= gﬁ(— cos ;ﬁ;— sin g‘.'ﬁ_;}
_ 4

Using this derivative and the chain rule for differentiation, we get

g & (%}yf +rdg)

=ﬁ?+f%+f¢é+r&¢f+r¢%
=(F-rd )V +(rd+ 27 4)

You can see that the expression is a little complicdtied.complexity of the expression arises
because the unit vectors are changing as the particle moves. You can check for yourself that for a
particle moving with a constant velocity, the expression above will give zero acceleration. Despite
little complicatel expressions for the acceleration, employing polar coordinates becomes really
useful in situations where motion is circulédke as we will see in two standard examples later. Let

us first go to one familiar example of a particle moving in a circle foachvh= R ,

#=@ This gives
d = -Ra*F

which is the correct answer for the centripetal acceleratiorthRoreason” ¢ is known as
the centripetal term. Let us now solve an example of mechanics usinggolainates.

Example 1: A bead of masm can slide withoufriction on a straight thin wire moving with

constant angular speed in a horizontal plane (figure 5). If we leave the bead with zero initial

radial velocity a» = & | we wish to describe its subsequent motion and also find the horizontal
force applied by thavire on thebead.



Figure 5

To see the usefulness of polar coordinates, try to write equations of motion for the bead in the
Cartesian coordinates. This | leave for you to do. We solve the problem using polar co
ordinates. Thus at any instant the aecation is given by the formula

g & (F— rg? }r’*‘ + (raﬁ — 2:*(,?5%

We emphasize that the expression above gives the components of the acceleration along the
radial and thé directions which are not fixed in space but are changing continuouslgiveis

that# = @ (a constant) which also means t #=0 The acceleration of the bead on the wire
is therefore

i=(F-ra* ) +2af
Since there is no friction, the wire does not apply any radial force on the bead. Therefore

}‘—mz =

You can check by substitution that the solution for the equalioneais

r= Ae'm +B.5'_':"I

where A and B are two constants to be determined from the initial conditions. Differentiating
the equation above gives

r= c‘.‘J[‘-*‘:le‘mF - Be_mr)

Thus acceleration perpendicular to wire is



.:::g!I = 2r@
= 20*{4e™ - Be®)
So the horizontal force applied by wire is

Fﬁ = mag = Emalg{}lem - Be_m}

Of course because thit vectors employed change direction continuously, the force above is
also in different directions at different times with the magnitude given by the expression
above. To determinate A and B, we substitute t = 0 in the expressions derived for the radius
and the radial speed and equate them to their vales given at that time. This gives

A+B=R
A-B=0
oo s R,
2
This leads to the answer
_R af _ _-af
r 2(9 )
r:_@ emt_g—mt)
2

= mmgfi'(em ——e_m‘f)

Example 2: A particle, tied to a string, is moving on a smooth frictionless table in a circle of

radiusrowith an angular speedo. The string is pulled in slowly through a hole in the middle of
the table with constant spe®dWe want to find the change in its speed as a function of time
and also the force required for the string to be pulled (figure 6).



Figure 6

The mass, whepulled in, is moving under the influence of an inwardly direcéetial force

— F# . Although the force keeps changing its direction depending upon where the particle is, it
always remains radial. The expression for the acceleration of the particle idahe po
coordinates is

a= (}‘ - r;élz )?‘ + (r;ﬂ + 2?‘@)5&
Since it is giver” = =¥, whichmeans” = 0, and the force is only i~ # direction, we have

Forg® =-ré® = "
e
or mrg:="F
Since there is no force component in Ehdirection, we have
rd +2rg=0

Multiply both sides of this equation Inyto get

rzf;i'g + 2.".?'(}()— 0
d 1%
e ._._0
or f(f" ¢)—

9.5
of r“g= constant

since” =0 ~ % the equation abowgives



rogm‘, = {r‘, - Vt}gm

or @= rogm”/{r‘, —V.ﬁ]z

The force® =7 ¢’ pulling the string in isherefore

s
'rc’ wl’

F=m———
{ro _H}B

In solving this example, we see that for forces in radial direr” @ = constant , which is
nothing by a statement of the conservation of angular momentum. We will discuss it more

later when we study antgr momentum.

After introducing the planar polar coordinates, we nor briefly describe what are the other
coordinate systems in three dimensions. A natural extension of planar coordinates in the
cylindrical coordinate system. This arises when we add tteezidirection to planar

polar coordinates. See figure 7.

Cylindrical coordinates of a particle

Figure 7

The position of a particle is described (”; .2) \ith the corresponding uniectors being

(F.#and2) |y this case thé unit vector is a constant > %) are given as in the planar

polar ceordinates sohat



7

cos ¢;+sm ;E?}
=—sin §1 +cosd
k

N> e

Thus the expressions for all the quantities are similar to those for planar polalirtates
except that? direction is also added. Agesult,

F=rr+zs

V=Rt rdd+zz

- as (2 A 3 A b A

a= {r —-rg )r + (r;a‘-'+ 2r¢)¢’+zz
We now introduce another set of coordinates, the spherical polar coordinates, in three
dimensions. A point in these coordinates is specifically by its distance from ther ¢cehére

angled that the line joining the point to origin makes with thaxess and the angle that the
projection of this line on the (xy) plane makes with theexis Thus a point is specified by

(r.8.9) (see figure 8).
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Spherical coordinates of a point and the unit vectors F, 8 and

Figure 8

Thus (%:%:2) co-ordinates for a poir(n g.¢) are

x=rsin 8cosd
y=rsmn dsin @

z=rcosé



The unit vectors are given F.Gand @ ith
# =sin & cos @i + sin sin gﬁj+cos€"£

6 unit vector points in a direction below the (xy) plane making an affytem the (xy)
plane. So it is giveas

8= cos & cos @i +cos Psin ¢} — sin 8ic

And ?is in the (xy) plane and is givers

$=—sin $i +cosd

which is the same as for planar polar coordinates. As is clear, the unit vectors in this case are
also position dependent and change as the particle position changes. This affects the expression
for velocities and a@leration when they are expressed in spherical coordinates.

Let us evaluate the time derivatives”-¢ aud @ geometrically. Theinit vector# does
not depend on r bgves changes with d . This

AP =8+ 78) = AOS
Similarlywhendi s fi xed and 0 changes, we get
AF=(§— d+ Ag) = sin A g
When we combinéhe two results we get
AF = AGE+ sin 8 g

which gives

F = 88+ sin 8
Thus the expression for velocity in spherical coordinates is

§=;=£(rf_)

dt
= FF+r88 +rsin O



We leave thealculationof €214 # and the acceleration asexercise. We end this brief
introduction to spherical coordinates by noting that spherical polar coordinates can be those of as

two plane polar coordinates systems : one the plane of radius vector arakibevith (r.€) as
planar coordinates and the otheg {ly) plane witt (rsin 8,.8) g5 the planar polaoordinates.



UNIT T Il
KINETICS OF PARTICLE

Motion with constraints

In this lecture we are going to deal with motion of particles when they move under
constraints applied on their motion. Of course the masiatetermined by Newton 's second
law i.e., by solving the equation of motion

dﬁ
Y
dt?

44

=F

ma =

wher # is the total forcé which is the sum of the externally applied and those arising
from other particles as well as the constraints in the sys#eting on a bdy of massnand is

. d*

g =—
producing an acceleratic dt* . Recall fromlecture 9that constraints are thestrictions
applied on the movement of a body by various means and are brought abonstogint forces
. For example, | may restrict the body to move alarstraight wire (see figure 1). In that case

the component ¢# only along the wire will affect the motion of the mass (if there is no
friction) and its perpendicular component will be nullified by the normal reaction of the wire,
which is the constrairforce in this case. As another common example of constrained motion
take the motion of two masses at the end of a rope going over a frictionless pulley (Atwood's
machine) also shown in figufie

7

Twa examples of constrained motion

Figure 1



In this case also, the motion of one masiei®rmined by not only by the gravitational force on

it alone but also by the weight of the other mass. Thus the two masses are not fully free to move
under their own weight and the motion is constrained. The constrained is brought about through
tension inthe rope, which is then the constraint force.

We have seen two simple examples of constrained motion. We make an observation that
constraints can be caused either by restricting the motion externally, as was the case for a
mass on a wire, or by the prase of other bodies that are themselves moving, as in the
example of two masses over a pulley. In lecture 9 we had introduced these concepts and
stopped at that. However, for obtaining the positions and velocities of particles under
constraints, we wish texpress these constraints mathematically and account for them while
solving the equations of motion. This is what this lecture is going to be about.

Let us start with the example of a mass on a straight wire (say in x direction). The constraint
that themass moves only in thedirection is equivalent to saying that

¥ = constant

z = constant

This is how we mathematically express the constraint that the mass moves only aleagithe x
As pointed out earlier, to keep the y and the z coordinates of the mass unchanged, the wire
applied a normal force on the mass to cancel the perpendicular (to the wire) component of the
applied force so that the net force is along the wire. This normal reaction is the constraint force
(figure 2). Notice that all that the wire does to the maskraes its motion is concerned, is
represented by this force.

iy
=4

A mass constrained to move on a wire under applied force F.

Normal force N is the constraint force. Note that the sum of these
two forces is along the wire.

Figure 2



To study the motion of the mass all | need to look at are only the fomdernal and constraint
forces- acting on the mass. In this case the wire is represented by thalriorce that it

applies. Recall fronecture 4that such a diagram is calledrae-body diagram The advantage

of drawing a freebody diagram is that it identifies the relevant quantities to write the equation of
motion. In the present case the fiwly diagram of the mass is given in figure 3.

Free-body diagram of a mass on a wire

Figure 3

Let us now write the equations of motion for the body in terms a&f t&ndz -components

mx =F,

my=F, +N,
mi=F +N,

Let us count how many unknown are there? The unknowns,are , Ny, andNz, numbering
five #isgiven). But there are only three equations. How do we find the othesquations?
For this recall that the two of the unknownNsandNy, arise because of the constraints. And it

is these constraints that provide the two more equations needed fori@ensdlbé constraints
thaty = constant and = constant imply that

y=0

zZ=0

With these two additional equations, we now have five equations and five unknowns. Thus
and we can solve for,y , zandNxandNyin terms of given parameters of the problem.

Let us nowlook at the other problem of two masses hanging on the sides of a frictionless pulley
(see figure 1), a special case of Atwood's Machine. For simplicity we take the pulley eopkthe

to be massless. Let the massesp&my. In this problem also the motias in only onelirection
the vertical directiorsowe are going to ignore the other two dimensions. In this
problem the constraint is that the two masses move together and it is effected by the
rope.As



noted above, the force of constraint therefore is the tefisiothe rope. Let us now make their
free-body diagrams for the two moving massagndnmy. We measure all distances from the

ground and let the distancerofbeyiand that ofmpis y2. Please sefigure 4.

T T :
|
A A 1
]
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Free-body diagrams af m; and my and their distances y; and y;
from the ground. The pulley is at height h.

Figure 4

Equation of motion formpandnpare

mmn=T-mg
The tensiorT is the same on both sides because rope and pulley both are massless and the
pulley is also frictionless. These are two equations and there are three unknpowasdT .
The tensiorT arises because of constraint so the constraint itself provides the desired third

equation. In this case the constraint is that the length of the rope is constant. This can be
expressed mathematically as (see figure 4 for meaning of symbols)

(2= y,)+{k—y,)=length of rope— 7R = constant
whereR is theradius of the pulley. Differentiating this equation twice with respect to time gives
Nn+y;=0 or y=-y

We now have three equations for three unknowns:



my, =T -mg
MV, =1 —mg
};1 = _.j';g

Solving these equations gives
o m2 - ml i m2 - ml
== and ==
£ [m1+m2Jg 2 (m1+mjg
a result that you already know. Thusri#>m1, m; accelerates up.

Throughthese two simple examples, | have identified sequential steps that we take in solving
a problem involving constraints | now summarize these steps:

=

Identify the constraints and forces of constraints in the given problem;

2. Make free body diagrams of difent bodies taking part in the motion. Let me
remind you in making free body diagram take the body and show all the forces
applied and those of constraintsn thebody;

3. Write equations of motion for each subsystem/body. At this stage the number of
equdions will be less than the number of variables ingiwdlem;

4. Write the constraint equations. They will provide the missing equations (This happens
because each constraint introduces a constraint force which becomes the additional
unknown);

5. Solve theequations.

Let us now apply the procedure outlined above to slightly more difficult examples.

Example 1: There are three massless and frictionless pulleys P1, P2 and P3. P1 and P2 are fixed
and P3 can move up and down, as shown in figure 5. A masgpesR1 passes over the

pulleys as shown and two massasndmpattached at its ends. A third massimhanging

from P3 by a rope R2 of fixed length. Find the acceleration of the itinsses.
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Figure 5

In figure 5 we have also shown the distanafedifferent pulleys and masses from the ground,
with the vertically up direction taken to be positive. The heightsd b of pulleys P1 and

P2, respectively, are fixed whereas heightfypulley P3 can change. We go about solving the
problem accordingp the steps given above.

Step 1: We identify two constraints and the forces of constraints as: rope R1 has fixed length
with the force of constraint being tensidgin the rope. The other constraint is that rope R2

has fixed length with the tensidnin the rope as the constraint force. Because of massless
pulleys and ropes and frictionless surfacessThe same throughout rope R1.

Step 2 : Make frebody diagrams of the subsystems. We consider only those subsystems that
can move. Thus we make frbedy diagram of each mass and the pulley P3 as shown in
figure 6.



T, Th A

mag
mig Y T2
ms3g

Free-bady diagram for the three masses and pulley P3
Figure 6

Step 3 : By looking at the fregody diagrams, write equations of motion for each subsystem. In
terms of the distances shown in figure 5, we get

my, =T —mg
My, =T —myg

myy; =T —myg
and because the pulleyrisassless
T,-2T;=0

Thus equations of motion give four equations. However there are six unknowns viz.

Y1223 10T a4Y, Their number exceeds the number of equations obtained so far by two.

Step 4 : The additional two equations are provided by the constraint equations. The
constaint that rope R1 is of fixed length is expressed as (see figure 5 for the variables used)

(- )+ [kl +hy =2y J+ (%, — y,) = constant
or »n+n +2yp = constant

Differentiating this equation twice with respect to time gives



Fr+ 5y +25py =0
The second constraint that rope R2 is of fixed is equivalent to
Fp~Yg= constant
which upondifferentiating gives
Fp— s =0
Thus the equations that describe the motion of the system fully are:

myy =T —mg Lh-24 =0
myy, =T, —m,g Nty +2y,=0
myys =T, —myg jip—j;3=0

I will leave Step 5 that is solving the equationrgor you to do but give you partial answer. It is

— dim i, -(ml +m2)m3
Y3

- oy, +|:ml + i, ]m3 g

| would now like you to try a similar problem but Wwislight difference. Let us attach the
centre of the third pulley to a spring of spring conskgsee figure 7). Then find the equations
of motion for the two masses and solve them.



Figure 7

Example 2 As another example of constrained motion we take a small block ofrmegkng
down on a cylindrical surface from its top (figure 8). The question we ask is at what angle from
the horizontal would the mass slide off the surface of the cylinder.

Figure 8



Since this problem involves motion along a circular path | would use planar polar coordinates. |
take the origin at the centre of the cylinder and let thgig be along the horizontal angyis

along the vertical. Assume that the radius efc¢klinder isR. The constraint in this problem is
thatr = constant = R.The corresponding constraint force is the normal reaction N of the
cylindrical surface on the block. The frbedy diagram of the mass on the cylinder is shown in
figure 9.

Free-body diagram aof a mass on a cylinder (left) and the components
of the weight mg in the radial and the ¢ directions (right)

Figure 9

We now write the equations of motion in the planar polar coordinates. Thatiyithes#
direction

m(F —r@*) = N—mgsin ¢

and in theﬂ"'direction
mird — 27 ) = —mgcos @

We again have three variab (7 #and M) ¢ only two equations. The third equation is
provided by the equation of constraint i.e.

r = constant = R

which gives



With this the equations to be solved are
- mR§* = N —mgsin ¢ mR @ =—mgcos

To solve these we use

d@‘ﬁ
¢= (@— (415)
d¢

= —(425)
~# dg

—EE(&?‘)

Substituting this in the equation 145 abovegives
mR d

2 d¢

=R =

=2g(1—sm @)

—(¢*)=-mgcos g

52
This when substituted in the equation 89 eadsto
3mgsin ¢ = N+ 2mg
The point when the mass slips off the cylinder is wiNebecomes zero. She corresponding

?is given by

3mgsin ¢ =2mg or sin ;25:%

Example 3:Let us take one more example of constrained motion when two bodies are involved.

| put a blockofmassion a wedge of mass M with wedge angl
free to move on a frictionless plane. There is no friction also betmeenM . We wish to find

the resulting motion.



Figure 10

There are clearly two subsystems, the massa&sdM . There are two constraints in the

system. Constraint one is that the massoves along the edge of the wedge sa& @&ady
components are not independent. The other constraint is that the wedge moves only in the x
direction. The constraint forces aybviously the normal reactiddion massn by the wedge

and the normal reactiddpon the wedge by the ground. The flemly diagrams for the two
subsystems are as shown in figure 11.

N>

mg

Figure 11

Notice that in the frebody diagram of the wedge, there ismgof block. It is all accounted

for by N1. To set up the equations of motion, let us choose cordioates system a follows
(see figure 12): Let the coordinate of the riphnhd side lower corner of the wedge be given the

co-ordinates (xy1) and let the c@rdinates of the block be £x2).



+— X3 —»

(x1,51)
1 L

Figure 12

The equations of motion in terms of these coordinates are:

my, =N cos8—mg My, =-N cos8-mg+ N,

For the six variables (f1): (%372), My and Ny _ o the system, we need two more
equations, which are provided by the constraints equations. &tese

y; = 0 which gwves y, =y, =0
and

Ya
X~ X

= constant = tan &

which gives
yp=(x—x)tan & and y, =(% —x;)tan &

Thus the equations to be solved are

mx, = Nsm & My =-Ncosd-mg+N,
my, = N, cos8—mg »=0

These equations can now be solved to get all the variables as a function of time. That task is
left for you. I'll leave you with answers fol:



mgcosd
e
[1+_sin2 5]
M

Motion with friction and drag

We have beelooking at the constrained motion of particles and found that in solving the
problems we make frelody diagrams and look at the motion of each subsystem independently.
Then the motion of individual subsystem is linked through constraints that they iojpeaeh

other. The example that we took were Atwood's machine and a mass sliding on a wedge.
However, in these examples we neglected a ubiquitous force which is the force of friction. In
this lecture we take this into account and solve problems involenfittion

We would take into account two kinds of frictional foreeme that arises when two solid bodies

are in contact and the other that arises when a body is moving through a liquid, the viscous force.
Let us first consider the case when two sbhdlies are moving against each other. A detailed
discussion about the nature of frictional force and its relationship with the normal reaction has
already been presented in lecture 6. We start with a review of the main points discussed there.

If there s a tendency between two bodies to slide against each other, or if one body is sliding over a
surface, the friction between the two bodies resists this motion. Question is whether this is a constant
force or adjusts itself. It is experimentally observeat the maximum frictional force

Jux that a surface can apply on an object is

Jum = BV

whereN is the normal reaction of the surface on the bodypaisdhe coefficient of friction; its value
is different for the static and dynamic case. Thus there aredefticients of friction between two

surfaces: static coefficient of static frictipgand the coefficient of dynamic frictiquk, with the

latter being smaller than the former. Furtheys always observed to be less than 1. And the
direction of frictioral force is such that it opposes the motion or the tendency to move.

Let us now take a couple of standard examples involving friction similar to those solved
in lecture 6.

Example 1:We put a block of 5kg on top a 10kg block. They are then attached through a
massless and frictionless pulley to a mdsas shown in figure 1. The coefficient of friction
between all surfaces for both static and dynamic friction is 0.5. What is the atioeléor (a)M

= 20kgand (b)M = 40kg( g = 9.8m/&)?



kg

10kg
//////////

Figure 1

What we should see in solution of this problem is the maximum possible acceleration that the
5kgblock can have, and then solve for the mdsthat will give this acceleration for both the

5kg and thelOkgblocks. If M is less tharMp, both the blocks will move together. On the
other hand, iM exceedsdVlp, the blocks will slip on eaabther.

To start the calculations | show in figure 2 the fredybdiagrams of all the masses
with maximum possible friction

flmax

<
Bomax 1

e 10g Mg

Free body diagrams of all the blocks in figure with
maximum possible friction.

Figure 2



Looking at the 5kg block, we see that
N =58 = fug =3X5x9.8=245N
The maximum possible acceleration for the 5kg mass is

= ug =4.9ms™

) e

Let me now calculat®ocorresponding to this acceleration. The corresponeljugtions for
the 10kg block are

N,=N,+10g=1478 =  f, =05x147=735N
T fios ~fong =108 = T=14IN

The equation of motion for the magsthen givedMopas follows

Mg—-T=May,, = M0=L=30kg
E~ Ay
Now | answer the question asked in the problem.
(a) For 20 kg mass, let the friction between the blocks be f. Thdrawe
=D T—f—fopx =10a and 20g-T =20a
These equations lead to theceleration of the system as follows

20g = fou =3%@ =  a=235ms>

(b) M = 40kg. Although | have already shown you that in this case the two blocks will slide on
each other. Let me show this to you again in another way. Assume that the blocks move
together. In that case the accelemad the assembly wilbe

o G 40_5g =7 12ms™

But this is larger than the maximum possible acceleration for the 5kg block, so the assembly
cannot move together. Under these conditions the equations for the 10kg block and the mass
M are

T fiom = Jone =10a and 40g-T =40a

which gives



a:4og_flm _fﬁmm:
50

= 5.88ms™?

The 5kgmass of course moves with acceleration of only 4.9ms

Example 2: As the second example let me take a hollow cylinder that is rotating about its axis
with a constant angular speed Because of this rotation a mas®n the wall of the cylinder
doesnot slip down (see figure 3). If the coefficient of friction between the cylinder wall and
the mass is |, what is the minimum value of w for thisappen?

AN
Z

S -

Mass m inside a rotating cylinder. Its free body diagram
when it is tuck to the wall of the cylinder (right).

Figure 3

For the mass not to slip, the maximum possible friction on it should be greater than the actua
frictional force that holds it against its weight. Since the problem involves rotation we will use
cylindrical coordinates. The free body diagram of the mass is as given in figure 3. The mass m
experiences three forces when it is stuck to the wall ofytveder. These forces are its weight

mg, the normal reactioN of the cylinder and the frictional forde In cylindrical coordinates

the acceleration of the mass is

{F —rd? )f‘ + {r;ES + Zf;:% + 25
so that
m(f”'" rgﬁg )f" + m(rg# + Zf;f'ﬁ +mEZ = —-MNF+ (j - mgk

Now



r=R=constant = F=#=10

z=constant = Z=0 = -mR@*F+-MNr+(f-mg)z=0
$=ap=0
which gives

N=mRo® = Jom = 400R @& and f=mg

From this minimum angular spe&ghin is calculated as follows.
Sa> S = mRae* >mg or @> |§

O = &=
Thus MR

So far we have discussed one kind of frictional force where two solid bodies are in contact. We
now learn to deal with the drag force which is experienced when a body is moving through gas

or a liquid. This force arisegue to viscosity of the fluid. To the lowest order in the velc¥ity
of the moving body, the drag force is approximated by

Fa’rag =—k¥

that is, it is a force in the direction opposite to the velocity and its magnitude is proportional
to the speed. So the equatmimmotion in presence of drag force will read

-

i
i

= applied

= Fapph‘ed E

If we write it in its component form we have

mi=F, —kk
my = Fy, —ky
mé = Py~ ky

These formulae are valid when the speed of the object is not very large; at large speeds the drag
force becomes proportional to the square of the velocitysifhplest example of the effect of



drag is the falling raindrops. Although falling from great heights, they do not hit us with
very large speed because of the drag force on them.

As an obiject falls vertically through a liquid/gas, the drag forcé increases with its speed. At
a certain speedwhen the drag force equals the weight of the objédtops acceleratingrther
and therefore moves with a constant speed. This speed is known as the terminal speed or
terminal velocity. Assuming dgaforce to be linearly dependent on velocity, let us estimate the
terminal speed of an object when it falls through a liquid of viscdsitgt the vertically
downward direction bg, then

my = mg — ky

But the object will stop accelerating, iV = U, after attaininghe terminal speed. Thus at

the terminalspeecj’ ferm

mg = ktorm

which gives

g

3
. o
Yierm =

That is the terminal speed of the object. To estimate the terminal speed we need to know what
is. For a spherical object of radiasnoving with low speeds, stokes formula gives the fwace
to be

Fdrag =—bmnav

| f the object is made of a material of densit

. _2({a’pg
Yterm = ) n

Let us estimate what will be the terminal speed of a rain drop of 2mm radius. With the
=5 2
viscosity of air”? = 1.8%10 Nsfm* weget

2 4x107° x10° x9.8

Yterm =

X s 485mfs (1750/kmih
9 1.8x107° ( /%)

This is too high compared to the observed speeds of abémi@@o 5kmph Obviously the
dependence of drag force on raindrops has higher power dependence on their speeds. In this



lecture we will however restrict ourselves to those cases whedrag force depends

= %

linearly on the speed i. Fivog . We now solve examples involving such diaige.

Example 3 An object is thrown in a fluid with initial speed. Find its speed and the
distance traveled by it as a function of time.

Assuming thenotion to be in x direction, the equation of motion is

mE = =ik

or

d k

— () +—x=0
dt() m

You can easily check that the solution is

= v‘,e_(k’r m)t

So that the speed initially ig and it decreases exponentially with time. The plot of speed
versus time looks like that given below

v(t) ¥ e'k’f mt

What about thelistance traveled by the object? That is obtained by integrating the speed
with respect to time and is



x(6) = _i'v‘,e_[k‘m)r(dz'

x(t)

Thus ast = | the body will stop after traveling a distarafe

(%)

Of course a¥ =0 | the distancéecomes larger and larger.

Example 4 We now consider ondimensional motion of a particle which is moving under
the influence of a constant applied force in a medium applying a drag force. Motion of a
particle thrown up or falling down is one such exdan The equation of motion in this case is

mx=F—kx

s g AR )
of —(X)+—x=—
dt m

Let us take the force to be F and the initial speed of the particle to be zero. Without the term
—kfmt

Fimon the right-hand side, the solution of the equationabovewas X=v,e which is, in the

language of differentiadquations, the solution of the homogeneous equation i.e., equation with 0 on
the righthand side. To get the general solution, we add to the homogeneous gbkition

particular solutiorcorrespondingo # # U The particular solutiors



x=

Ll
k
So that thegeneral solution for the velocity is
() = %+v‘,e_{k‘{m)f

Here \pis some constant (not the initial velocity, which is given to be 0). If we start
with ¢ =0 =0ye get

which gives
i) = %[1 g lomlty

The plot of velocity versus time looks as follows

F -
k . I’_ﬂ_h
x(t) ,
t
F
with the terminal speed beit £ . The nexijuestion we ask if the solution goes tostendard

F
—1

solution ["” ]of particle moving with a constant acceleration when lx6m



i) = £[1 — gt . .
k we get an answer of 0/0 so we have to be careful in t&kmn@ . Recall

that the solution was obtained by assunking ibec@use we have been dividingkyThus
for thek=0 case we should take the limitlof Y. D@ing that we find

F Y =
TN psii g S R DEm i L
x(£) k( -
- L +ow)
e

. @) =—t
Nowk  Ygives ® m which is the correct answer. We now calculatedistance
X(t) traveled by the object as a function of time.

¥

x(@) = [ x'@)ar
F ey lem

=—|[1- dt'
k![ O
k k

You can see that t Y D the distance is given a
F Fm

£) = —t——
0=t

so at large times it increases linearly with the terminal speed.

For t Y O it is

This is easily understood as initially there is no drag due to small initial speed and the distance
is given by the formuldor uniform acceleration. Combining the two limiting cases we see that
the plot of x(t) versus time looks like



%(t) S

1F 4
- X ——1
I'll leave it as an exercise thatlas Y, w8 recover théamiliar result 2m Also |
would like you to solve for theelocity and height of a ball thrown up with an initial speed v
0 when drag of air is taken in&zcount.

Next we analyze the effect of drag on the projectile motion in the gravitational field. In this

case, we have a projectile shot with initial spegdt\an anglelp from the horizontal and we
want to find to subsequent motion. The equations of motion are (taking vertically up direction as
the y-direction)

mik = —kx
5 = -mg - by

We have already solved these equations above, so the speed and distancelirettiernx
is given as

(i)

x()=v,cos8,e

mv, cos 8,

[1-¢

and xit)=

The equation of motion in thedjirection is



d, . k.
—+—y=-z
di m

Its solution with thenitial condition”©) = ¥ st &, g

() = —%[1 — o ®mM) 4y sin @ g Ukt

| give you an exercise now: find at what ti’ = U2 Show that this time correctly gaes
v, st &,

g whenk = 0. Integrating the speed, we get the heigljtas a function of time. It is
given as

_mv‘,smt’?‘, ~ ~(fcpm) ¢ _%{_f e _[k,im;g}
}’(5)—73 [1-e ] : ¢ k[l e ]

Now to get the trajectory one calculai€g andy(t) separately and ploisversusx . | give you

some of these for a give"aﬁa but varyingk. We take y= 100m/s andlp = 45°. For no drag
situation we get the randge= 1010mand the highest point of the projectile to bé at254m.

When a drag coefficient & = 0.1is introduced we geR = 495mandh = 175m, a reduction of
about50%in the range an80%in the heidpt. Fork = 0.2we getR = 313mandh = 135m

giving a further reduction of abod0%in the range and0%in the height from the

corresponding = 0.1values. Notice when drag force is introduced, the range gets affected much
more than the height. Tlerresponding trajectories are shoeiow.

One interesting question we may ask i #5. for z
If we include drag, should the angle be larger than or less than 45° for obtaining maximum

range? Since-gkomporent of the velocity is now decreasing one intuitively feels that the

projectile should be given larger speed in tkainection for maximum range. Thus the projectile

should be fired at an angle less than 45°. This is easily understood from the cakulation
presented above. As we saw in those calcul at]
affected as much as it does in thdisection. This also suggests that for maximum range we fire

the projectile at an angle slightly less than 45° givtireglager velocity in »direction. One can

also think of it slightly differently. When the particle is shot up drag force is large (because of

the initial speed) and also both the gravitational force and drag are workingsantbe

direction. So the pddl takes longer to move up the same height than it does in coming down.

Since xvelocity is larger in the beginning, the projectile should cover as much distance as

possible while ascending than when it is coming down (tbemponent may well vanish by

that ti me) T hpsheuldibersmallérthan 45°.hat d



What we have done so far is to include the simplest form of drag force in solving for the
trajectories of motion. However, as the speed increases drag force may also include
higher powers fvelocity i.e. it may take the form

where¥ is the unit vector in the direction of the velocity. This is written here to show that force

is opposite to the velocity vector. In such cases the corresponding differential equation become
nontlinear in v and getting the solution becomes difficaétcessitating the use of numerical
methods. Some problems though do allow analytic solutions. | end this legtgireng you

one such problem tsolve.

Exercise Throw a ball up willinitial velocity Yiand let the force of drag I= ~kv? Find the

final speel ¥ of the ball when it hits the ground. Also find the height that it gode.up



UNIT T Il

IMPULSE AND MOMENTUM , VIRTUAL WORK
Momentum

So far we have dealt with motion of single particles. Now we are going to make the situation
slightly moredifficult by letting two or more particles apply forces on one another either by
coming in contact or from a distance, and see how we can describe their motion. In such a
situation the motion become much more interesting. Let us take an example of only two
particles interacting through a spring connected to them, as shown below.

-

During their motion any of the following could take place: the distance between them
may change,

D N~ D @D

.
>

or their orientation may change,

-

v




or a combination of both these may occur. Now we wish to develop methods of dealing with
such situations. We do this gradually by taking one step at a time. In this regard, we start by
introducing the quantitynomentunthat plays a very important role iescribing motion

when more than one point particle are involved in the motion.

To understand the importance of momentum, let us do the following experiment. Take a
cart moving on a frictionless horizontal plane and start putting mass into it; it may be
dropped vertically in it (see figure 1 below).

\

=4

L

Figure 1

You will see that the cart starts slowing down. If we wish to keep it moving with the
same velocity, we find that we have to apply a force on it

- AM Y.
F= [—jv
At

Compare this with the standard form of Nevvtonng law where we put

So we see that whether the mass is changed and the velocity kept constant, or the velocity is
changed and the mass is kept constant, we have to apply a force to a body. Thus in general

At At
AMAY

(We have ignored the secondder term  &¢  right nowassuming that both the mass #mel
velocity are varying continuously). Therefore




- A(MY) _ (dMGJ
M dt
_dp
Todr

and this defines for us a quality called the momentum denoted abd;eBydefinition
p=Mv

The force applied on a body or a system of particles is then thef citarme of their total
momentum, i.e.
B [d_P]
dt

where” now refers to the momentum of the system made up of a collection of particles. In the
example taken above, we have to apply a force to keep the cart moving with a constant velocity
because as the mass fafighe cart and starts moving with same velocity as the cart, the total
momentum of the systenthe cart and the mass in-iincreases. In writing the definition of the
momentum above, we have implicitly assumed that all the particles of the systetnotavith

mass M, are moving with the same velocity. However, if the system is madéypadicles,

each one being of different masgi = 1 to N) and also moving with a different velocr’; ,
the total momentum of the system will be gian

F=3m3,
i

A fundamental property of momentum is now follows from the definition of force in terms of
momentum. If the total force acting on a system of particles is zero, the total momentum of the
system does not change with time. To see it clearly let us go bdektiwd particles connected

by a spring (see figure 2 below). There we have

av, =
P?{!]_ —_—= ‘__712
dt
for particle 1 and
my ——= f
dt

for particle 2. Her Juzis the force on particle 1 applied by particle 2. Simil;fz}'is the force
on particle 2 applied by particle 1. By Newton 's thaa



N m I

Two particles of different masses moving with different velocities.
They are applying equal and opposite force on one another.

Figure 2

This immediately results in

m = —(mv, +my,) =0
> 27, d(ll V)

So no matter how these particles metieeir individual velocities*1or Y2may change but as
long as there is no other force on the system and Newton's third law is obeyed we are going to
have

m V| +mo¥9 = constant

The equation ab@ expresses the principle of momentum conservatidmich is a fundamental
principle of physics in its simplest form.

Let us understand this result. If we consider both the particles together as one system, indicated
by the dashed line enclosing thamthe figure above, there is no force on this system. This is
because although each particle is acted upon by a force applied by the other particle, on the
system as a whole these two forces act in opposite directions and cancel each other, resulting in a
zero net force on the system. As such the momentum of the system does not change. Thus we
concludelf the net force acting upon a system of two particles vanishes, their total

momentum does not change with timé&et us now see what happens when we afgobes on

each particle also. In that case have



which gives

or —=F

Again we see that no matter how the individual velocities change, the total momentum
changes according to the equation

dpy =

[Eg} - ‘FJ“omI

Lﬁ:t us now generalize this result to a system of many particled(sayhen we have for the
.t .
i~ particle

¥ < -
= B+ i
dt g

J=

-+

g

, ¥is the force applied ortlhiparticle

Where " #*iis the external force on thté' particle anc
due to jh particle. Summing it ovagives

4%, " -
Zmi ?1: :ZFmi +Z.}r3j
i if

inmf

Now we ca write

But by Newton 's third Iavfif' 2 _ffiwhich when substituted in the equation abgives



i.e., the total momentum of a system of particles changes due to only the net outside force
applied on the system; the interaction between particlesranesdfect their total momentum.

And if Fert=0 i.e., there is no external force on gestem,

[d_P] D
dt

which means that the total momentum of the system is a constant. That is the statement of
conservation of momentum. We will see later that when combined with ti@pbei of

conservation of energy, it becomes a powerful tool for solving problem in mechanics. For the
time being let us use this principle to develop some intuitive feeling about motion of a collection
of particles; looking at it as a single mass.

We nowintroduce you to the concept of the centre of mass (CM). To do this, let us look at
the equation of motion

dpy =

ol = B

[a’z] -

d &
7 ] — “exfi

dt =

which is equivalent to

Since total mass of a collection of particles remains the same, we can divide and multiply
the lefthand side of the etion above by the total mass to rewrite it as

dv;
LT T
Sy =
dt— M o
Since ' dt , where’iis the position of thethl particle, the above equation can also be
writtenas

d? myh; -
-Md!g Zi,‘.ms[ IY; ]: Fm(m.:sj



Now we introduce thpositionvector R cae for the centre of mass by writing

B o 7
S04 M
so that the equation afiotion looks as follows
M a0 = chmm

Now we interpret this equation: It says that irrespective of the interaction between the particles and
their relative motion, the centre of mass of a collection of particles would always move as if it were
a point particle of t@l masdM moving under the influence of the sum of externally applied forces

on each particle, i.e., the total external force. | caution you that the equation above does not imply

that all the particles are moving the same way. All it says is that they m@uch a way that the

motion of their CM is described as if t#M was a particle of mass M.

Let us take an example.

Example 1: Suppose a bomb dropping vertically down explodes in mid air and breaks into three
m m 2

parts. Let the mass of the bombrhandthose of three pieceg’ 3z " 2 , respectively. If the
heaviest piece fallsOmto the east and the lightest pid@msouth of where the unexploded
bomb would have dropped, where does the third gadte

MRy, =F , , _
Since” ¥~ "ext(fofal)’ the CM keeps on movingeven after the bomb aks- vertically

down as if it were a point mass of masgalling under gravity. Thus the CM hits tigeound

where the unexploded bomb would have fallen. Let us take this point to be the origin with

east side being the positiveaxis and the north sidbe positive yaxis.Then

Rope =0,7 - =101, 7, =—-12] _ _ _
oM = "mp P Tmf / after the bomb pieces having moved for equal times.

By definition of the centre of mass we have

- =%x—12}+%ﬁ'mﬁ +§x10€

with £exe =0 this gives
Fo=-15i+6

i

Relative positions of the three pieces are shown in figure 3 below, with the centre of mass at the
origin.
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Positions of the three pieces of the bomb on ground

Figure 3

You see that having the knowledge about the position of the other two pieces, we have got the
position of the third piece without the knowing anything about the forces generated during the
explosion and therefore without solving any equatibmetion. That is the power of the
momentum conservation principle. | will leave it for you to think which component of
momentum is conserved in this case. Would that component be conserved if drag force were
included?

Other familiar examples of momentunonservation are a gun recoiling when fired, two
persons on roller seats pushing each other and consequently moving away from each other.
Look around and you will find many such examples of momermmservation.

| now discuss a little about calculatiohthe centre of mass of a mass distribution. Calculation

of the centre of mass is similar to calculating the centroid of an area (lecture 7), except that the
area is now replaced by mass. For finite masses at given positions, the definition of centre of
mass given above is used directly. For a mass distribution indimemnsions, we calculate all

three components of the poison of the centre of mass. These are given as

Zi.‘- x;long ]xdm

?Zimé szm
Ko = = =

Yoge = - and  Zoy, =

m ] m m m m

wherams a small mass element at the positioy,Q in the mass distribution (séigure 4
below).



O
An element of mass Ay and its x- and y-coordinates

Figure 4

We are now going to change the topic a bit and ask how we describe a system where a large force
acts for very short durations. A cricket bat striking a ball, a hammer hitting a nail, a person jumping
on a floor and comingtsudden stop and a carom striker hitting a coin, or collisions in general, are
examples of such forces in operation. In these cases it is not meaningful to talk about the force as a
function of time because the time span over which the force acts isemrghort. Further, the force
varies a great deal over this short timgerval, as | show in an example below. It is therefore better

to describe the overall impact of the force in terms of the momentum change it causes to the system.
This is given by th integral of the force over the time that it operates.

Thusﬁp y IF‘ﬁdescribes the effect of the force on the system. The im]fdz is known as

the impulse and denoted by the symbdDbviously the momentum change of a system

equals the impulse given to it. lew discuss these ideas with the help of an example, that of
a ball hitting a wall or any other hasdrface.

Let us ask what happens when a ball hits a wall or we jump on the floor. If the ball hitting
the wall reflects back, that means that the walldmsied a force on the ball so that

Ap=[Fa
If the time of contact between the ball andwradl is 4f seconds then the average foise

F_ =

average

Bl B|&



But the real force varies greatly from the average force. We show that now. Take the model of
the ball as following Hooke's law so that if it is compressed lby the wall, it applies a force

kxon the wall and consequently experiences an equal force opfposite direction (see figure

5 below).

\

A ball hitting a wall and getting compressed by amount x

Figure 5

Since the force on the ball follows Hooke's law, the ball performs a simple harmonic motion, its

o k
compression is given by = 45 @¢ \where A is the maximum compression "
T

f= =
From timet = 0, when the ball comes Bnd touches the wall, it tak @ time (half acycle)

before leaving the wall. The force during this time is given as

F=lkx
= kAsin @4

@=.]—>>1
Since for a hard bak s very large, . S&[I;y the time the ball comes back, the force varies with
time as shown in the figure 6 below. Here the maximum fBregis given bykA

3
and  @.Inthe figure we show bofhmaxandFaverage. The latter is calculatess
i@
AT . S [ kdsin Bidim 2
e g 4

or
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Variation of the force on a ball with time as it hits a hard surface at
t=0, and gets reflected from it At time later. The area under the
curve gives the impulse. Both Fyay and Faygrage are also shown.

Figure 6

So you see that over this short period force varies a great deal and is hardly ever near the
average force that we calculated. The discussion above has been in terms of a model of the
force; the exact force will be different this model and so the variatiald be even larger than
that shown. It is in such situations, when a strong force is applied over a very short time period,
that it is much more meaningful to talk of the total momentum change of a partictbe¢Hance
Pl

dt /. Further, in such cases, wenerally observe only the initial & finelomentum
and are hardly concerned about the finer details. It is this change

AP = ]F’dz

In the momentum that is known as the impulse. So in the ball rebounding from a hard surface

with the same speed as it comes in witle, impulse i<~ 2Py , whereZiis the initial momentum

of the ball. So instead of talking of the force applied by the ball on the surface, we say that the
ball has imparted momentum to the surface it hit. The amount of momentum transferred is equal
to the impuse. This has interesting application in calculating the force on a surface when there
are manymany particles continuously hitting a surface, for example molecules in a vessel

hitting its walls frominside.

We show two situations in figure 7 below. Thepapfigure shows the variation of force on a wall
when particles hit a surface at some time interval. The lower one, on the other hand, shows



the situation when particles hit continuously. In the first case the force on the surface due to the
patticles hitting it varies pretty much like the force due to each particle itself. In the second

case, however, the force at any instant is given as the sum of the forces applied by each particle

at that time. This gives an almost constant féiganyas shavn in the figure. The value of this

force is calculated as follows. Let each particle hitting the surface impart an inpolgelf

on an averagetherear@ ar t i cl es per second hi tnomentygmt he s u

transferred to the surface will fen g he forceFmanywill then be given as

(ndst)J
chm_}f = ?
7 : ik
Since 5% As , the force above can also be writeen

2 many = (RAL)F, average

Thus when a stream of particles hits a surface, the force applied by them to the surfacbeequals
number of particles striking in ti oféhempr t i mes
result that you could have anticipated. This is precisely what happens when a jet of water or

flowing mass hits another object.
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Force on a surface when a stream of particles is hitting it. Upper figure shows the
Jorce when particles come one at a time whereas the lower one shows the force
when the paricles are hitting the surface almost continuousiy.

Figure 7

As an exampléet us calculate the pressure of a gas filled in a container. Let the mass of each

molecule ben and let their average speedwelhe number density of the molecules in the gas

is taken to be . Now consider a surface of the container perpendicul&etsaxis. (see
figure 8).
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Molecules of a gas hitting the wall perpendicular to
the x-axis.

Figure 8

Each molecule, when reflected from the wall imparts a momentum eqzraMto the wall.
The average number of molecules hitting A the wall per unit time will be half of those

contained in a cylinder of base aveand height y (the other half will be moving in the other
Av.n

direction). This comes outto| 2 . Thus from the formula derived above the fovoe

the wall applied by these molecules is

F= Anmvf

which gives the pressure

Thisis a result you are already familiar with kinetic theory of gases. But now you know how it
comes out. Having done this problem we now deal with another very interesting application of
the momentunforce relationship, known as the variable mass problem.

So far we have been dealing with particles of fixed masses. Let us nowtla@giguation

dﬁ] =~
[a’f to a problem when the mass of the system under consideration varies with time. The
most famous example of this is the rocket propulsion.



Let a rocket wth massM at timetbe movingwith veIocity‘:". A smal l mas ¢ gom wi th
comes and gets stuck with it so that the rocket now hasivhassppma nd mo vwelscitywi t h a

Vv +AV (see figure 9 below) after a time intervalopt We want to find at what rate does

thevelocity of the rocket increas&¥e point out that the word rocket has been usedtbere

represent any system with variable mass

amo/

M+AM > VAV

Figure 9

Let us write the momentum change in time integpaihd equate this to the total external force on
the system (thatshe sum of external forces acting on M &

(M +Am)(P+ AV) - MY — homid = F_ At
or
MAY = Amfid —5)+ F_ At — AmhP
(u _"T:'is nothing but the relative veloci“*0 f t he mass omrockett h respect

Dividing both sides of the equation above by

M.&{?_ﬁ_mg - _ bmby
A s
Amhv
We now letcpt  YiIn tis limit  4f also goes to zero for continuously varying mass.

dm _dM

Further, d¢  di , the rate of change of the mass of the rocket. Thus the equation for
the velocity of a rocket is
Mdv = %f}m! +"‘ﬁm

dt dr



Note that both the mass and velocity are now functions of time femket

ﬁc:ﬂandﬂmczﬂ M@i::[] . -

dt sothal  dt . It is this term that provides the thrust to the rocket. As
pointed out abovelthough this equation has been derived keeping rocket in mind, it is true

for any system with variable mass

Example: We now solve a simple problem involving the rookgtiation. A rocket is fired
vertically up in a gravitational field. What is its final velocity assuming that the rate of
exhaust and its relative velocity remain unchanged during the lift off?

The motion of rocket is ordimensional. We take the verticallp direction to be positive. Then we

have ¥ = ¥ whereuis a positive number. Therefore the rocket equation takefsrtine

dv__dM, o
dt dt
which gives
dv = —ﬁu -gdt
M

Qr

M;
Ve =ul.n{—}— gty
Mf

Here we have taken the initial time and initial velocity both to be zero. Even after the fuel has
all been burnt, wee if we observe the rocket timafter being fired, its velocity will be given
by the formula

v(!)zuhl{j;;J—gz

assuming to be a constant.

Finally, although the momentuforce equation can provide answers for the velocities, | would like
to urge you to always thinkbaut how the internal forces that generate momenta in opposite
directions are generated. That helps in understanding the underlying physics beteantue

dM :
in the rocket problems, we say tl d¢ ' provides the thrust to make the rocket move

forward. Butthink about what generates this force? The answer is as follows. In a closed
container, gas pressure applies force in all directions and these forces cancel eaBhtother.



when a hole is made from where the gas can escape, the forcepptsie direction is
unbalanced; and that is what makes the rocket move. If you understand this, you should e able
to answer the following question. If we take a closed box with vacuum inside and punch a hole
in it. Which way will it move?

We conclude tis lecture by summarizing what we have learnt. We studied the conservation of
momentum and a related concept of the centre of mass. Using momentum, we then calculated
the force on a surface being hit by a stream of particles, or jet of water. FinallsiweadiBout

the variable mass problem and applied it to a rocket taking off. In the coming lecture we will use
the conservation of momentum principle along with the conservation of energy and see how this
combination becomes a powerful tool in solving medtgproblems.



UNIT T IV
WORK ENERGY METHOD

Work and Energy

You have been studying in your school that we do work when we apply force on a body and
move it. Thus performing work involves both the application of a force as well as displacement
of the body. We will now see how this definition comes about naturally when we eliminate
time from the equation of motion.

The question that immediately comes to mind is why should we eliminate time from the equation of
motion. This is because when we &l the motion of a particle, we are usually interested in

velocity as a function of position. Secondly, if we write the equation of motion in terms of time
derivatives, it may make the equation difficult to solve. In such cases eliminating time from the
equation of motion helps in solving the equation. Let us see this through an example.

Example: Consider the motion of a particle in a gravitational field of mMass
Gravitational force on a massis in the radial direction and is given as

g M .
F(!‘) == e

r

Since thdorce in the radial direction, it is better to write the equation of motion in spherical
polar coordinates. For simplicity we consider the motion only along the radial direction so
that the equation of motion is written as

As you can see, integratingghequation to get r(t) as a function of time is very difficult.

On the other hand, let us eliminate time from the equation by using chain rule of
differentiation to get

d’r _d (dr} _drd [dr] _ v

de*  del\dt) dtdr\dt dr

where¥ =7 is the velocity in the radial direction. This changes the equation obmiati

dv oM
v -_——

dr r2

This equation is very easy to integrate and gi&s” as a function of, which can hopefullype
further integrated to getas a function of time. Nowe go back to what | had said earltbat



the definition of work and energy arisegturally when we eliminate time from the equation
of motion. Let us do that first for one dimensional case and analyze the problem in detail.

Work and energy in one dimension

The equation of motion in ordimension (taking the variable to keand the force to bE) is

d:"x_

M—=
dt?

F(x)

Let us again eliminate time from the isfédnd using the technique used above

]
&

d’x _d ( L-fx'] _dxd{dx)__adv
de*  dt J

= yV—

dt) dedx\dt) dx
to get
v dAdl )
mvi = —(— my° ] = F(x)
dx  dx\ 2
On integration this equation gives
%7
1
Emvf ——my; = J.F(x)dx

where xand x refer to the initial and final positions, andawnd ¥ to the initial and final
velocities, respectively. We now interpret this result. We define the kinetic energy of a particle of
massm and velocity to be

S 2
Kinetic energy = —mv

&

and the work done in moving from one position to the other as the integral given above
Work done = | F (x)dx

With these definitions the equation derived above tells us that work done on a particle
changes its kinetic energy by an equal amount; this known agtkeenergy theorem

You may ask: how do we know this equation to be true and consistent with ewailms?
This is the question that was asked in the early eighteenth century when it was not clear how

to define energy, whether es/or asmv? The problem with the definition asvis that if two
particles moving in the opposite directions have tbeérgies canceling each other and if they



collide, they stop and all the energyast.On the other hand, defining it proportional to

v’makes their energies add up and noting is lost during collision; the energy just changes form

but is conser@d. Experimental evidence for the latter was found by dropping weights into soft
clay floors. It was found that by increasing the speed of the weights by a factor of two made
them sink in a distance roughly four times more; increase in the speed byr afdlctee made

it nine times more. That was the evidence in favor of kinetic energy being proportiu%al to

Potential energy:Let us now define another related energy known apdlkential energy This
defined for a force field that may exist in thgace, for example the gravitational field or the
electric field. Before doing that we first note that even in one dimension, there are many
different ways in which one can go from poiro point2 . Two such paths are shown in the
figure below.

1

L 4

On pathA the particle goes directly from poihto 2 , whereas on path it goes beyond poiri

and then comes back. The question we now ask is if the work done is always the same in going
from pointlto point2. This is not always true. For examplehiére is friction, the work done
against friction while moving on path B will be more that on path A. If for a force the work done
depends on the path, potential energy cannot be defined for such forces. On the other hand, if
the workWj2done by a force in going frothto 2 is independent of the path, it can be expressed
as the difference of a quantity that depends only on the posttiandxpof pointsl and2

(Question:If the work done is independent of path, what will be the work loiptiee force field

when a particle comes back to its initial positignWe write this as

x2
Wy = | F(x)dx=-U(x,) +Ux)

xl

and call the quantity(x) the potential energy of the particle. We now interpret this quantity.
Assume that a patrticle is in a force fi€i(k) . We now apply &orce on the particle to keep it in
equilibrium and move it veryery slowly from pointl to 2. Obviously the force applied lsis

- F(x) and the work done by us in taking the particle frbta 2, while maintaining its
equilibrium, is



x2
- [ F(x)ydx = W,y = Ulx) - U(x)

xl

Thusfor a given force field, the potential energy differebif®, ) - U(x1 ) between two points is
thework done by uB1 moving a particle, keeping it in equilibrium, fralrio 2. Note that it is
the work done by usand not by the force fieldthat gives the difference in the potential
energy. By definition, the work done by the force field is negative of the difference in the
potential energy. Further, it is the differencehia potential energy that is a physically
meaningful quantity. Thus is we want to define the potential engfgpyas a function ok, we

must choose a reference point where we take the potential energy to be zero. For example in
defining the gravitationgotential energy near the earth's surface, we take the ground lbeel to

the reference point and define the potential energy of ammasseighth asmgh Wecould
equally well take a point at heighgto be the reference point; in that case the piatleenergy
for the same mass at heighivould bemg(h- hp) . Let us now solve anothekample.

Example: A particle is restricted to move along the@xis and is acted upon by@ace
F(x) = :

x* +a* | Find its potential energy.

We first note that the force is always acting towards the pos#idiegktion. Thus when we
move the particle, we will have to do positive work when taking it towards the negative
direction. Thus we expect the potential energy to increas@asomes ma and more
negative. By definition

a
Uxy) - Ulx,) = —] F(x) dx
1

-
1
=- dx
2 2
nXx +a

X x
=tan | 2L |-tan | 22
a a

Now we choose our reference point. If we chddéa = D) , the pdlential energy is given as

Uy (%) =§' - ‘(3

On the other hand if we choosgxi = 0) =0, we get

Uy (x) = —tan _I[E]
a



The two energies are shifted with respect to one another by a constant so that the difference in
the potential energy between two points is the same for both the forms, as pointed out earlier.
The potential energy is lowest for =andincreases as we wstowards left and becomes

largest forx = - B . This is precisely what we had anticipated above on the basis of the

meaning of potential energy.

Conservation of energy:Having defined potential energy we now combine it with the
work energy theorem to oze up with another very important conservation principle: that of
conservation of energyThis is obtained as follows. By the work enetiggorem

x2
- ¢

——mv =W, = IF(TJ dx

= x1

b b

V.

0o | =

and by definition of the potential energy
W, =-Ulxy)+U(x)

Combining the two equations we get
1 5 1. 2
Eifm’2 +U(x,) = Emvl +U(x,)

This equation means that if a particle moves in a force field where the work done by the force
does not depend on the path taken, the sum of its kinetic and potential energy remains
unchanged from one point to another. The sum of the kinetic and poesraigly is known as

the total mechanical energy. Thus in a force field for which the potential can be defined, total
mechanical energy is conserved. Such force fields, where the total mechanical energy is
conserved, are therefore known as conservative fmids. Thus whereas the example above is
a conservative force field, frictional force is nQuestion:If the potential energy is explicitly
time-dependent, is the total energy conserved?

We now move on to generalize and discuss these concepts Hulifteesions.
Work and energy in three dimensions

As we already know, work is defined as the scalar product of the force and displacement vector.

Thus if a particle moves under the influence of a force F(7) from point 1 to point 2 along the
path showrbelow, the total work is calculated as the sum of partial work done tliben

particle moves a vanishingly small distai&! along the arrows shown below in tgure.



Thus the total work done in gives as

Wy = [FF) di
{12)

whereC(12)indicates that the particle is moving along the c@eom pointl to 2 . Writing
the dot product explicitly, we get

Wiy = J'Fx(x,}f,z)dx+ J-F_‘,(x,y,z)dy+z+ _[Fx(x,)-f,z)dz
o{12) o{12) o(12)

wherd=j (i = Xx,y,z)indicates theﬂi] component of the force angyandz are varied along
the curve. Let us do an examplecafculating the work in this manner in twlimensions.

Example: Consider two force fields (£ (%X = %1 +YJ and (0)F (%) ==Y1 +%Jin the x

y plane. Calculate the work done by these forces when a particle moves from the origin to (1,2)
along the three paths C1, C2 and C3 shimthe figure below. On C1 the particle goes along

the xaxis first and then moves parallel to thaxis; on C2 it travels along theaxis first and

then parallel to the-axis and on C3 it moves along ttiegonal.



(1.2)

The work done is gen by the formula

W, = J’Fx(:r;,y,z:)a’XwL J-Fv (x,y,z)dy
cy12) cy12)

Along C1y = 0,dy = Owhile moving along the-axis whereag = 1 anddx = Owhen the
particle travels parallel to theaxis. Thus the work done along C1 is

1 2
Wy (CD = [ (x.y = Odx + [ F, (x = 1,y)dy
0 0

Similarly work done along C2 is given as

2 1
W, (C2) = [ F,(x= 0,)dy +[ 7, (x,y = 2)dx
0 0

For path C3, we hawe= 2xso thatdy = 2dx. Therefore we substitute= 2xin the functions
giving the force and repladbby 2dx. As a result, the final integration is oweonly with x
varying from0Oto 1. Thus the work done is

Wy (C3) = | B, (x.y)dx+ [ F,(x, y)dy
3

J

3

1 1

= IF (x,y = 2x)dx+ 2] F,(x,y = 2x)dx
0 0

We are now ready to work out the work ddmyeforce in (a) and (b) (I would like you to
plot these force fields and leave it as an exercise for you). For the force in (a) we get



1 2
5
Wy (C1) =[x [ yay = >
0

0

2 1
5
W, (C2) = | ydy+ | xdx=—
12(C2) !yy Ixx >

0

1 1
5
O3 = | xdx+2| (2x)dx = —
W, (C3) _[xx !(x)x >

0

For force (b) on the other hand we get
1 2
W, (C1) = [ (0)dx+ [ (Ddy =2
0 0

2 1
W (C2) = [ (Ody + [ (-2)dx = -2
0

0
1 1

W, (C3) = [ (—2xydx+2[ (x)dx = 0
0 0

Thus we see that whereas the force in (a) givewtk to be the same for all three paths, that in
(b) gives different work along the three paths. Thus the first force field may be conservative
but the second one is definitely not.

Now let us derive the worknergy theorem in three dimensions. Stamnftbheequation
WL
of motion  d: and take the dot product of both sides \tlit velocity‘:"to get
e E et e S TSN 2B
dt 2 dt

Now integrate both sides with respect to time anc® = V4t whered! is the small distance
traveled by the patrticle in time intervd to get

%ma’{f"-{;} = %md{v2)= F.vdt

=F.4

On integration thiseads to



This equation tells us that when a force makes a particle move along path C from point 1 to 2,
the work done by the force equals the change in its kinetic energy. This is thenveogy

theorem in threglimensions. It is exactly thers@ as in one dimension except that the work
done is calculated by moving along a thdemensional path.

Potential energy:As is the case in one dimensional motion, potential energy in general can

be defined only if the work done is path independerthan case, the work done depends only

on the end points of the path of travel and can be written as the difference on a quantity that is
a function of the position vector onljhus

72
Wy = | B dl =-UGFE)+UG)
71

where” ) is defined as the potential energy. Notice that this tinmavie not written any
specific path but just the end points with the integral sign because the work is supposed to be
pathrindependent. From the definition above, it is also evident that here too the differdree in

potential energLU(’:a) ~UA) between point and point2 is thework done by ug moving a
particle slowly, maintaining its equilibrium, from poibto point2. Now following the exactly
same steps that we did for the one dimensional case, wetlsaiow

S +UG) = +U )

Thus when the potential energy can bdruf, the total mechanicahergy of a particle
is conserved | remind you that the total mechanical energy is the sum of the kinetic and
the potential energies. In such cases the force is saidctinbervative.

By now you may be wondering how can firel out whether a force is conservative or not. Do we
have to calculate the work done along all possible paths before we can say that the force is
conservative and therefore the principle of conservation of energy holds good. That certainly would
be imposible to do. However, there is a much simpler test to check whether a force field is
conservative or not. | am going to tell you about it without giving the proof. To find out about

the conservative nature of a fonF @ , we calculate its cu VX F(7) definedas



<4
X
T4
Il

:{:‘ g)l "
\::JQ')l Lv F I
Wt gjl W H

Now if the curl of a force field vanishes everywhere, it is a conservative force field. On the other
hand if the curl of a force field is nonzero, it is not conservative. Let us now apply this test to the
two force fields for whiclwe calculated the work done along different paths. For the falte

Flx,y)=x1+YJ the curlis zero everywhere. Hence it is conservative and, as we saw with
three paths, the work done in this field is indeed path independent. On the other hand, for

Fx,y)=-yi +XJ  the curl comes duo be 2k and therefore the force is not conservative. This
was seen above where the work done along the three paths were all different. We now solve an
example where knowing the conservative nature beforehand helps us avoid an unnecessary
calculation.

3
Fxyz)= Ay + 1 5+2%0
Example: Take the force field given k| 3 and consider a patrticle
moving from A to be along the semicircular path ACB (see figure below). Calculate the

difference in its kinetic energy at B andAat

x @1
(Dsl) B

To calculate the change in the kinetic energy of tliegbaas it moves from A to B, we should
calculate the work done by the force in when the particle travels along the semicircle. For this
we should calculate

Wy o = J'Fx(x,y,z=0)dx+ J-Fy(x,y,z=0)dy

{ACE) {ACE)



withy anddycalculated from the equation of the cir (x= D +(-1' = 1. You should try it

and see foyourself that the integrals become really lengthy. On the other hand, if the force is
conservative, we can calculate the work done in particle moving along the diameter. The
latter calculation is much easier. Let us therefore first calculate the ¢bd @drce. It is

i J i
L : _
Pkl 2 8 Bl
o v oz
3 )
Aty AL 47
3

Thus the work done between any two points is4radlependent. We therefore calculate the
work along the diameter AB. It is

§
I

o
=
[ %]
&

—y O

e

W= =

Since the work done is independent of the path, it is going to be the same for the
semicircular path ACRilso.

After defining the potential energy and getting the principle of conservation energy, we now
look a little more at the relationship between the potential energy and the force it gives rise to.
As a consequence we also discuss what can we learntabanbtion of a particle by looking at

its potential energy curve.

Learning about force and motion from the potential energy

We learnt above about how the force leads to the concept of potential energy. However, it is the
potential energy that is easterspecify than the force. The reason is very simple: force is a

vector quantity and as such in specifying it we have to give its three components as a function
of position. On the other hand, potential energy is a scalar quantity and is easier te arite a
function of position. For the same reason, many a times it is easier to calculate the potential
energy than to calculate the force, as we will see in an example below. Thus generally we give
the potential energy of a particle to tell about the forele fin which the particle is moving. In

this section we discuss what can we learn about the motion of a particle by looking at its
potential energy.



First we discuss how do we get the force from the potential energy. Let us first look at
onedimensonal case. Employing the definition of potential energy, we find that for a
small displacemertp x

dU(x)

F(OAx=-U(x+Ax)+U(x)=- Ax

which means that the force is given by the formula

dU(x)
dx

F(x) =-

This is the key formula relating the force to the potential energy. On the basis of this formula,
we can infer a lot about the nature of motion by looking at the potential energy Eustd.
dU(x) 0 dU(x) <0
dx , then the force is towards the negativeivection and it dx , the force is
towards the positive-girection. Thus the force is in the direction of decreakifQ. Whatif
dU(x) _ 0
dx ? In that case the particle in either on a maximum or a minimum of the potential and
there is no force on the particle. The particle is therefore in equilibrium. The equilibrium will be
stable one, that is the particle will come back toetpeilibrium point when displacesfightly

2
U@ .

from that point, if it is at the potential energy minimum or equivalently w dx’ . On the
other hand at the maximum of the potential energy, the particle will rush awayhibm

2
U@ .

point if it is disturbed. Thus ahé potential energy maximum, whe dx* , the

equilibrium is unstable. We see that a particle tends to move towards its potential energy
minimum and move away from its potential energy maximum. All these concepts can be shown
nicely with a bead moving on a sotb frictionless wire bent in the shape of a curve with many
maxima and minima and held in the vertical plane (see the figure below). The potential energy
of the bead is then proportional to the height of the curve and as such the wire itself represents
the potential energy curve in the figure below.
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Now with a bead sliding over the wire, you can easily check that all the points made above
about the relationship between the force on the bead and the mathematical properties of the
potential @ergy curve are correct. Further the minima and maxima of the curve are clearly
observed to be stable and unstable equilibrium points, respectively.

In three dimensions the equivalent of the derivative is the gradient operator. Thus the force

F(7) in two orthree dimensions is given as

O _ [ 9UGx,».2) »  OU(x,y,2) » U ),2) ¢

Thus the force is in the direction opposite to that of increasing U. Further, it vanishes wherever the
gradient of the potential energy is zero. Individual components of the force are given as

.
L R
o oz
po_dUp 2U; AU,
A word of caution is needed he ox G %z does not mean that if we transform

to some other cordinates system (say spheridaign



will be correct. This is not even dimensionally correct. To get the correct answer, one
must properly transform fromattesian to polar cordinates. The result then is

- o, 10U 4 1 U,
Fem— e r— oo — ¢
or r 08 rsmn 8 o¢

Thus in spherical polar coordinate system, the force components are given as

frwally: Pomad L8 god Hmm— 5.
or r 08 rsin 8 ¢

Similarly in cylindrical coordinate system the force is related to the potential energy as

P OCR D00 PP g

or r d¢ oz

With the individual force comonents
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Having given you the prescription for obtaining force from the potential energy let us now
apply it to find the field of an electric dipole using its scalar potential.

Example: As an application of finding force from the potential, letakulate the electric
field due to a dipole.

Let the dipole be situated at the origin along texis. Let the charges| and+q be separated

by distance?a (see figure below) so that the dipole momei# = 2441 Then potential and

field at any point can bealculated by adding the field due to the two charges. Adding the field

in this case becomes a bit difficult because we have to obtain three components of the field for
each charge and add them. On the other hand, finding the potential is relativelgcasebt

is a scalar quantity and we obtain it by adding the potential due to two charges. Then the
gradient gives the field. In the calculation we assumeathatY andq is correspondingly very

large so that their product is finite. We will be using thy keeping term only linear amand
neglecting higher orders.
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The potential (potential energy per unit charge) due the two charges is given as
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Now taking the gradient we get the three components of the force, which are

g U__ 03 ipx
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Similarly



7 - d kpx 3 2kpxy 3kpxy
y - AL 3 [T 5|7 5
B_y (xz +y2 +22)5 ¢ {xg +y2 +22}5 r
P d kpx 3 2kpxz 3kpxz
N~ T|T5 3
& {7c2+y3 +22}5 z (:k:3 +y2+23)5 r

Combining these results together we get for the field of the dipole
— = 1 AT -
EF)= kr—a[%wlf - 7]

| would like you to get the same result by adding the fields of the charges together and
compare the answers.

In these lectures, we have learnt: the wenlergy theorengefinition of potential and its
relationship with the force field, concept of conservative forces and the principle of
conservation of energy. | leave these lectures by giving you a few exercises.

Exercise 1:Consider onalimensional motion in a potenttid(x). Show that if a particle of

massamis displaced slightly from its equilibrium position at a potential energy minimug) &t
will perform simple harmonic oscillations. Find the corresponding frequency.

Exercise 2:Consider two different inertidtames moving with respect to one another with a
constant velocity. Starting from the weekiergy theorem in one frame, prove that it is true in
the other frame also.
Collisions
In the previous two lectures, we have seen that when many particleteaaeting, there are
two conservation systems that are obeyed by them. One, if the net external force on the particles

is zero, the total angular momentum of the system remains a constant. This is expressed
mathematically as

iji = 0= m;V, = constant
i i

d —
— V. |=0
or v [;mzv,J



Further we saw dumg the motion of a many particle system, one poitst centre of mass

FH.
moves as if its madd is equal to the total ma : "of the system and thetal force

ﬁm :Z}mi

i is being applied on that mass. The CMardinate is defines as

Z 7

i

M

-+

R o =

And it moves according to ¢hequation

ﬂ-’ﬁ"\.w =l ot

Thus if far =Y then fae =constant 1ha means if the total external force on the system is
zero, the CM moves with a constant velocity. This is another way of expressing the
conservation of linear momentum.

The other conservation principle that we saw thas of total energy. Accordingly the total

energy, which is the sum of their kinetic energy; Kid potential energyE; , of a system
of particles remains a constant

Y. (KE, + PE,) = constant

1

As an example of the power of these principles, in this lecture we apply thesenuiplesi
to the problem of two particles of massegmndmpcolliding.

Before we discuss the problem of two patrticles colliding, we prove something very important
and usefulKinetic energy of a system of particles is equal to the sum of the kinetic ehergy o
its centre of mass and kinetic energy of particles with respect to the centre ofBydgsetic
energy of the CM we mean its kinetic energy calculated as a point particletotfalhmass
M=% m, 3

i moving with the velocity™* @ of the CM. To see this, substitutethe expression
for the kinetic energy

-
=2V
&

Vi =Var tVie \where”®¢is the velocity of the CM anYic iis the velocity of I'particle in the

CM frame. This gives
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Now i is the momentum of the CM with respect to the CM and therefore proportional to the
velocity of the CM with respect to the CM. But the velocity of the CM relative to thasCM

m:'{;éc = 0
zero implying tha : . This immediatelygives

PR T | ~2
& L |

= KE of the CM + KE about the CM

This result, that the kinetic energy of a system of particles can be decomposed inthh&E of t
CM and KE about the CM, is very important and useful. In a later lecture, we will see that
the same is true for the angulaomentum.

The division of kinetic energy as shown above is useful in learning how energies are shared
when particles interact Wi eachkother for short periods of time. As an example take explosion

of a bomb. Since the CM will keep on moving the same agitywas before the explosion

because the forces generated are between the pieces of the bomb and therefore have no effect on
the total momentum of the systerthe explosion does not change the kinetic energy of the CM.
Thus all the energy released in the explosion goes to the kinetic energy of the pieces of the bomb
with respect to the CM. As another example, consider twocfegttolliding and getting stuck
together. Since the CM keeps on moving with the same speed because of momentum
conservation, the minimum kinetic energy that the masses stuck together have to have is that of
the centre of mass. Thus the maximum possibéeggnioss in this case is the sum of their

kinetic energy relative to their CM (also called the kinetic energy in the CM frame).

We now get back to the problem of two particles colliding. We consider two particles of masses

miandmpcoming inwith velocities V1 and V2, respectively, interacting in a region, ahdn

going outwith velocities V1 and V; (see figure 1). This is the simplest collision problem. If more
particles are involved then the problem is going to be move complicated.
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Two particles colliding

Figure 1
Since
we assume padies interact only when they are close to each other, they are essentially free
before and after the collision. Further, the interaction region is very small; thus even if the
particles are in an external field, the potential energy remains essentidpnged during the
collision. Thus we can write

1 1 1 3 1 - 1

-2 -7 2 —¢2
—m Vet +—pvs AR = —mv =,
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where we have addeq Eon the lefthand side to take into account any addition or loss of energy
during the interaction of particles. For example if the particles generate some energy during
interaction,go E>0 . This will be the case when two particles release some chemical energy. On

the other handp E 0 when the particles lose energy during interaction. This is called an

inelastic collisiongpE 04s the case of elastic collision; here the total kinetiergy before and

after the collision is the same. If particles interact over a large region, we can take the velocities
to be in the asymptotic region, where the particles are far apart and therefore the equations above
are applicable. The discussion so fias been in terms of balancing the energies involved during

the interaction.

The other conservation principle is that of conservation of momentum. Usually during collision
the impulse due to collision (internal force if two particles are consider@aeasystem) is

much larger than any external impulses. So we neglect it and conserve momentum. If the
external impulse comparable to the internal impulse, it must be taken into account. This could be
the case when the external force is very large or ttieles interact for a long time. For the

time being though, we will focus on cases where external impulse can be ne@leated.

- e _ e —+
vy T2V, = Y v,

The two equations are actually a set of four equations with momentum conservation giving three

¥.,%, and AR

equations, one for eaclomponentHowever,given , we have to solve faix

=+ =y
quantities, three components *1 andthree for ¥2. Thus to solve the problem completehge



need more information, for example the scattering angles. In two dimensions also, the
conservatia equations alone are not enough to solve the problem of finding velocities after

the collision. This is because now there will be four unknovinw® components for velocity

of each particle but only three equation, one from the energy balance andwo f

momentum conservation. Only in one dimension, we can solve the collision problem
completely because there are two equations and two unknowns. Nonetheless, we can get a lot
of information about the motion from these two conservation laws as we nowsliscu

As the first example, let us consider two particles of masgsasdmpymovingwith velocities
vy and vy respectively, colliding, getting stuck together to make a particle of fmassny)

that moves with velocit?” . In the process energp Hs released. Themoment
conservation tells us

-t

vy + vy = (g + iy W
and balancing the energy gives

1 2

Notice that we have addeddoBo the lefthand side so that the total final kinetic energhés

sum of the total initial kinetic energy and the energy added to the sygubstitutingfor ¥
from the momentum conservation equation in the energy equatiagetwe

- - 32
-3 L " {m +m.1){m v, + 2, V. }
myv, +m,vy + 208 = L Lotk vt 43

]
&

("’31 +mg}
which on simplification gives

-5, = 2AE(pm, +m, )

{ml * mz}
The lefthand side of the equation above is definitely positive. On the other hand, theamnght
side is negative @pE .8, the finakinetic energy is larger than the initial kinetic energy.
So this reaction will not be possible if it is exothermic, i.e., some energy is generated and added
to the initial kinetic energy. Thus two atoms colliding in free space will not combine to form a
molecule (in which process the energy is usually released). However if energy is taken away
from the system, i.gpE 0,<hen the reaction is possible. This is the information we have got
purely on the basis of conservation laws. We now go on to discuissotsl as described with
respect to the CM. We will see that this gives us a lot of insight into the collision problem.

As we had stated earlier, the conservation of momentum implies that the centre of mass moves
with a constant velocity when there is external force on the particles. Thus if we attach a



frame to the CM, it will also move with constant velocity and will be an initial frame of
reference. Let us call this the CM frame. Since it is an inertial frame, we can equally well
describea collision process is a CM frame. Observing a collision from the CM frame gives us
the biggest advantage that the sum of the momenta (the total momentum) is always zero in this
frame. In this lecture we will be focusing on two particle collisions as ibescfrom the CM

frame. We will see that because of the total momentum being zero, description of a collision in
this frame becomes simpler. In coming lectures we will see that CM provides a convenient
origin for studying rotational motion also.

For mw, let us look at the two particles collision. As stated above, in the CM frame the total
momentum is always zero because in this frame the CM does not move. So that the velocities of
two particles in the CM frame are always in the direction oppositadio @her. Further the

motion remains confined to a plane formed by the lines representing the initial and the final
velocities directions (keep in mind that the velocities of the two particles at any instant are

along the same line though opposite in cli@n). Thus in the CM frame a collision looks as

shown in figure2.

Vi

A two particle collision observed from the CM frame. Incoming
velocities are shown by unprimed symbols whereas outgoing
velocities are primed. Scattering angle is @

Figure 2
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In figure 2 two particles with massegandmpand velocities’ic and are cominyg in for a

collision; they collide and particlegoes outvith velocity Vic and particle 2vith

=
R
Vae =

2 .Inthe process particttg et s de f | e c tcg.d\s dhated emntier,avang | e U

v =
2d there are four unknowns: two component”¢fand two of"2¢to be obtained but only three
equationsone for energy conservation and two for momentamservation. So thgroblem
cannot be solved fully by using conservation principle only. However, if the interaction is



k n o wn , cmahdeath tle velocities after collision can in principle be calculated. Let us
now see how much can we leaimout the motion after collision applying only the conservation
principles. We will be discussing both the elastic and inelastic collisions. Recall that if the
kinetic energy remains unchanged in a collision, the collision is elastic; on the other tiaad, if
energy is lost the collision is inelastic.

Let us first focus on an elastic collision and analyze it in the CM frame. As pointed out earlier,
the velocities of the two particles before and after collision are opposite to each other. Thus

therelationship between the magnitudeg yvzc, v'icandv'2cof the velocities is

P?El'lr’lc = F.‘-‘%’l-’zc
r f
Ve = Voo

1 2 2 1 02 2
=MV T =V = Emlvlc + Emz"’zc

Substitutingfor Yzcand Y2efrom the first two equations in the last one ge
Vie=Ve and Vi =vye

Thus the velocity vectors of both particles just rotate but do not change in magnitude as the
partial move out after collision. You have learnt in previous classes that in an elastic collision the
magnitude of the relative velocity of one particle with respect to the other remains unchanged
during the collision. In one dimension it means thatsipeed of approach of two patrticles is the
same as their speed of separation. Let us now see how it follows directly from the conservation
principles.

' e ' o o - - - - .-, .
As we havaderivedabove Vic = Yie @4 Vie = Yacin an elastic collision. If the velocities of

the two particles ar& @9 V2 respetively, in the ground frame, then
Similar relationships hold for the velocities after collision i.e.
_.,'

< ¥ L s,
V| = Vs + Vo and V) = Vg, +V0

Using these relationships we find that



Similarly, we have

]

t t -t =
[bccause Via = Vg, Vig =Py and ¥la = =W,

-9) = i

{vz ""’1} = (Vzc ‘Vlc}
2 2 - —
= Ve + Ve — 2V Vig
2 2
= Vie +Vie + 2V Vi

(because ¥, =~V )

-+ 2
_Vlc}
g 12 =+t ¢
= Ve +Vie — V30 Vi

.2 2
= Ve + Vi +2v50 Mg

Thus we see that in an elastic collision

We have shown that theagnitude of relative velocity of one particle with respect to

{"-55 _"-’.1'}2 = {'753 - "-"-1}2

other remains the same in an elastic collision.

To see the dramatic effects of a nearly elastic collision, take ateabies ball (very small mass),

put it on a large bouncy ball of mags(M >> m) , and drop them from a height (see figure 4) on a
hard floor. You will see that the tablennis ball bounces back really high after the balls hit the
ground. Can you work how high will it go if the balls are dropped from a height h?

Assume thaho energy is lost.

Bouncy ball

. Table-tennis ball

l

777777777

Figure 4



Now we consider a twparticle elastic collision in a plane and analyze it. This could be the
collision of a striker and a coin on a carom board, for example. It is-dim@nsional case. We

are going to analyze the motioraghically. First we look at the velocities in the CM frame. If

we take the initial direction of particle 1 towaress, the velocities of the two particles before

and after collision can be shown as done in figure 5. Keep in mind that in an elastiorgollisi

the magnitude of the velocities of each particle remains unchanged in the CM frame. However

the direction of the velocity for each particle changes by an &hgleas shown in figure 5.

®cm

-+ a
\ VQC ’

Velocities of twe colliding particles before and after collision as seen in the CM frame

Figure 5

The picture above shows the angle of scattering in thdr@le. However experiments are done on
ground- and not in the CM frame. So we should be answering the question: by what angle

diabdoes particle 1 scatter in the laboratory frame? Since velo™1zew Vlin the lab frame are

given as

V) = Vg TV and ¥y = Vg

be shown as done in figure 6.

tVae | the relationshifpetween these velocitiesn



Velocities af particle 1 before and after collision as seen in the CM and the lab frame.

Figure 6

From figure 6, it is now very easy to see that

o B
Vi sin Oy,

tan 8,,, e 5
Vg TV oSO o,

Viesin © 4,

Yoy TV oSO gy
sin ® gy

- Ve V10) 05O (g,

Similar relationships can also be derived for particle 2. Now if particle 2 was at rest when hit
by particle 1, then

Y 2,V
Vg = 11 and vy = 29
ml+m2 m +m,
This gives
sin &
tan 8,,, = L

- (m, fm,) +cos® 4,

Let us now look at two casa®y> mpandmi<moy. In the case afn>my,dapcannot be greater
than a particular angldnax This can be either calculated by using the expression above or

alternatively, graphically as we do. Fof> mpwe also havecy>vic. Thus a picture
showing the velocities in the laboratory and the CM frame looks like that in figure 7.



Deflection angle of particie 1 in the lab frame is maximum when velocities V| and v\ are

perpendicular.

Figure 7

It is clear from figure 7 that the deflection angle of particle 1, when hitting another particle of

- - - - -, . -‘-r
smaller mass, increasesldgyincreasegrom zero It is maximum when the velocitic¥1 and
vi~are perpendicular. Vi«is rotates beyond this angle, deflection starts becosmialer.

Thusdmayis given by the formula

r b
Yie _ Yic _ "4

sin 8, =

v v

Y [ VG

It is clear from the expression above that when a particle hits a ljgdrtésle at rest, it is
deflected by a small angle. This is reasonable as a light particle can hardy deflect a heavier
particle. Thus the heavier particle keeps on moving forward even after the collision. On the

other hand, there is no restriction on thattering angle when a light particle hits a heavier

particle at rest i.em<mp. In this casecm< vicand therefore the graphical representation of
different velocities is as shown in figure 8.



Deflection angle of particle 1 in the lab can take any value when mp<my.

Figure 8

It is clear from the figure that &$cmincreases, so doefgp. In this situation, however, there is
no restriction on the value thdgp can take atlcvsweeps angles frotito 2 .

So far we have focused on elastic collisions only and could learn a great deal about them from
conservation lawsr momentum and energy. Such general conclusions are difficult to draw for
inelastic collisions. As discussed in the beginning of this lecture, for inelastic collisions, we can
definitely say that the maximum possible loss of energy is equal to thelénetgy of

particles in their CM frame. This would occur when the colliding particles get stuck together so
that their kinetic energy after collision is zero in the CM frame. This concludes our lecture on
collisions as analyzed using conservation laws.

Rotational dynamics I: Angular momentum

So far we have applied Newton's laws to point particles and the CM motion for a collection
of particles. We are now going to look at what happens beyond the motion of the CM, which
is described by the equation

Let us see what else could happen to a body made up of a collection of particles where forces
are applied at each point (figure 1). The particles are connected with flexible attachments shown
as lines.
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Distortion of a collection of particles connected with
each ather maving under force on each particle.

Figure 1

Py
In the figure above, although the Qibves with M M the body itself could deform and
change its orientation. Thus the distances between the particles and the angles between lines
joining them would change. This is the most general motion that could take place. In the next
few lectures we wartb focus only one of the effects of the force applied. We are going to
assume that a body only changes its orientation but does not deform. This is achieved by
keeping the distance between any two patrticles of the body unchanged. Such a body is known as
arigid body. Thus in the example above, if we connect all the particles with each other by rods

of fixed length, the body will become rigid. This is shown in figwre

A bady is rigid if the distance between any of its two
particles remains unchanged.

Figure 2

The only possible motion of such a body is a translation plus a change in itatmrerThe
simplest example of a rigid body is two masses attached at the ends of a rod of fixed length.
On the other hand, a tirtan partially filled with sand is not a rigid body since the distance
between two particles keeps on changing with the matiohe can.



As stated above, the most general motion of a rigid body is its translation plus its change of
orientation. The latter is equivalent to a rotation about a point. The beauty of this decomposition
is that to get the final position die¢ body, we can translate any point in the body and then rotate
the body about that point. Irrespective of which point we choose, the sense and the angle of
rotation is always the same. Usually this point is taken to be the CM for reasons that will

becomeclear later lectures. This general motion is shown below in figure 3, giving two possible
ways of translating and rotating thedy.

rotation transiation

rotation

The most general motion of a rigid body is its translation plus a rotation.
Two such possible ways giving the same final orientation are shown. in
both cases the sense and angle of rotation are the same

Figure 3

You see that in figure 3 the rigid body has translated and also rotated. On the other hand, if we
keep one of the poiston the body fixed the only thing the body can do is to change its

orientation (see figure 4). Thus with a point fixed, the only possible motion of a rigid body is
a rotation.

mm.{zon:'l

—

The only possible motion af a rigid body with one af its points fixed is a rotation.

Figure 4

A guestion that arises now is how many variables do we need to speanii@l motion of
a rigid body. It requires three variables, y and z coordinates of the point that is translated
to describe the translation, and three maegle of rotation about each axi® represent the
rotation. You can see that in geneaaaigid body would require six variables to describe its



motion. However, if one of its points is fixed, three variables are sufficient to specify its
rotation. So we concluderigid body needs six parameters to describe its motion

For simplcity, in the beginning we are going to focus on rigid moving with its one point fixed.
Thus it will change only by changing its orientation. We will further simplify the problem by
considering rotation about an axis fixed in space. In the next step, hadlovil the axis to
translate but without changing its orientation. Finally we will also let the orientation of the
axis change. Thus we will increase the complexity of the progteatually.

Dynamics of rigid body: The dynamics of a rigid body is bektscribed by considering its

angular momentum. You can think of angular momentum as the rotational counter part of linear
momentum. This quantity is central to describing rotational motion of a rigid body. So let us first
spend some time in understandihgs tquantity. Although we are introducing angular momentum
here in the context of rigid bodies, the treatment below is quite general.

For a single particle moving with linear moment# ata distance” from the origin the
angular momenturZ is definedas

-

E:F)(p

You can immediately see that it is an origependent quantity. If we calculate it with respect to
some other point, it will come out to be different. If a particle of massmoving in a plane
then using the polar coordinates for it, it is easily shthwahits angular momentum is

7 — 2 5 5 . . .
L=mr"9Z | et us now find out what is the rate of change of angular moment? It is
calculated below.

dﬁ_d(ng

@ a’ ¥
ar + - dp
= —Xp+4+r x—
dt ¢ dt

e m e BB

With d dt

is simplifiedto

,Whereﬁ is the force on the particle, the equation above

22— FxF =T (torque)

Thus rate of change of angular momentum is equal to the torque applied on the body. From the
equation above, the law obnservation of angular momentdatiows immediately: If the

applied torquef =0the angular momentu i does not change, i.e. it ixanstant. Thequation



dl .
_-_-T
dt

is the angular momentum equivalent of Newtonnglaw. Let us now illustrate the
ideas presented so far with the example of a conical pendulum.

Example 1: A conical pendulum is like the regular pendulum with atlighassm = 0) rigid

rod carrying a bob of massat one of its ends. The other end is fixed and the bob moves in a
circle with speed (see figure 6). We wish to calculate the tension in the rod and thedahgle
makes from the vertical by applying thegular momenturorque equation.

O

A conical pendulum
Figure 6

Let us first calculate angular momentum about pointVe will use cylindrical co
ordinates because of the symmetry of the problem. With resp@ct to

F=lsin 8F-lcos82 and V=vg
o :,&?2;‘.-)(1-;
= m(isin 8F —lcos 85)xv

=mvisin 8Z +mvicos 8F

The é@ctor looks as shown in figure 7, when the bob opémelulum is in the paper plane.
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mvisin 82 1

mvicos 87

The angular momentum and its components
Jor a conical pendulim

Figure 7

So theangular momentund is perpendicular to the rod (take the dot product with
r=lsm 8r-Icos8Z 0 masenand see for yourself) and as the particle rotates the horizontal

component oL are rotates with it and the verticmponent remains a constant. Lehaw
apply the equation

dly
—_— =T
a
We have
B s i(mv.t’ sin 82 +mvli cos OF)
dt dt
= mvicos 5’%5‘“
Z
= mvicos 8 ¢5¢?

e

mvicos 8 x ,v @
{sin &

= mv® cot 5'-;5

We now calculate the torque acting on the pendulum. There are two forces, the 7 gsibn

W

the weight”” = 2% acting on the particle as shown in figéte
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Forces acting on the mass m of the conical pendulum

Figure 8

But f’passes throug® and does not give any torquehus

T, = (Isin 8F =l cos 82) x mg(-2)

= mg!sin 9&

dly o
—_— =T
Substituting these in the angular momentiongue equatiol &t othengives

2
Y —tan8sin 8
gl

The angular momentutorque equation therefore gives us the ardjlhat the pendulum
makes with the vertical. How do we find ttemsionT ? On the other hand, applying Newton 's
second Law weet

2
wmy

Tcos8@=mg and Tsm 8=

{sin &
giving
2

and tan Gsin 8 = X
cos & gl

M




dlo o

—_— =T
These equations give us bdtlandd, buttheequation dt 5 gives only the angular
relationship. Does this mean that the angomiamentum torque equation is not equivalent to
Newton 's second law? The answer is that it is. It so happens that in applying the equation about

O, when cross produc’ *Z @14 7 X F 5r6 taken, some cqranents of the force do not

contribute to the torque and drop out of the equaffonexample in this cas?” xT becomes
dL

_=‘E=

zero. To get full solution, therefore, we now ap about point A. Taking A as the
origin wehave

F=lsin 87 and V=vg
g =mism 8rxvg
= mvisin 82

L

Since all the quantities 1“4 areconstants, whave

Let us calculate the tOI’Ql:"':A about A. With A as the origin, the forces are giasn

T =-Tsin 8#+Tcos87 and md =—-mg?

Therefore
T, =1sin 87 x{-Tsin 8F + (Tcos&—mg) }5=0
= (Tcos &—mg)sin 5(;5 =0
which gives
fim g
cos&
dl _.

Thus applying ¢ about two different points gives exactly the same solution as that obtained

P_F
from dt . Thus the two ways @olving the problem are equivalent. Through this exarnple



dl .

- i —_— T
have shown you (ahe origindependence of and T , and (b)equivalence ofdt and
dp

dt

i

Let me now illustrate conservation of angular momentum by a well known example: that of
Kepler's Law of equakrea concept in equal time. Accordingly, when planets are going around the
sun, the rate at which their position vector from the sun sweeps the area is a constant. Recall from
the lecture on polar coordinates that for a particle moving under a radm| feedad

obtained tha”#is a constant. This is nothing but two times the rate of area dwyebp
radius vector. We now want to get this law from the conservation of amgataentum.

For a planet, we know that the force is in redial direction. Sdhlbabrque
Fuprxl=0
Thus

@ =F=0 or L =constant
dt

-‘_ A = P - . . 2 1A )
Sincel = mrf xv = mrf X (FF +rg@) = mridZ s constancyneans

rz‘gf’ = constant
which is Kepler's second law.

dl. .

—— ‘1'
After this initial demonstration ¢ @ with a single particle, we move on to a system of many
particles. It is really a system of many particles that we are dealing withdrbodydynamics.

Angular Momentum of a collection of particles:If there are many patrticles then the total

angular momentur Z about a poinO is the sum of individual angular momenta of each
particle abou© . Thus

m7; X Py

o
:22 -.



As for the angular momentuof a single particle, the angular momentum of a nzaryicle
system is also origidependent.Question:Under what conditions will the angular
momentum be independent of the origin?)

Now recall that the kinetic energy for a collection of particléeessum of the kinetic energy

of their centre of mass (CM) and the kinetic energy of particles with respect to the CM.
Interestingly the angular momentum of a manayticle system can be expressed in the same
manner. Thus the total angular momentum ofleection of particles is equal to the angular
momentum of the CM plus the angular momentum of particles about the CM. Let us now prove
it. To do so express the position vector and the velocity of a paasicle

T =7ge the and ¥, =V, tV

where” @ 29 Ve refer to the position and velocity of the CM ¢hic and Ve the position and
velocity of i particle with respect to the CM. Now the total angular momentum can be agites

L= Zm!(rwﬁ- c)x':"’cw*'v )

= (Zmi].;w XFW +Fm X(Zmiﬁc]
2

+(Zmiﬁc] XV eae +Zmi’}'c X Vi
i

; :C:QJ o O andL ‘mxvzcl_
However, by definition of the C Ther ore the sectond and the last term in thesexpres
above do not contribute. The remalnlng terms are written as

L= {Zmi]’"m X Vogg + 2 T X Vi

= M¥gy XV igy +Zmiﬁc X Vi
i
= Lene + Lopourcas
where M is the total mass of the system. This is a remarkable result, and as we will see,

facilitates calculations involving rigidody dynamics a lot. Keep in mind though that this
resultis true only with for the CM. For an arbitrary point O' in the body, we cannot write

L= "[\9' +Labouto‘



- -

becausé = Lo +Lasouce depends explicitly on the definition of the CM. We will later use
this fact to obtain the parallel axis theorem that you may have learnt in yoigusrelasses.
The theorem is similar to the transfer theorem of the secuwndent of ararea.

- - -

The reIationshipL = Lese + Larowane also tells us that if the total momentum of a system of
particles is zero, its angular momentum will be independent of the origin. | leave the
simple proof for you to workut.

Example: Take a bicycle wheel of radid&rolling along the ground and assume all its mdss
concentrated along the rim. If it is rolling without slipping then its motion is as follows: its CM
moves with spee¥ alonga straight line and the wheel rotates about the CM with angular speed

V

R sothat the point on ground is at rest. We want to find its angular momentum in a
frame stuck to the ground such that the wheel is moving alongaitss)see figure 9).

X
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A bicycle wheel rolling along the ground

Figure 9

The angulamomentum of the wheel about its CM is given as

Eabom(?-d = (Z ms]RV
= MRV

So angular momentum about the ori@in(see figure 9) would be

= MRV +angular momentumaf CM about O,
= MRV + MRV
= 2MRV

On the other hand, if we were to calculate the angular momentum ap(agedigure 9)
it would come out to be



= MRV +angular momentumaf CM about O,
= MRV +M(R+a)l”
= 2MRV + MRa

Notice that in bdt the cases we have added the angular momentum of the CM and that about
the CM. It is because their directions come out to be the same (negative z direction). One must

be careful about these things because angular momentum is a vector quantity. Having

introduced you to the concept of angular momentum, | now discuss about the rate of its change

for a manyparticle system where the particles are interacting with each other also.

dL
Dynamic of a rigid body; ¢ and conservation of angular momentumiet us nowook at
dL
dt in the case of a collection of particles which are interacting with each othareand
also being acted upon by external forces.

dt dt 5
= Za iy X——
: dt
dv, 7 3
. —= 7.
But  dt “( Ji's the total force, i.e. the sum of external and internal forcéseon

particle). This gives

}

di .
— " X1
d‘f ; 1 1

Before sinplifying this equation in terms of the external torque, let us see where does
this equation lead us for a two particle system shown in figure 10?



A twao particle system with particles interacting with each other and
are also being acted upon by external forces

Figure 10

The two particles 1 and 2 shown in figure 10external forces;flm e fzm, respectively.
They also inteact with each other with particle 2 applying a fc Juon particle 1 and particle 1
applying a force Jaon particle 2. We assume the forces to be following Nevvtorrld'taw SO

that /21 = ~J12. Now the rate of change for this system can be wréten

-

dl, . =« - - - -
% = A X (e +S12)+ 75 X (fo0e +F21)

=P X flon t 7o X Sy +71 % fig +73 X
= A X fim+t B X hat A -B)x S0

= T + (A = 7 )% s
Thus the ratef change of angular momentum is equal to only the exttorale if

(R -A)xfa= Oor S 17 =72) je. the force between the particles is along the line joining
them. At this point | would like you to recall that in the case of linear momentum, the rate of

d‘a - 2 - -
. — =g, only £ £, =-/
change on linear nrmentum equals the total external force, . For
dL .
=7

| i t . . Lo Ry .
angular momentum to satis ¢, the additionatondition of 12 |71 =7 is also
needed. Fortunately for most of the mechanical applications this is true. Let us now generalize
this to the case of @anyparticle system. For suclsgstem

dr i
——— — e g b
- 2hx%g

:ZF: X fn +2 20 ini

i g gwi



Recall the trick used in the case of linear momentum that

so that

Under these conditions, i.éthe force between the particles is along the line joining themn
get

dr. .
— =0 = L = constant

Thus if ‘e =Y then a . Thus isthe law ofconservation of total angular
momentumin the next lecture we will do a few example ofapplication.

We now conclude this lecture by listing the following points that we have learnt:

1 Arrigid body needs six parameters to describgetseral motion; three for translation
and three for rotation,

2. Dynamics of rigid body is governed by its angutasmentum,
3. The angular momentum satisfies #giation

under the condition that the internal forces satisfy Newtonrdslaw and an additional
condition that



