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UNIT-I
FOURIER SERIES

Definition of periodic function

Determination of Fourier coefficients

Fourier expansion of periodic function in a given interval of length 2n
Fourier series of even and odd functions

Fourier series in an arbitrary interval

Half- range Fourier sine and cosine expansions




INTRODUCTION:
Fourier series which was named after the French mathematician “Jean-Baptise Joseph

Fourier” (1768-1830).Fourier series is an infinite series representation of periodic function in
terms of trigonometric sine and cosine functions. It is very powerful method to solve ordinary
and partial differential equations particularly with periodic functions appearing as non-
homogeneous terms. We know that Taylor’s series expansion is valid only for functions
which are continuous and differentiable. Fourier series is possible not only for continuous
functions but also for periodic functions, functions which are discontinuous in their values
and derivatives because of the periodic nature Fourier series constructed for one period is
valid for all. Fourier series has been an important tool in solving problems in many fields like
current and voltage in alternating circuit, conduction of heat in solids, electrodynamics etc.

Periodic function
A function f.R—R is said to be periodic if there exists a positive number t such that
f(x+T)=f(x) for all x belongsto R .

e T iscalled the period of f(x).
e If a function f(x) has a smallest period T(>0) then this is called fundamental period
of f(x) or primitive period of f(x)

EXAMPLE
e Sinx, cos x are periodic functions with primitive period 2n

e Sinnx,cosnx are periodic functions with primitive period 2n
n

e Tanx are periodic functions with primitive period =

Tannx are periodic functions with primitive period T
n

If f(x)= constant is a periodic function but it has no primitive period

Any integral multiple of T is also a period ie. if f(x) is a periodic then
f(x+nT)=f(x).where T is a period and n € Z
If f, and f, are periodic functions having same period T then f(x)=cfi(X)+c,f2(X)
,[c1,C, are constants] is also the periodic function of period T
e |If T is the period of f then f(cix+c,)also has the period T [c1,c; are constants]
e If f(x) is a periodic function of x of period T
(2) f(ax),a#0 is periodic function of x of period T/a
(2) f(x/b), b0 is periodic function of x of period Tb

EVEN FUNCTION:
A function f(x) is even function if f(-x)=f(x) ,
Ex: f(x)= cos x, X /M

~ | N

Even function

» The graph of even function y=f(x) is symmetric about Y -axis

» If f(X) is even function J'f(x)dx = ij(x)dx
-a 0




ODD FUNCTION:
A function f(x) is odd function if f(-x)=-f(x)
R 3 ¥
Ex: f(xX)=sin x, x hisx) = -hd

™~
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Odd function

» The graph of odd function y=f(x) is symmetric about the origin

> Iff(x) is odd function [ f(x)dx =0

NOTE
e There may be some functions which are neither even nor odd

Ex: f(x) =4sinx +3tanx-e*
The product of two even functions is even
e The product of two odd functions is even
e The product of an even and odd function is odd

TRIGONOMETRIC SERIES: A series of the form

f(x)=ao+21C0SX+a,c052X+azcos3x+
bpsinx+
f(X)= ao+ Xp—1 (a, cosnx + b, sin nx)
Where ag,as,a,, ap and by,by, b, are coefficient of the series.Since each term of
the trigonometric series is a function of period 27 it can be observed that if the series is

convergent then its sum is also a function of period 2n
CONDITIONS FOR FOURIER EXPANSION (DIRICHLET CONDITIONS)

A function f(x) defined in [0,27%] has a valid Fourier series expansion of the form
f(x)= az_o + Yn=1(apcosnx + b, sinnx)
Where ay, a,,, b,are constants, provided
e f(x) is well defined and single-valued, except possibly at a finite number of point in
the
interval [0,27] .
e f(X) has finite number of finite discontinuities in the interval in [0,27] .
e f(x) has finite number of finite maxima and minima.
Note: The above conditions are valid for the function defined in the Intervals [-z,x],[0,21],
[-1.1]
» {l1,cos 1x,cos 2X,....,cO8NX,.....,sin 1x,sin 2Xx,....,sin nx,....}

Consider any two, All these have a common period 2r . Here 1=cos 0x

2 . . 2 .
» {1,cos %,Cosg,. ...,COS nﬂ,. ....,8IN nl—x,sm %,. ...,sin nl—x,. o}
All these have a common period 21 .
These are called complete set of orthogonal functions.




Then the Fourier series converges to f(x) at all points where f(x) is continuous. Also the
series converges to the average of the left limit and right limit of f(x) at each point of
discontinuity of f(x).
Example
e sin~! x cannot be expanded as fourier series since it is not single valued
e Tan x cannot be expanded as Fourier series in (0,27) since tan x is infinite at X =
%and 37“

EULER’S FORMULAE
The Fourier series for the function f(x) in the interval c<x<c+2m is given by

f(X)— + X7 ;(a,cosnx + b, sinnx)

Where a= nf”z“ f(x)dx

2
a, :% f:+ " f(x) cosnx dx

b, % fcc+2n f(x)sin nxdx

These values are known as Euler’s Formulae.

Proof:consider f(x)—— + X7°_;(a,cosnx + b, sinnx)

Integrating eq(1) with respective x from x=c, x=c+2x on both sides

c+2m C+2n C+21 o C+21T o

J. f(x)dx = J' 8o gx + j > a, cosnxdx + j Db, sin nxdx
c c c n=l ¢ n=l

c+27 C+2n c+2n c+2n

J. f(x)dx = J' 0dx+Za I cosnxdx+Zb J' sin nxdx
C+C2TC ac i :
J.f(x)dx:?o[c+2n—c]

C+2n

== j f(x)dx

Multiplying cosnx and Integrating eq(1) with respective x from x=c, x=c+2m on both sides
c+2m c+27 a C+2T o C+2m o
_[ f(x)cosnxdx = I ?Ocos nxdx + j Zan COS NX COS NXdx + J‘ Z b, sin nx cos nxdx
c c ¢ n=l c n=l
c+2m c+2m a c+2m c+2mn
_[ f(x) cosnx dx = j £0 cosnxdx + Za I cos? nxdx + Z b, j sin nx cos nxdx
c c 2 =1 c =1 c
c+2n
[ f(x)cosnxdx=a,n
C

c+2n

a,=— J' f(x) cosnx dx
T

Multiplying sinnx and Integrating eq(1) with respective x from x=c, x=c+2x on both sides




c+2m c+2na C+2T o C+2m o
If(x)sinnxdx: j —2sin nxdx + I D" a, cosnxsin nxdx + I Db, sin nxsin nxdx
c c 2 ¢ n=l ¢ n=l

c+2m c+2m a © c+2m © c+2m
If(x)sinnxdx: I —Osinnxdx+ Y a, J' cosnxsinnxdx +» b, I sin® nxdx

c c 2 n=1 c n=1 c

c+2m

[ f(x)sinnxdx =b, =

c

c+2n

b, =£ J. f(x)sinnxdx
n C

DEFINITION OF FOURIER SERIES
» Let f(x) be a function defined in [0,27] . Let f(x+2n)=f(X) then the Fourier Series of is
given by
f(x)= %0 + > ;(a,cosnx + b, sinnx)

Where a0 == [} f(x)dx
_1 p2m
ay = J; f(x) cosnx dx

b, :1% ) Ozn f(x)sin nxdx
These values ag, a,, b, are called as Fourier coefficients of f(x)in [0,2x].

> Let f(x) be a function defined in [-mt,n] . Let f{x+2m)=f(x) then the Fourier Series of is
given by
f(x)= a?o + X1 (a,cosnx + b, sinnx)

Where a = lffn f(x)dx

T

a, :% ffﬂ f(x) cosnx dx
b, :% ffﬂ f(x)sin nxdx

These values ag, a,,, b,are called as Fourier coefficients of f(x)in [-n,x]

» Let f(x) is a function defined in [0,21]. Let f(x+21)=f(x) then the Fourier Series of is
given by
f(x)= 370 + 20 (a, cosnlﬂ + b, sin nlﬂ)
Where ap = %fOZZ f(x)dx
a, :% fozlf(x) cos# dx
b, :% fOZI f(x)sin# dx
These values ay, a,, b, are called as Fourier coefficients of f(x) in [0,2l]
» Let f(x) be a function defined in [-1,1] . Let f(x+21)=f(x) then the Fourier Series of is

given by
f(x)= 370 + Zg‘;l(ancosnlﬂ + b, sin nlﬂ)




a0 =1, f(x)dx
a, =% f_llf(x) cos% dx

b, 2% f_ll f(x)sin% dx

These values ag, a,, b, are called as Fourier coefficients of f(x) in [-1,1]

FOURIER SERIES FOR EVEN AND ODD FUNCTIONS
We know that if f(x) be a function defined in [-x, wt]. Let f(x+27) =f(x), then the Fourier series
f(x) of is given by
f(x)= %0 + >»_;(a,cosnx + b, sinnx)
Where ap= % J7f(x)dx
a, =i fjﬂ f(x) cosnx dx

b, % f:{ f(x)sin nxdx

These values ay, a,,, b,,are called as Fourier coefficients of f(x) in [-z, 7/

Case (i): When f(x) is an even function

o f(X)= az_o + X1 a,cosnx
Where ap= %fon f(x)dx

a, :% foﬂ f(x) cosnx dx

nmx

o f(X)= a?(’ + )1 a,cos 1
Where ap= %fol f(x)dx
an :% fol f(x)cos%dx

Case (ii): When f(x) is an Odd Function

o f(X)= X~ b,sinnx
Where bnzg fon f(x)sin nxdx

o f(X)= X~ b,sinnx
Where bn:% fol f(x)sin #dx




FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS

filx),c <x < xg

Let f(x) be defined by  f(x) :{fz (x),x9 <x <c+2m

Where x,is the point of discontinuity in (c, c+2m)
Then the Fourier coefficient is given by

1 X0 c+2m
a0=;[f f1(x)dx+f f2(x) dx

X0

1 X0 c+2m
a, = - U f1(x)cos nx dx +f f2(x) cos nx dx
c X0

1 X0 c+2m
b, = - U f1(x)sinnx dx + J f2(x)sinnx dx
c X0

The Fourier series converges to w

if x is a point of discontinuity of f(x)

PROBLEMS

Find the Fourier series expansion of f(x) = x°>, 0 <x <2x. Hence deduce that
(1) 112 + 2% +=

(ii 1% - 2% +—

(iii) %2 + 3% +

Fourier series is

f(x)= a—2° + > (a, cosnx + b, sin nx)
n=1

2 2z
1
a,=— jf(x)cosnxdx = Ixzcosnxdx
T
0 0

>+ Sinnx —€OS nX —sinnx)]””
0 S - o =5 1 o =21 ﬂ

{0+ (4”)2(1) —0}—{0+0—o}}

1 1

n

|-l> NP NPy,

>
[N]




2 2
b, 1 jf(x)sinnxdx == szsinnxdx
4 0

( )( cosnxj @ )( srl]nnxj (2)(cosnxﬂ
{—47[ O+%}—{O+O+%H

i n n n

4z

n

f(x)_ + > (a, cosnx+b, sinnx)
n=1

72_2 © 4
=215 | —cosnx——smnx

n= 1

cost cos 3X sinx sin2x sin3x
+ T + + +

4

f(0) =

But x =0 is the point of discontinuity. So we have

(- +2f (27) _(0)+ é47z2)

=27

Hence equation (1) becomes




Fourier series is

f(x)_a—2°+2(a cos NX + b, sin nx)
n=1

1 2 1 2
a, == jf(x)dx == jxsinxdx
T 0 7T 0

= L [x(~c0s )~ @(-sin 0]

~ Ll 2r+0)-(0+0)]
_ 2

a, =l ff(x)cosnxdx =l Ixsinxcosnxdx
T VA

1 2r

=— | x(2cos nxsin x) dx
- [ )
1 2r

= '[x[sin(n+1)x—sin(n—1)x] dx , n=l
27

=i fxsin(n +1)x dx—% fxsin(n—l)x dx
cos(n+1)x —sin(n+1)x i
{( )( n+1 ] (1)( (n+1)? HO

cos(n—1)x —sin(n—-1)x i
{( o =)o =00 H




R |
27 n+1 2 n-1

-1 1
L
n+l n-1
a (- +(n+1)
" (n+1)(n-1)

n=1

When n = 1, we have

1 2 1 2
a, =— J'f(x)cosxdx == J'xsin X C0S X dx
4 0 4 0

l 2r
= J'xsin 2xdx
27 5

_ i_x[—cos ZXJ_ (1)(—sin ZXH "
2 | 2 4 0
_ %{2;{%) ; o} _(0+ O)}

1
2

2 2
b, _1 Jf(x)sin nx dx _1 jxsin Xsin nxdx
4 0 4 0

2
1 jx(Zsin nxsin x) dx
4 0

2
1 jx[cos(n—l)x—cos(n+1)x] dx , n=l
27

27 27
:i jxcos(n—l)x dx—i jxcos(n +1)x dx
27 27

_ 1 sin(n-1)x) . —cos(n-1)x i
_24()()[ n—1 ] (1)( (n—1)2 HO
_Zi{(x)(sin(n+1)xj_(1)(—cos(n+21)xﬂ
Vid n+1 (n+1) .
=i {0+(_1)2n_2}—{0+ ! H—LHOJF(_DZM}—{O+ ! H
27| (n—1)2 (n—1)2 (n+1)? (n+1)°
:i {0+ ! 2}—{0+ ! ZH HO+ ! 2}—{0+ ! ZH
27| (n-1) (n-2) (n+1) (n+1)

b,=0, n=1

When n =1, we have




1 2z 1 2z
b, =— Jf(x)sinxdx == Ixsinxsin x dx
T T

1 2 -,
:—J'xsm x dx

:_J- (1 costjdX

<) ol
ooz f-o-2]

f(x) = @ Z(an cos NX + b, sinnx)
=1

a - - N"h ci
:70+alcosx+2an cosnx+b, sin x+ Y b sinnx
n=2 n=2

o0

— 1 2 .
=———2C0SX+ Y ——————COSNX+SinX+0

2 2 = (n=-D(n+1)
COS2X CO0S3X C0S4x cosbhx

+ + + +
1.3 2.4 35 4.6

XSin X = —1—%cosx+7rsin x+2[

Put x = % in the above series we get

—(l) =-1-0+7()+2 —1+O+i+0+—1+0+
1.3 35 5.7

ZZ__7[4_1-— -2 ._}_._.;¥_.+._}_._
2 1.3 35 57
1 1 1

13 35 57

3 Obtain the Fourier expansion of f(x)=e™® in the interval (-x, &).
Sol  Fourier series is

f(x)_ ) +Z(a cos Nx + b, sin nx)
n=1




17
a0=—.[e Tdx ==
V4 rl—-a]

ar

—-e " 2sinharz

ar ar

1 _
= J' e~ cos nxdx

g 4
—— {-acosnx+nsinnx}
x| a’+n B

_ @{(—1)”sinh an}

T a’+n’

b, = 1 Ie’axsin nxdx

ria +n

_ @{(—1)”sinh aﬂ}

Vs a’+n?

1 g~ 4
= ———{~asinnx - ncos nx|

f(x) = sinhaz | 2asinhar < (- 2 ~-COSNX + — 2 sinh aﬂz n(Y) ~sinnx
ar V4 Sa‘+n’ T ~a*+n’
For x=0, a=1, the series reduces to
5|nh7r 2sinhz & (-1)"
f(0)=1 =
© T V4 ;n +1
sinh 7z 25|nh7r{__

T T

1=

2sinhz & (-1)"
1=
T §n2+1

Find the Fourier series for the function f(x) =1+ x + x? in (-, 7). Deduce
1 1

22
Sol  The given function is neither an even nor an odd function.

f(x)_ ) +Z(a cos Nx + b, sin nx)
n=1

a, —i_[f(x)dx

1+x+x2)dx

|
|
n“‘“n

2

X

X
+
|
+
|

—
N
.|.

3P 3[R alw N

N
N
+




1 .[ f (x) cos nx dx :l j(1+x+x2)cosnxdx
T T

zl{(“x”z)(sinnxj L+ 2 )( cosnxj (2)( smnxﬂ
T n n -z
:g{{0+a+2ﬁ¥—n"_0}_{O+a—2n¥—n“_q{

r n n

(1) [1+27r 1+271']
7rn

— (_1)2 (472_)2 4(_:2]')
n n
17 . 17 .
b, =—jf(x)sm nx dx =—f(1+x+x )sin nx dx
T, T,

:1{(1+X+Xz)(—cc;snx) L+ 2x )( sin nxj (2)(cosnxﬂ

{ ~(+7+7 )(_i)n +0+ 2(;31)n}—{—(1—7r+7r2)(_|?n +0+ 2(_31)nH

n

17z 72 +1- 7r+7r]
nzx

_ED” 1)n

2 (_l)n B 2 (—l) n+l
n n

(=27) =

f(x)——0 + > (a, cosnx +b, sin nx)

n=1
© _ n+1
:1( ]+Z{ cosnx+ﬁsinnx}
2 n
7’ 4[_ COSX COS2X COS3X sinx sin2x sin3x

n=1
=1+—+ —t— 5 + + +
3 1 2 3 1 2 3

f(x)=1+—-4
(x) 3

7’ {cosx cost cos3x N sin x sin2x+sin3x

1? 22

Put x =z in the above series we get
2

f(r)=1+2 4
(7) 3

But x =z is the point of discontinuity. So we have
_ _ 2 2
f(;z):f( 7z)+f(7r):(1 T+ )+(1+7r+7z):
2 2
Hence equation (1) becomes




Find the Fourier series expansion of (r — X)? in —xr <x<.
Fourier series is

f(x)_ ) +Z(a cos Nx + b, sin nx)
n=1

%ziju@mzijw—mwx

[z
x| -3 .
1 3
ZE[O—Sﬂ' ]

B 8r?
3

a, 1 I f (x) cos nx dx 1 I(z—x)zcosnxdx
VA T

- -

[( B )[smnxj 207 - X)( 1)]( cosnxJ (2)[ smnxﬂ

=1{{0+0—0}—{0—(4’”)n#—oﬂ

T

A"

n2

b, _1 j f (x)sin nxdx _1 j(n—x)zsin nx dx
T T

-7 -7

:1[(”_X)z(—cosnxj_[z(”_X)(_l)]( smnxj (2)(cosnxﬂ
T n
:1{k+0+2«y”} {(4 HED" o, 20 H

T n

Az (D"
o




f(X)=
1[872'2]
== +

2\ 3

Z(a CoS NX + b, sin nx)
n=1

4(-1)"
n?
COSX COS2X C0S3X
12 22 3
COS X cost €0S 3X
12 22 -

>

4z(-1)" .
cosnNX + ————sInnx
n=1 n

f(x) =

(ie) £00 =22

sin X

sin 2x

sin 3x

2
sin x

sin 2x

3
sin 3x B

3

Find the Fourier series of periodicity 3 for f(x) = 2x — x%in 0 <x< 3.

Fourier series is

f(x)= &-{— Z(an cos 2"

X :
+b, sin

jf(x)dx ——j(zx x2) dx

ZL_X_T
L 2 3 0

a0
(3/ 2)1

2
3
2
3

=0

an
(3/ 2) 4

nzz

b, =
(3/ 2) %

2% — X2 3
(2x=x7) 2nrz
3

[EEE=Ea

2N X
3

[-2hen

If(x)cosnxdx ——I(Zx X )cosde

If(x)sm nx dx _—J.(Zx X )sm—dx

2nax
—sin——

—(2-2x)

v

4n’r?




Expand f(x) = x —x* as a Fourier series in —| <x <1 and using this series find the
root square mean value of f(x) in the interval.

Fourier series is

f(x)= Z(a cos—+b s'n@j

:%flf(x)dx :H(x—xz)dx

%2 %3]
_7_?].

[ty

3 3

_[f(x)cos—dx = .fl(x—xz)cosnTﬂxdx

. N7zX N7zxX
SIn—— —C0S——

Yx—xt) — L |—a—2%)
nx

Nz
| |2

{o 1- 2|) ( 1) 'ZJ o}—{0+(1+2|)[ —
| n°z
1

_

)'[1 21-1-2I]

n
DMy 4l ( 1)”*1
n [ 4I] n 7Z'




1 _nax 1 _nax
== f(x)sin—=dx == [ (x—x?)sin——dx
I,I. (9sin = I,I.( )sin—

. Nax nzx
—sml— cosT
-(1-2x) e +(-2) 3

2 3
| | 0

{ (-1 )(( D’ 'j 2(;317)[2' }—{—(—I—IZ)E(?;I}O—Z(SSBTZI H
)
=%[|—| +1+17]

_ (_1)n+1 [ZI]: 2| (_1)n+1
nz nrx

i(a cos—+b n#j

n=1
_2]2? o _1\n+1 _q\n+l
21 +Z(4I (2 12 s DX 2D
n“mz

(ie) f(x) =—I2 ﬁ{l—zcos

1. 2xx
~sin—— —=sin

1 I 2 I
Obtain the Fourier series of f(x) = 1-x* over the interval (-1,1).

The given function is even, as f(-x) = f(x). Also period of f(x) is 1-(-1)=2

Here
1 1 1
a = ij f(x)dx=2[ f (x)dx
-1 0

0

—2!(1 x)dx_Z{x 3}

= %Jl' f (x) cos(nzx)dx
= 2_1[ f (x) cos(nzax)dx

= 2?(1— x?) cos(nzx)dx

Integrating by parts, we get
»Y sinnzx COS N7zX sinnax |
a”zz[(H( e j_(_zx)( (n7) J C )£ (ney ﬂ

_ 4(_l)n+1
~ n’p?




1
= %I f (x)sin(nzx)dx =0, since f(x)sin(nrx) is odd.
-1
The Fourier series of f(x) is

f(x) = %é( i);l cos(nzx)

1+ X,
Find the Fourier series for the function f(x) = {1 y

2
Deduce that Z 11) %
2n

. f-x)=1-x in (-2, 0)
=f(x) in (0, 2)

and f(-x)=1+x in(0, 2)
=f(x) in (-2, 0)
Hence f(x) is an even function.

. f(X) :&+Zan cos X
2 = 2

2

a, =§If(x)dx = _f(l—x)dx

0
%)
= X—-—
2 0

[(2 2) - (0)]

2 ¢ nzx : nzx
=— | f(x)cos—dx = | (1— x)cos ——dx
2, =5 [ f0geos = dx = [A-x00s7

. nax
sin——
1-x)




0 4[1—- (l)]
2 nZ; n?z? 2
4

f(x)=

2 7iX 2 37X 2 57X
—cos—+0+—zcos—+0+—zcos—+
2 3 2 5 2

81 m 1  3mx 1 5
f(X) =—| 5008 —+—COS——+—-COS—— +

7|1 2 3 2 5 2
Put x =0 in the above series we get

81 1
f(O) :?_1—24‘3—24‘—
But x = 0 is the point of discontinuity. So we have
£(0) = f(0-)+ f(0+) _ O+ :Ezl
2 2 2

Hence equation (1) becomes

in

10  Obtain the sine series for f(x) =
l—x in

Sol Fourier sine series is
Nz X
f(x)= Zb sin—=

—I f (x)sm—dx

1/2
— I x sin " dx + = I(I—x) sin 7% gx
I 112 I

112
nzx nzx nzx
—C0s—— —snnT 2 —Cos——
- +—| (I-x
|0 | F =X —
I |2 I




4 . nx
bn = ﬁslni
n‘z 2

f(x)= Zb sm@

4] nz nzx
smTSln—

n—sm—+0+3—sm7sm—+0+—sm—sm—+0+

. l . 3zx 1 . 5xx
n——+-—sin——+
| 52 |

n 72'
[l 1 3 37 X 1 5%/4 57 X
2

1, 0O<x
Find the Fourier series of f(X) :{ AT

2, w<X<21w
Fourier series is

f(x)= —° + > (a, cosnx + b, sin nx)
n=1

1 2 1 V3 1 2
8y =— _([f(x)dx =;£(1)dx+; ;[(2)dx
i + 2]

~ -0+ L@z -n)]
T T
=1+2=3

V3 bl 2
a, 21 jf(x)cosnxdx =£_|‘(1)cosnxdx+i I(Z)cosnxdx
4 0 74 0 T V4

_i[sin nx}” +£{sin nxT”
zL n Jy ozl n ],
1 0-0+20-0)

T T

=0




2 V3 2
b, 1 jf(x)sinnxdx :lj(l)sinnxdmi j(z)sinnxdx
4 0 7T 0 4 V4

_i[—cosnx}” +g[—cosnxT”
B T n 0o 7 n x
- ey -2
nxz Nz
- Ly v1-2+42¢0)]
V4

_(=D"-1
" nx

f(x)==2+>(a, cosnx+b, sinnx)

n=1
(_]-)—_:I-Sin nX:|
nxz

sin 3x
+ +
3

12 Find the Fourier series expansion of f(x) =
I —x,

Sol Let 2L=1= L= IE , then the given function becomes

X, O<x<L
F(X) =
2L-x%x, L<x<?2L
- . NzX
Fourier series is f(x)_—0 Z(a cos—+b snij
1

1§ 1 1
8= jf(x)dx =Ej(x)o|x+E j(zL—x)dx
0 0 L

ey
Pl

N|I_ I_|H r—In—\

E
2




2L
nz
xcos—dx
!() i
L

chosmdx+— _[ (2L - x)cosTde
0

L

- (D" —1-1+ ()] = f"z [ —1]
n"z

-

. NnzX
X) sin —— dx
f(x) 1

x5|nwdx+— J. (2L - x)smmdx

! ot— ot—n :

L

nz X . NrX
—cos— —-Sin——

—L o
L
(L

E
L
0

f(x)=

|o

n=1

+Z(a cos—+b i nLLX

2L[ED" -1

NI NIE N E

. . . . -X, O0<x<lI
13 Find the Fourier series expansion of f(x) =
| < x <2l

Hence deduce the value of the series (i) 1

1 1
(i) —+3—2+5—2+

Sol a

. . = Nz X
Fourier series is f(x) = ?0 + Z(an cosT +b, sin
n=1




Oz%jf(x)dx_ J'(I X)dx + - I(O)dx

-]

S

21 |
a, =%j f(x)cos@dx=%j(l-x)cos@dx+o
0 0

[( 1)n+l ]
== 2[<—1>”“+1]

(x)sdex = j(l x)sdex+O

r |
Nz X Nz X
—COS—— —sin——

(1= ——— |- (-1 —

n;z

I |2

i




Nz X .nﬂx
a, cosggr44+b I)

I[(- D”“ +1 nzx | . nnxj
cos +—sin—=

n’z? | nz |

2 T X 2 37X 2 57z X
12fcos—l—+O+§fcos——f+0+lcos——7+0+

|[1 X 1 . 2zx 1 . 3rx
sin — + =sin—— + =sin ——
T

1 I 2 I 3 I

(ie) f(x) = 2I cosz£+~££os%Z§+££cos§Z§+
;r 2 | 32 | 52 |
||:l.7Z'X 1. 2zx 1 . 37X
+—]=sin—+=sin——+ =
V4 2

Put x = 5 (which is point of continuity) in equation (1), we get

I 1 2
l——=—+
2

4

But x =l is the point of discontinuity. So we have
£(1) = f(-)+ f(+) _ ©)+(0) 0
2 2
Hence equation (2) becomes

1_2_'{ L1 1
4 721> 3




HALF RANGE FOURIER SERIES
e Half Range Fourier Sine Series defined in [0, 7] :

The Fourier half range sine series in [0, it]is given by f(x)=).."_; b, sinnx
Where bn% f:f(x)sin nxdx

This is Similar to the Fourier series defined for odd function in [—m, ]

e Half Range Fourier Sine Series defined in [0, 1] :

The Fourier half range sine series in [0, ir]is given by f(x)=X;»_; b, sinnx

nmnx

Where bn% folf(x)sin —dx
This is Similar to the Fourier series defined for odd function in [—1, {]

e Half Range Fourier cosine Series defined in [0, ] :

The Fourier half range cosine series in [0, r]is given by
f(x)= % + Y1 @, cOSNX

Where ao=%f;f(x)dx
2 m
an == fo f(x)cosnxdx
This is Similar to the Fourier series defined for even function in [—m, 7]

e Half Range Fourier cosine Series defined in [0, 1] :

The Fourier half range cosine series in [0, I]is given by

f(x)= % + Yr_q1 A COS n—’;x

Where ao= %fol f(x)dx

2 1
an = fo f(x)cos#dx

This is Similar to the Fourier series defined for even function in [—1, 1]

Problems
Find the half range sine series for f(x) = 2 in 0 <x <m.

Sol w
f(x)=>_b,sinnx
n=1

b, :Ejf(x)sin nx dx =EJ.2 sin nx dx
% %

:i[—cosnx}”:__ﬂ(_l)n_l]:i[l_(_l)n]
nz

T n Nz

0




Half range sine series is

f(x)= ibn sin nx =iwsin nx

T

T

4| 2sinx 2sin3x 2sin5x
=— + + +
1 3 5
8|sinx sIin3x sin5x
— + +
1 3 5

T

Expand f(x) =cos X, 0 <x <z ina Fourier sine series.

Fourier sine series is
f(x) =Y b, sinnx
n=1

b, =£jf(x)sin nx dx =£_[cosx sin nx dx
T T

:i j 2sin nx cos x dx
0

T

:5¢Tgmn+nx+mmn—nﬂdx,
T

0

n=1

T n+1

n-1

_ EK—cos(n +1)xj J{— cos(n —1)xﬂ ”

:_l_ (_1)n+l+ (_1)n—1 _{ 1 . 1 }_
i n+1 n-1 n+1 n—l_

T
=_i(1) 1+ -1 ] 1 N 1
T n+l n-1 n+l1 n-1j

%_Dn{ 2—1}+{n321}}

(n_Dkn +1], n=1

When n =1, we have

n

b, =£J.f(x)sin X dx :chosxsin x dx
T 0 4 0
:lj.sinZde
T

1
=——(1-1)=0
2ﬂ( )

—Cos ZX} i
2 0

1 1 1
:—(1 + +
T n+1 n-1 n+1
1
VA

2]




f(x):ansinnx:blsinx+2bnsinnx
n=1 =
Z 2n[(-1)" +1]S|nnx
2 ”(n -1)
2| 4sin 2x 8sin4x 12sin 6X
=— +0+ +0+ +0+

x| 3 15 35

8[sin2x 2sin4dx 3sin6x
— + + +
{ 3 15 35

T

Find the half range cosine series for the function f(x) =x (z — x) in 0<x<
TT.

Half range Fourier cosine series is
a o0
f (X) =?°+Zan COS NX

n=1

NN

%:%jummz
0

fx(ﬁ—x)dx

TX X

SHEN

SHEN
1

w|!\\1'\’ |k‘ |N

f(x)cosnxdx =— | x(z —x)cosnxdx

smnxj_( Y )[ cosnX )
n

n?

_{O + —(_ﬂ)(z_l) n + 0} - {O + (7;)2(1) + 0}_

n




Find the half range cosine series for the functionf(x) =x in0 < x<l.
Sol
Half range Fourier cosine series is f(x) = 5 2 +Ya, cos@

n=1

2| 2| o[ x2 ] 2[1?
a0=|—£f(x)dx =|—£xo|x={7}0 :T{?_O} |

_ZI Nz X Nz X

|
f(x)cos—dx——jxcosl—dx
0

0

Nz X
sin——

(%)

B (_l)nIZ |2
{0+ (T O+nz”2

21 i
_W[(_l) —1]

Find the half range sine series of f(x) =x cos x in (0, n).

Fourier sine series is f(x) =>_b, sinnx
n=1




bn

:Ejf(x)sinnxdx :ijcosx sin nx dx
Ty Ty

V/a

= L j X (2sin nx cos x) dx
4 0

_1 jx[sin(n +1)x+sin(n—1)x]dx, n=1
%

T

:lj'xsin(n +1)xdx+1J.xsin(n—1)xdx, n=1
T 0
b =1 {( cos(n +1)x ( sm(n+1)xﬂ +£[X[—cos(n—1)xj_(1)(—sin(n—1)xﬂ”
(n+1)? . 7 n-1 (n—1)? .

n+1 j
I s 0 i —7ED" ol ool
n+1 ﬂ' n-1
_ (—1)n+2 LD

n+l n-1

1
=CY [n+1 n— J

n 2n
- Lml)(n—l)}

. _2n(-D)"
(ie)b, = YR

When n =1, we have

, h=1

b, =§jf(x)sin X dx :% jxcosxsin X dx

:—fxsinZde

Z 0

1 x[ costj ()( sm2xﬂ”
| 2 0
1 {72'(_—]-)+0}—{0+0}:|=—£
7| 2

f(x)=> b, sinnx =b,sinx+ an sin nx
n=1 =

1
:—Esmx+z sm nx
2

[23m2x 3sin 3x 4sin4x+
15




Obtain the half range cosine series for f(x) =

2

<x < 2. Deduce that Z 1) %
2n —

Half range cosine series is
a - NzX

f(x)=-2+>a,cos —
2 oo 2

2

2

a, :Ej'f(x)dx :f(x—Z)zdx

_ (x—Z)T

0

2 nzx 4 nzx
a == | f(x)cos—=dx = | (x—2)%cos — dx
=5 ] 109eos R = [(x-2"cos

0

Nnzx
sin——

(x-2)"| ——2 |~ [2(x-

Put x = 0 in equation (1) we get

4 16 1 1
f(O)—— |:12 2—2+3—2+

(x —2)* in the interval 0

Nzx . Nzax
—C0S —— =Sin——

2 2
N e [+ @)

8

But x = 0 IS the point of discontinuity. So we have

(X+2)> +(x—-2)°
2
(0+2)2+(0-2)* (4H+(4)
2 2
Hence equation becomes

f(x) =

£(0) = 4

2




Put x =2 in equation we get
4 16[ 1 1 1

But x = 2 is the point of discontinuity. So we have

f(X) :(X_Z) ;(Z_X)

f(2):§+7z-—

2

(2-2)? +(2-2)? B
2
Hence equation becomes

0

f(2) =




UNIT-II
FOURIER TRANSFORMS

Fourier integral theorem,

Fourier sine and cosine integrals
Fourier transforms

Fourier sine and cosine transform
Inverse transforms

Finite Fourier transforms




Introduction

The Fourier transform named after Joseph Fourier, is a mathematical transformation
employed to transform signals between time (or spatial) domain and frequency domain,
which has many applications in physics and engineering. It is reversible, being able to
transform from either domain to the other. The term itself refers to both the transform
operation and to the function it produces.

In the case of a periodic function over time (for example, a continuous but not
necessarily sinusoidal musical sound), the Fourier transform can be simplified to the
calculation of a discrete set of complex amplitudes, called Fourier series coefficients.
They represent the frequency spectrum of the original time-domain signal. Also, when a
time-domain function is sampled to facilitate storage or computer-processing, it is still
possible to recreate a version of the original Fourier transform according to the Poisson
summation formula, also known as discrete-time Fourier transform. See also Fourier
analysis and List of Fourier-related transforms.

Integral Transform
The integral transform of a function f(x) is given by

b
= [ £ (0k(s, x)dx
I [f(x)]orF(s) =@
Where k(s, x) is a known function called kernel of the transform
s is called the parameter of the transform
f(x) is called the inverse transform of F(s)

Fourier transform
k(s,x) =e*™
FIT(O]=F(s)= | f(x)e™dx

Laplace transform
k(s,x)=e™

L[f (X)] = F(s) = T f (x)e"dx

Henkel transform
k(s,x) = xJ, (sx)

HLf(X)]=H(s) :T f (x)xJ,,(sx)dx

Mellin transform
k(s,x)=x""

M[f(X)]=M(s)= T f (x)x*"dx

DIRICHLET’S CONDITION
A function f(x) is said to satisfy Dirichlet’s conditions in the interval (a,b) if
1. f(x) defined and is single valued function except possibly at a finite number of
points in the interval (a,b)
2. f(x) and f'(x) are piecewise continuous in (a,b)



http://en.wikipedia.org/wiki/Joseph_Fourier
http://en.wikipedia.org/wiki/Transformation_%28function%29
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Fourier integral theorem
If f(x) is a given function defined in (-1,1) and satisfies the Dirichlet conditions then

f(x)== j f(t) cos A(t — x)dtdr
n 0 o
Proof:

F)=224+3"a, cos(TX) + Y b, sin(*)
2 n=1 L n=1 L

where
1 L
8 =7 jL f(t)dt

1% nmX
a =— | f(t)cos(—)dt
. LIL() )

1% . X
b == | f(t)sin(—)dt
. LJL() )

Substituting the values in f(x)
L 0
F00) == [ FOL+ 23 cos(TE) -]t
LY 7L
But cosine functions are even functions
> cos(n—ljt)(t— X)=1+2>" cos(n—ljc)(t— X)
N=—c0 n=1

Substituting equation (2) in (1)

1% T nm
f(x)=— | f(t)— > cos(—)(t—x)dt
(9=, [TOL 3 cosE-)
nm_,
L
Lt % i cos(nfn)(t— X) = Jcosk(t— X)dA = 2Icosk(t— X)dA
—0 Moo e 5
F() == [ F(O12] cosn(t—x)d ATt

2m *, 0

f(x) = %T ]O £ (t) cos A(t— x) d Adt

Fourier Sine Integral
If f (t) is an odd function
f(x) = Ejsin xxjf(t)sin Atdtda
n 0 0

Fourier Cosine Integral
If f (t) is an even function

f(x)= gJ‘c:os kxjf (t) cos AtdtdA
n 0 0




Problems

1, X/ <1 A B o .
Expressf(x)={ as a Fourier integral. Hence evaluate | SInACosAX
X|>

and also find the value of.[Sln M

f(x) = TCT O_f f(t)cosA(t—x)dAadt

f(x) = ;ijcosx(t— x) d Adt

1

f(x) = 1J'25|nxcoskxdx
Ty A

2 si 1
J-smxcoskxd f(x)—{2 x| <
) A 2 0,|x|>1
x| =

S'nxCOSKde:E _ T
2 2 4

R N2
Using Fourier Integral show that e™ cosx =Ej7”4 il 2cosxxdx
T

07“ +2

f(x) =e*cosx

f(x) Z%_fcosxx[_ff(t)cosktdt]dk
0 (0]

f(x) = %Icos kx[_fe*t costcosA tdt]d A
[0} [0}

f(x) = %J.cos kx['f e '(cos(A +1) t+cos(A—1)tdt]dr
(0} [0}

1 4 1
A+D*+1 (A—D*+1

f(x):%?cosxx[ Jd

2FCA2+2
f(x)=— cos AxdA
) TCJ.7\.4+2

(o]




FOURIER TRANSFORMS
The complex form of Fourier integral of any function f(x) is in the form

_ 1 T —i)\xOO irt
f(x)_g:[oe _joof(t)e dtdr
Replacing A bys
1 T —isx T is
f(x)=aie ds__[of(t)e tdt
Let

F(s) = Tf(t)eistdt
1 i —isx
f(x)=§ j F(s)e ™ds

Here F(s) is called Fourier transform of f(x) and f(x) is called inverse Fourier transform
of F(s)

Alternative Definitions

FLf ()] =F(s)= % [ 00eat, £(x) = %  F@eds

F(s) = T f (x)e"™dx, f(x) :% T F(s)e™ds

—00

Fourier Cosine Transform
Infinite

FIf@®)]=F.(s)= \/ZT f (t) cos stdt
4 0
f(x)= \/%T F.[f (t)]cossxds
Finite O
F.[f )] = Fo(s) = \Ei (1) cos(”l—”t)dt

F(x)= % F.(0)+ Izi F.(s) cos(@)

Fourier Sine Transform
Infinite

LT 01=Fi©) = | 2] rsinsa

f(x)= \/%T F[f (t)]sinsxds




Finite

FLLf ()] =Fy(s) = \EI f()sin( )
(00= (=3 F@sin()

Alternative Definitions:

1.F.(s) = I f(x)cossxdx,f(x) = % I F (S) cossxds
0 0

2.F(s) = Tf (x)sinsxdx,f(x) = E]st(s)sin sxds
0 n 0

Properties of Fourier Transforms
Linear Property: Flaf, (x) + bf, (x)] =aF, (s) + bF, ()

Flaf, (x) + b, (x)] = % [ af, () + b, (e et

Flaf, (x) + bf,(x)] = st 2 T f,(x)e"dt

a o
E J; fl (X)e m

Faf,(x) + bf,(x)] =aF,(s) + bF,(s)

Shifting Theorem: (a) F[f(x—a)] =e™ F(s)
(b) F[e™ f(x)] = F(s+a)

FIf(x—a)] = St

1 o0

—— | f(t—-a)e
%Iw( )
t—-a=z

dt=dz

Flf(x—a)] = SZaiasdlz

L=
N L f(2)e

iasiOO isz
Flf(x—a)] =e \/ﬁ:[of(z)e dz
F[f(x—a)] = &' F(s)

F[eiax f(X)] — isteiatdt

L
ELf(t)e

F[eiax f(X)] — i(a+s)tdt

L
ELf(t)e

Fle"™ f(x)] = F(s+a)




Change of scale property: Ff(ax)] = % F(i)(a > 0)

! [ (aneiar

Afex] ==

at=1z

dt=1dz
a
11 o (3
Flf(ax)] = m{of(z)e dz
FIfx)] =~ FC)
a a

Multiplication Property: F[x"f(x)] = (-i)" 2 'n:

FIf(x)] = T f (e dt

ar _ E J' £ (t)edt

2 2 @ .
aF_ | [ s et

ds? \2n )

continuing

d"F "

ds" 2 -
FIx"f(x)] = (-1)"

j " f (H)edt

Modulation Theorem: F[f(x) cosax] = %[F(s +a)+ F(s—a)], F[s] = F[f(x)]

! .f f () cosate™'dt

FIfO)] = E
F[F(0)] = i T £(t) {g}e‘“dt

Ff(x)]== { Jf(t)el(s+a)tdt+ \/E J‘ f(t)ei(sa)tdt}

F[f(x) cosax] = [F(s +a)+F(s—a)]




Problems

) ) L|x| <1
Find the Fourier transform of f(x) ={
0,]x|>1

SI’]X

Hence evaluate I
X

FIf (x)] = j f(x)e"*dx

FIf (x)] = jl.e‘sxdx

FF 001 = |
FIF (x)] = e® —Se —ZSTS

f(x) :ﬁ I F[s]e "™ds

1 T .sins _
f(x)=—— | 22—e"™ds
(x) ZHJ

—0

1 %sins
f(X)==| —e ™ds
(x) Hj@ .

1|x|<1

f SINS i gs
0,x|>1

{

2|x|<1

Find the Fourier transform of f(x) = {1 0.l | |

TXCoOsX—sinx X
Hence evaluate '[—3cos§dx

X




FIf (x)] = Tf(x)e“"dx

FIf (X)] = j(l— x?)e™dx

i i X 1
FIf 0] =|-x?) E——ax = 128
IS

()" (is),
F[f(x)] _ 2(eis__'_sfis J_ 2[eis _.e3—is ]

—IS

F[f(x)]=;—f'(scoss—sins)
_ 1 T —isx
== [0 Flsle™ds

f(x) = Zijoo;—:'(scoss—sin s)e ™ds

-x%,|x|<1
0,|x|>1

% ;—j(scoss—sins)e‘isxds={1
x=1/2

L _—f(scoss—sins)e‘“xds=§
2117 s 4

7 (scoss—sins)
[

[cosi—isin E]ds _.3u
2 2 8

—0

(scoss—sins) 311

j ~————=cos—ds=—-—

° s 16

Find the Fourier transform of > .Hence deduce that e*"?is self-
reciprocal in respect of Fourier transform




FIf (x)] = :‘?f(x)eisxdx

00

F[f (x)] = [ e e™dx

00

F[f (X)] — [ e—a2 (Xz—iSX/aZ)dX

00

F[f (X)] _ T efaz(xfisx/2a2)zefszl4a2dX

°]

t=a(x—isx/2a%)
dx=dt/a

o0

FIFO)1= [ e

—00

—tze—sz/4a2 E

FF (x)] = e_s:a ]o e vt
FF (x)] = & VT

a

Jn

FIF O] ==~

a’=1/2
F[e—lez] _ ZHE_SZ/Z

2/9 . . . .
Hence e*'?is self-reciprocal in respect of Fourier transform

4 Find the Fourier cosine transforme ™" .




Sol:

F. (e’xz) = '[ e cossxdx = |
0

ﬂ B o0
ds 4
a_ _—Sfe’xz cossxdx = > |
ds 2+ 2
a - ds

I 2
int egratingonbosthsides

~ sins xdx = %J(—er‘x2 )sins xdx
0

2
log = I_?SdH logc =%+ logc = log(ce"*)

_ Ce—szl4

-X —s%/4

2
cossxdx =ce

\/ﬁ —s%/4

2
cossxdx =Te

Find the Fourier sine transform e ™ .Hence show that

0 - -m
J-xsm n;x dx:He m>0
5 1+X 2

X being positive in the interval (0, 0)

e =g

F(e™) :J'e‘x sinsxdx = >
0

1+s
f(x) —ETF (e7)sinsxds
== IF.

s
f(x)= sinsxds
~([1+s2

s

e sinsxds
£1+ s?

Replace x by m

27 s .
e :—J ~sinsmds
I1g1+s
. I,
smsmds:ze

1+s?

m

|
|

>sinmxds = Ee’
1+x 2




X,0<x<1
Find the Fourier cosine transformf(x) ={2-x,1<x<2.
0,x>2

F(f(x)) = Tf (x) cossxdx

1 2 )
F.(f(x)) = j X cossxdx + J (2—x)cossxdx + jO. cossxdx
1 2

sms coss 1 sins co0s2s COoSS
R (100 - ( 2L o - o)
S S S S S S

2coss 1 cos2s
F(X)=—7— —

S

If the Fourier sine transform of f(x) = 1(COTS)nchen find f(x).
n

f(x)= %iﬁ(n)sin nx

1-cosnIl
F = " -
s(n) ( H)z

= coan .
sin nx

f(x) =

f(x)=

2
ﬁl

2 &1- coan.
H—Z




UNIT-1lI
LAPLACE TRANSFORM

Definition of Laplace transform

Properties of Laplace transform

Laplace transforms of derivatives and integrals
Inverse Laplace transform

Properties of Inverse Laplace transform

Convolution theorem and applications




Introduction

In mathematics the Laplace  transformis  anintegral  transform named  after  its
discoverer Pierre-Simon Laplace . It takes a function of a positive real variable t (often time)
to a function of a complex variable s (frequency).The Laplace transform is very similar to
the Fourier transform. While the Fourier transform of a function is a complex function of
a real variable (frequency), the Laplace transform of a function is a complex function of
a complex variable. Laplace transforms are usually restricted to functions of t witht > 0. A
consequence of this restriction is that the Laplace transform of a function is a holomorphic
function of the variables. Unlike the Fourier transform, the Laplace transform of
a distribution is generally a well-behaved function. Also techniques of complex variables can
be used directly to study Laplace transforms. As a holomorphic function, the Laplace
transform has a power series representation. This power series expresses a function as a linear
superposition of moments of the function. This perspective has applications in probability
theory.

Introduction
Let f(t) be a given function which is defined for all positive values of t, if

F(s) = J e™f(t) dt
0

exists, then F(s) is called Laplace transform of f(t) and is denoted by
o0
L{f()} = F(s) = f e™ (1) dt
0

The inverse transform, or inverse of L{f(t)} or F(s), is

ft) = L{F(s)}

where s is real or complex value.

Laplace Transform of Basic Functions

1.L [1]= I:e‘“dt = —%e-st . =§

1 jwuae‘“du _ I'a+1)
0

a+l
S

2L [t]= [ “tedt :j:(g)ae-u d?“:

a+l
S

e—(s—a)t |OC 1
—(s—a)|0 “s-a

3.L [e*]= I:ea‘e’“dt =

- 1 .. .
4.L [e™]=——=L [cosat+isinat]= 25 =i Za >
s—ia s’+a®* s®+a

oL [cosat]:%,and L [sinat]=
s*+a

2 2

S"+a

at . -at
5.1 [sinhat]=L [ 1=t 1
2 2 s—a s+a

at —at
L [coshat]=L [-—*% :1( 1 1
2 2 s—a s+a



https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Integral_transform
https://en.wikipedia.org/wiki/Pierre-Simon_Laplace
https://en.wikipedia.org/wiki/Fourier_transform
https://en.wikipedia.org/wiki/Holomorphic_function
https://en.wikipedia.org/wiki/Holomorphic_function
https://en.wikipedia.org/wiki/Holomorphic_function
https://en.wikipedia.org/wiki/Distribution_(mathematics)
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1. Linearity
L [afit)+bg(t))= : [af (1) + bg(t)]e dt = af O°° f(t)edt+b] 0’” g(t)e 'dt = aF (s) + bG(s)

EX: Find the Laplace transform of cos’.

2
Solution:L[coszt]zL[lJrCOSZt]zl(1 > j: 52+2
s(s®+4)

2 2(s  s2+2°
2. Shifting
@L [ft-au(t-a)=| 0°° f(t-a)u(t—a)edt=[ " f(t-a)e “dt
Let t=t—a, then

L [ft-a)u(t-a)]=[ f(e " dr=e["f(r)e*dr=e*F(s)

(b) F(s—a)=| : f(t)e ©dt = : [e*f(D)]e"dt=L [ef ()]
0, t<4
2t3, t>4

EX:What is the Laplace transform of the function f (t) = {

Solution: f(t)=2tu(t—4)
L [f(t)]=L {2[(t—4)*+12(t-4)*+48(t—4)+64]u(t-4)}

I I
=2€_45(3' +12 x 2 +48xi2+%j=4e‘45(i+g+2_?+g)

s? s® s s st s s s
3. Scaling

L [f(a]=] 0‘” f (at)e dt
Let T = at, then

L [f(at)]=]"f (t)e 2d = ij " fre adr=1F)
0 a a°“o a a
EX:Find the Laplace transform of cos2t.

Solution :-- L [cost]=—
s +1

S
- L [cosZt]zl 52 = 28

4. Derivative
(a) Derivative of original function

L= : f/(t)edt = f(t)e | —(-s)| O°° f (e dt

(2) If f(t) is continuous, equation (2.1) reduces to

L [f (£)]==A(0)+sF(s)=sF(s)-f(0)

(2) If f(t) is not continuous at t=a, equation reduces to

0
0

L [f(0)= f (t)e™ :ﬁ + f(t)e ™| +sF(s)=[fla )e *~f0)I+[0-f(a")e “I+sF(s)
=sF(s)-f(0)—e[f(a")}fla )]

(3) Similarly, if f(t) is not continuous at t=a;, a,,

LiF@1=sF(s)— £(0) - Y e *[f(a))~ f(a;)]

i=1
If f(t), £(t), F(t), -, £ (t) are continuous, and £”(t) is piecewise continuous, and all of them
are exponential order functions, then




L [f"(t)]=s"F(s) — Zn:s"“ f ((0)
i=1

(b) Derivative of transformed function
dF(s d = —st © 0 —st ® —st
J:_IO f(t)e dt:jo S [T(e ]olt:j0 (—t) f(t)etdt=L [(-t)f ()]

ds
d" F(S)

[Deduction] =L [(-0)"f(1)]

EX:Find the Laplace transform of te.

Solution : L (et):i:L (tet):—i( ! j: ! .
s—-1 ds\s-1) (s-1)

t?, 0<t<1l _ ,
EX: f(t)z{o’ o1 find L [f/(1)].
Solution : f (t) = t2[u(t) —u(t —1)]

L [f()]=L [tPut)]-L [tut-1)]= ——L {[(t-1) +1u(t-1)}

S ~L {[(t-1)%+2(t-1) +1u(t - 1)}

2
<3
2 2 1 1
<3

e (=+25+=
s (33 s? s)

L [f'(t)]=sF(s)— f(0)—e[f(1") - F(1)]

2 .2 2 . 2 2
—[S -t (S +S+)]-0-e*(0-1) =S —e (5 +=
S S S S S

5. Integration

(a) Integral of original function

L [, f(oddd=["[ f(z)deedt

=i{ st j f(t)dt - j - f(t)e‘“dt} =1F(S)
S 0 S

—L [I;I;...I;f(t)dtdt---dt]zs—nF(s)

(b) Integration of Laplace transform
f F(s)ds = L‘“ jo‘" f (t)e dtds = j “ (1) j e dsdt
—st

- 0% dt_j HWeugr-1 (1

:>jjjs“”..-j:’F(s)dsds..-ds:|_ [t—nf(t)]




EX: Find (a) L

Solution : (a)L [1- e‘t]___i
s s+1

0

. S
=Ins—In(s+1)|; :In—1
s+1|,

1-e'.

oS —ppstl
s+1 S

s+1 s+1
j In 'nTS_L (——g)d

s+1

0

=sln—— + mids=[slns—+l+ln(s+1)}
S | ‘s s+l S

S

=[(s+1)In(s+1) -sIns]” =sIns— (s +1)In(s +1)

sinkte™

ex: Find (a) [ TES—d () " sinx 4

Solution : (a)J' smkte dt=1L [&kt]

k
s? +k?

L]

L [sinkt]=

82+k2

(b)J' SII’]Xd _ZJ‘ smx

Ioosm kte
0

=2lim
k—1
s—0
= 2I|m(——tan li

k—1
s—0

6. Convolution theorem
t w ot
L [jof(r)g(t—r)dr]zjo jof(r)g(t—r)dre’“dt ¢

=t
= jow.'-:c f (T)g(t - T)E’Stdtdr — J.ODO f (T)J:O g(t _ ‘C)eiStdth §
Let u=t—rt, du=dt, then T

L [f ; f(1)g(t-r)dd] = O°° (o 0”° g(u)eCdude

= | 0°° f(v)e e[ : g(u)e *'du = F(s)G(s)




EX: Find the Laplace transform of .[ ;et" sin2tdr.

2

s’ +4

oL [J.Ote“rsinthr]= L [e'*sin2t]= L [e']-L [sin2t]
12 2
s—1 s°+4 (s-1)(s*+4)

Solution : - L [et]:il, L [sin2t] =
S —

7. Periodic Function: f (t + T) =f (t)

L [F@1=], fedt=[] f(e “dt+ [ f (e “dt+

and [ f(edt= [ fu+T)e " Ddu=e="[  f(ue “du

Similarly,

3T sty 25T [ 7 —su
IZTf(t)e dt=e jof(u)e du

LU= (e +e T 4] OT f (t)e~tdt

1

_ T —st
= jo f (t)e dt

EX: Find the Laplace transform of f (t) :Kt, O<t<p, f(t+p)="F(t).
P

. 1 pK,
Solution:: L [f ()] =— = jo Bte dt

1
1-e™

%[_is (te | - ean)]
—k 1

=————(te™ +=e™
ps(l—e‘ps)( s )0

e 1
8. Initial VValue Theorem:

L [F1(O]=sF(s) - £(0) = lim [ " f*(t)edt =lim sF(s) - f(0) = 0 =lim sF(s) - f (0)

we get initial value theorem |tII’T0] f(t) =limsF(s)
— S—>0

Deduce general initial value theorem : lim A = lim F(s)
t—0 g(t) [ G(S)




9. Final VValue Theorem:
L [f'(t)]=sF(s)- f(0)= Iirr(} f: f'(t)e*dt :Iirrg sF(s)- f(0) =

!im f(t)—f(0)= Iing sF(s) — f(0) = final value theorem: !im f(t) = Iirrg sF(s)

General final value theorem : lim U, =lim F(s)
o g(t) 0 G(S)

x:Find L[] 25 dx].
X

Solution : Let f (t) = J.Otwdx = f(t) = S'tit £(0)=0
X

L [tF'(t)]=L [sint]=—

s°+1
d R |

_EEL [f GH—SZ+1

1

s?+1

1

d
= vinga s

- [sF(9)- 101-
S

sF(s)=—tan"'s+C
From the initial value theorem, we get
lim f (t) = limsF(s)
t—0 S—00
0=-24+C .C==

2 2
T 4 21

sF(s)=——-tan"s=tan" =
2 S

F(s) =ltan’11
S S

EX: Find L {jtw e dx}.
X

Solution : Let f(t) = J'w

-t

€ dx= f’(t):—eT,!im f()=0

X
LI O] =L [-e]=-—
s+1
1

d
——[sF(s)- f(0)]=———
LFE) - fO1=-—
d 1
—[sF(s)]=——
ds[ ()] s+1
sF(s)=In(s+1)+C
From the final value theorem : !im f(t)= Iing sF(s)

0=0+C=C=0,and F(s):@

X e
X, and J-t ——dX are called sine, and exponential integral function, respectively.
X




I. Inversion from Basic Properties

1. Linearity

2s+1

@L 1[4(S_+1lg]

. 2s+1 S 1 2
Solution :(a)L ! - il
(@) [ ] © s°+2% 257 +2?

4(s+1) S 4 .
= 4 + = 4 cosh 4t + sinh 4t
—16] i s? — 42 52—42]

1= 2c032t+%sin2t

oL [—=

2. Shifting

(@)L *1[2 "1 mL L,

+25+2 +3s+2

A e—ﬂs e—ns
Solution:(a) L f—1=L Y—_
@) [52 +Zs+2] [(s+1)2 +1]

B 1 o
L l[m]:et5|nt

and L [f(t—a)u(t—a)]=e*F(s)
L 1[(5%)“;1] =e " sin(t — mu(t — ) = —e P sintu(t - m)

2(S+§) 3

(b) L —1[225—+3] =L 2 1= 29_5t coshl
S°+35+2 3 1 2
(5+§) —(E)

3. Scaling

L ,1[ 4s

16s* —4
Solution: L [

1.

4s

5 4s cosh2 1t—lcosh—
16s° -4

]=L_[(4)2—22]_ 4 4 02

4. Derivative

a 1
(a)L [m

S+a

] ()L in pon £




] . ) . d ) 2mS
solution: (a)L [sinwt]= =L [tsinot]=—— =

( ) [ ] 52+(DZ [ ] S(SZ+O)2 (32+0)2)2
205
———F(0
(s* + »*)? ©
2

2 2y 2 2
S =2(o[(s +0)- 1 ®

(SZ+0)2)2 (SZ+0)2)2 ]=20][

Let F(t)=tsinot=L [F'(t)]=s-

L [F'(0)] =20

Sz+m2_(sz+m2)2]
. 2w’
=2L [sinot]-—————
o)~

1 1 .
= -L [2sinmt—F'(t
(rat)  2g0 - ZSNOt=FO]

1 1

L [(s2 +0)2)2]= 20°

[2sinot—F'(t)] = 2—13(sin ot — ot cos wt)
®

(M) Let L [f(O)]=I> 2 —In(s+a)—In(s +b)
s+b

L [tf (t)]=—i[ln(s+a)—ln(s+b)]=L—L= L [e™—-e™]
ds s+b s+a

-bt _ ,-at
() = %

5. Integration

@L =D L ety
s° s+1 s+b
o wlos=lo o, 1 1
Solution : (a)L [?(E)]‘L [s(s+1) (511
=~ -D+[ (e -Ddt=—(e' -1 -(e* -1 -t=2-2e" -t

(b)L [efbt —e = L - L

s+b s+a

1= I;e“dt - j; j;e“dtdt

-bt _ ,-at © ©
L 1= L1 g SR St
t s 'S+b s+a S+al, s+b

—bt —at
L ,1[|ns+a]:e e
s+b t

6. Convolution

(@L [t s

m] ()L - [m] :




Solution : ()L [sinet] = 2 = L [Lsinot]=—
ST+ ® ()]

s? + w?

L —1[(5 )2]— > j;sin otsino(t —t)dt
+ ®
== jo - [o0s(ot — ot + 1) - cos(wr + ot — w1)]dr
Q)]
t

1 ¢ 1|1 .
= 2_0ro [cos(2mt — wt) — cos wt]dt = 2—602[5 sin(2ot — ot) — T cos cot}

0

1 {[i(sinmt—sin(—oat)]—tcoswt}: 13 in ot — ot cos wt)
20 20

T 20
1. 1
(b)L [=sinot] = 5 L [coswt]=———
(Q) ST+ m ST+ m®

L [

S 1 et .
m] = ajosm ®TCos o(t — t)dt

1 [ ;%[sin(mr + ot — 1) + sin(eT — ot + ©7)]dt

t

:ij‘t[sinmt+sin(2cor—wt)]dr:i TSin(Dt"'_—lCOS(Z(or—Q)t)
2(,0 0 20) 20)

0

= i{t sin ot — L [cos ot — cos(—mt)]} = Lsin ot
20 20 20

II. Partial Fraction

P(s)

If F(s)=———=, where deg[P(s)]<deg[Q(s)]
Q(s)

1.Q(s)=0 with unrepeated factors s—a;

P&)__ A , A A

Q(s) s—-a s-—a, s—a,

A, = lim [QE ;(s—ak)] P(a,) lim Q(a)k

1 _ P@)
>4 Q'(s)  Q'(a)
P(s) _P(a)/Q'(@)  P(@,)/Q'(a,) , . P(a,)/Q'(a,)
Q(s) s—a, s—a, s—a,
L —l[P(s)]_ P(a) + P(az) eazt_,’_ + P(an) eat
Q(s)” Q' (a) Q'(a,) Q'(a,)

=P(a,) lim

L ’1[3




Solution : — Stl __ s+l A A A
s°+s°—-65s s(s—2)(s+3) s 2 s+3
s+1 1
m—=—=
=0 (s —2)(s+3) 6
s+1 3
im =
s>25(s+3) 10
. s+1 -2
= lim =—
s>35(s—-2) 15
213 -2
L s+1 -6, 10 | 15 _ 1. 3. 2.a

s®+5% —6s S s—2 S+3 6 10 15

2. Q(s)=0 with repeated factors (s—ay)”
P(s)  C, C C,
Q(s) (s—a)" (s—a)™" S—a,

gES;(S a)"=C,+C, (S_ak)+Cm_2(s—ak)2+---+C1(S—ak)m_l

C. = tim[28) (s a )"

s—a ()
P(S) (. ym

L= mE e 2 (s-a)" D
d® P(s)

lim _
-~ MGl ©

m-1

a,)" ]}—

_lim d™ _P(s) 3
o=l il g 62" ]}( 5

Lo epe, Y,
T R T TR ]

,1[54 —7s5*+13s? +4s —12]
s?(s—1(s-2)(s-3)




4 =3 2 _
Solution : 75" +13s" +4s-12 C +&+ A . A, . A,
s

s2(s—1)(s-2)(s-3) s° s-1 s-2 s-3
st 75 +13s? +45-12 12
C, =lim =0
=0 (s=1)(s—-2)(s-3) -6
. d 8" —7s*+13s% +4s-12
C,=lim— ]
s=0ds™  (s—1)(s—2)(s—3)
_ 4(-D)(-2)(-3) - (-12)[(-2)(-3) + (-D(-3) + (-1)(-2)] _- 24+12x11 _
[(-D(-2)(-3) 6°
st —7s°+13s* +4s-12 -1
$2(s-2)(s-3) 2
s*—7s°+13s* +4s-12 8
s2(s-1)(s-3) -4
5 -7s°+13s* +4s5-12 9
s2(s-1)(s-2) 18
8t —78% +13s% +45-12
[ s?(s-1)(s-2)(s-3)

3

=2

et 207 4+ L
2 2

1
2
1

1=2t+3-

3. Q(s)=0 with unrepeated factor (s—a)2+B, where >0
P(s) As+B

Q(s) (s—a)® +p?

%[(s—a)2 +B?]=As+B

Jim (S [(s=a)" + BT} = Aa+iP) +

R+il = (Ao +B) +IAp

where R and | are the real and imaginary parts of Iim_B{g [(s — ) +B*]}, respectively

(s)

Ao+B =R
then, AB= , Where we can get Aand B, and

L _TE] L A(s —a) +2(A0L2+ B)
Q(s) (s—o)” +P

1= e“‘(Acoth + Aa[; B sin Bt)




s? s? s?

st+4 (s2)24+2-52.2422-2-52.2 (5% +2)2—(2s)
_ s _ As+B s As+B,
(s +25+2)(s*=25s+2) (s+1)*+1 (s-1*+1

Solution :

2
lim ——
s—>—1+i (s — ]_) +1

8-8i . 1
—— = (-A +B))+I =--,B,=0
o “CA+B)+IAS A=-2.B,

2

i —2i .
=A1(—1+')+51:>m=(—A1+51)+'A1

. 2i .
:A2(1+|)+Bz:>m:(A2+BZ)+|A2

lim ———
sol (S+1)° +1
8+8i . 1
= +B)+1IA = A =—,B,=0
5 = (R +B) A=A = B,
, i+t tson+
]=L fl[ 4 4 4

1
4
iDP il (s Dl

s
s'+4

L

e g!
= T(—cost +sint) + Z(cost +sint)

4. Q(s)=0 with repeated complex factor [(s—oc)2+[3]2, where >0
P(s) As+B Cs+D

Q) - +pT  (5—a) +p’

@[(s—a)z +B?] = As+B +(Cs+ D)[(s—a)® +B?]
Q(s)

Jim (S5 -a)' + BT} = Ala+iP) + B

R, +il, =(Aa+B)+iAB={

Aa+B =R

AB=1,
Jim Aol BT} = A+ [Cat+18) + D] fim 2 [(s-a)" + ']
R, +il, = A+[C(a+iB) + D]2ip = (A— 2CB?) +i(2a.pC + 2BD)
A-2CB* =R,
=
2apC + 28D =1,
L _TE]: L _1{A(S—oc) +2(A0L2+ZB)
Q) (- o) +57]

= e“‘{[%sin Bt + (Ao + B)Ziﬁs(sin Bt —Btcospt)] +[C cosPt + (Co + D)%sin Bt}

' ‘where A and B can be obtained

, Where we get C and D, hence

C(s—a)+(C+D)

el (S—OL)2+B2

]




L ,1[53—352+65—4]

(s?-25s+2)* ~

s® —3s° +6s—4 As + B cs+D
= +

(s°-25+2)*  [(s-D?+17 (s-1)*+1

lim (s®-3s® +6s+4) = Al+i)+B

s—1+i

2i=(A+B)+iA= A=2,B=-2

Solution :

lim i(33 —3s? +6s+4)=A+[c(L+i)+ D] Iirln_di[(s—l)2 +1]
s—1+ (S

s>+ (s

0=A+(c+ic+D)2i=(A-2c)+2i(c+D)
c=1,D=-1

s®—3s® + 654
(s* —2s+2)?

s—-1

_ oy 26D .
=L 3+L [(s—1)2+1

L [(s-1)* +1)° |

= e‘(2-%sint+cost) =e'(tsint + cost)

IV. Differentiation with Respect to a Number

Ex. 11.

1

L [
(v

1.

. d 1 —-2m d 1
Solution : — = L [——(—)]=L ™
d(n(52+c02) (SZ+032)2:> [dco(sz+c02)] [
1 d 1
- 1=-—9L Y-
(52+m2)2] do [Sz+c0

1
(7 +°)?

-2
(:s2 +c02)2

]

—2oL [

-1 :i(lsin ot) = —izsin mt+£COSO)t
do ® )

(Q)

L [

1= 1 (sinot - otcos ot)
20

V. Method of Differential Equation

[x.12.]

L e*].




Vs

vl

- — R
2./s y 4s

we get the equation 4sy” +2y'—-y=0=4L [% (t*y)]+2L [-ty]-L [y]=0

Solution:y=e"" = y'=

4%(t2y)—2ty— y=0:>4t2y'+(6t—1)y=o:»d—y+ 6t_1dt=0
y

2
t
3 1

3 1 - =
Iny+—Int+—=¢, > y=ct 2e 4
Y3 a 7Y

1
1 T() S
L[t 2]= f :%,andL[tyFL[Ct e %]

SZ

_\/g _l _i e_\/g

) e
while L =—-y' = = L [ct 2e *]=—+~
[ty]=-y s [ 1 o s

Applygeneral final value theorem !im

1 1
-YE 24/ mt*? -
Applied to Solve Differential Equations

I. Ordinary Differential Equations with Constant Coefficients
y'+y+y =9(x), y(0) =1, y'(0) = 0, where g(x) = {

Solution : g(x) = u(x) +2u(x —3)

1 0<x<3
3 X>3

-3s
[s2Y — sy(0) = y' ()] + [sY — y(0)] +Y = %+ 2 es
-3s
(s®* +s+1)Y Csl+t428
S S

s+1 1 2e%
~ 2 t t
s“+s+1 s(s“+s+1) s(s"+s+1)
s+1 1 s+1

1
= = L (E——"" )42 (-
s +s+1 (s 52+s+1) (s

1, 143
(s+3)+F=—
s+1 27 3 2 4 S+1
S I
s2+s+1 J3 s2+s+1

1.,
(5+§) +(7)

s+1
s +s+1

)

e eos B ys Lsin Y3
]e(coszx+ sin— X)

J3© 2

y(x) =u(x)+2u(x - 3){1- e_xz_s[cosg(x -3)+ %sing(x -3)1}




Yy () -2y (t) +5y' (1) =0, y(0) =0, y'(0) =1, y(g) 1.

Solution : [s®Y —s®y(0) —sy'(0) — y''(0)] - 2[s%Y —sy(0) — y'(0)] + 5[sY — y(0)] =0
y"(0)=c
_ s+c-2
 5(s®—2s5+5)
A= lim Ss+c—-2 _
s>08°-254+45 5

Ps+Q
(s—1)% +2°
2

A
=—+
S
_C_

P1+2i)+Q = lim S+C—2:—1+C'|-'2| _Cc+3 4-2c.
s—1+2i 1+ 2i 5 5

p:ﬂ1

c-2 ,,2-cC c+3 .
t)=——+e (——cos2t + ——sin 2t
V() === +e' (= 5 Sin2)

c—-2 2—ci+c+3i)z>c_7
5 J2 10 2

o y(t) =1+ e'(—cos 2t +sin 2t)

y(g)=1:>l= +e8(

II. Ordinary Differential Equations with Variable Coefficients

ty"+(1-2t)y'-2y=0, y(0)=1, y'(0)=2.
Solution : — % [s%Y —sy(0) — y' (0)] +{[sY — y(0)] + 2%[5Y -y(0)]}-2Y =0

(=s?Y'=2sY + 1) +[(sY =) + 2(sY'+Y)]-2Y =0
(-s* +28)Y'+(-25+s+2—-2)Y =0
dy. _ ds

———=1InY =-In(s-2)+¢c,

—(s=2)Y'=Y =
( ) Y s—-2

y=—% o y(t) = ce®
s—2

y(0)=1, ..1=c, y(t) =e*

I11. Simultaneous Ordinary Differential Equations
Ex. 4.

d—X=2x+y+2e5t
dt

dy , X(0)=y(0)=0.
E=x+2y+3e2t




sX—x(O):2X+Y+i (s—2)X—Y=L
S s—5

Solution : 3

sY -y(0)=X +2Y + —— —X+(s—2)Y:i
s—2 s—2

2 3
-2 55 2% _Bs—7

(s-2)2-1  (s=1)(s-2)(s—3)(s—5)
2 3
5 7D 35-13

(s-2)2 -1  (s-1)(s-3)(5-5)

_54, -8, 1, 3/4 :>x(t):§e‘—3e2t+e3‘+§eSt
s-1 s-2 s-3 s-5 4

y--o/4, 1 174 :>y(t):—§e‘+e:‘“+1e5t
s-1 s-3 s-5 4 4

X




UNIT-IV
Z TRANSFORM

Definition of Z-transforms
Elementary properties
Inverse Z-transform
Convolution theorem

Formation and solution of difference equations.




Introduction

The z-transform is useful for the manipulation of discrete data sequences and has acquired a
new significance in the formulation and analysis of discrete-time systems. It is used
extensively today in the areas of applied mathematics, digital signal processing, control
theory, population science and economics. These discrete models are solved with difference
equations in a manner that is analogous to solving continuous models with differential
equations. The role played by the z-transform in the solution of difference equations
corresponds to that played by the Laplace transforms in the solution of differential equations.

Definition
If the function u, is defined for discrete value and u, =0for n<0 then the Z-transform is
defined to be

Z(u,)=U@)=> u,z"
=1
The inverse Z-transform is written as

u, =Z'[U@@)]

Properties of the z transform
For the following

z{f[n]}!gf[n]z-“ ~F(z)2{g,}=

Linearity:
Z{af+ bg} = aF(z) + bG(z). and ROC is R¢[ 1Ry
which follows from definition of z-transform.

n=0

Time Shifting

If we have f[n]<> F(z)then f[n—n,]< z™F(2)

The ROC of Y(z) is the same as F(z) except that there are possible pole additions or deletions
atz=0o0rz=oo.

Proof:Let y[n]= f[n—n,]then

Y(z)= if[n—no]z‘”

N=—o0

Assume k = n- ng then n=k+ny, substituting in the above equation we have:

Y(z)= kif [k]z ™ =z™F[Z]

Multiplication by an Exponential Sequence

Z
Let y[n]=z{ f[n] then Y(z)= X(—j

Zg
The consequence is pole and zero locations are scaled by zo. If the ROC of FX(2) is rr< |z]

<ri, then the ROC of Y (2) isrr< |2/z| <ry, 1.€., |Zo|rr< || < |zo|rL

oo V(1) Sainlle "= ] 2] (2]

Z
0 0
The consequence is pole and zero locations are scaled by z. If the ROC of X(z) is

N=—o0 N=—o0




rR<|z|<rL, then the ROC of Y(2) is
rR<|z/zo| <rL, i.e., |2o|rR < |z| < |zo|rL

Differentiation of X(z)

Ifwe have f[n]< F(z) then nf [n]«Z—>-z dFZ(Z) and ROC = Ry

Proof:

F(z)= éi;fhﬂz‘”
ZZ nfln)z "= i—nf[n]z‘”

dF( )

dF( )
dz

«~Z—nf[n]

Some Standard Z-Transform
Sequence z - tran=sform
§[n] 1

1u[n]

h:l'l

Z - E?
Z
(z - 1)¢
=z + 1)
(z - 1)¢
b=z
(=2 - byt

et
(z - et
2in (a) =

sin (an) -2cos(alz +1

zin(al bz
-2cos(albz +bi
Z [z -cC03 (al)

b" zin (an)

cos (an) -2cos(ale +1

z (z-bcos (a))
-Zcos (&) bhe +hi

b" oz (an)




Problems
Find the z transform of 3n + 2 x 3"
From the linearity property
Z{3n + 2 x 3"} = 3Z{n} + 2Z{3"}
and from the Table 1

Z{n}:z; and Z{B” }:

(z-3)

(r"with r = 3). Therefore

Z{3n +2 x 3"}= 3z + 2z

(z —1)2 (Z — 3)

Find the z-transform of each of the following sequences:
(@) x(n)=2"u(n)+3(%2)"u(n)
(b) x(n)=cos(nmo)u(n).

Because x(n) is a sum of two sequences of the form «"u(n), using the linearity
property of the z-transform, and referring to Table 1, the z-transform pair

413,

1 3 2
1-227 4 1,4 (1—22)(1—12‘1)
2 2

For this sequence we write _
x(n) = cos(nwo) u(n) = ¥("*° + e "% y(n)

Therefore, the z-transform is
1 1 1 1
X(z)== . +— :
) 21-eM*z?t  21-e Mz
with a region of convergence |z| >1. Combining the two terms together, we have
1-(cosw,)z™"
X(z)= T
1-2(cosw,)z™t +2

2

Determine f,by Infinite Series and Partial Fraction Expansion
F(2)= 27

(z-2)z-1)

27
F() 2 —47°+52-2
Now divide (long division) with the polynomials written in descending powers of z
2727°4827°42272 45227 +1147 °+...
73-47°+52-2 |2z
27-8+10z '-4z77

8-10z71+04z72
8-32z"'+40z7°-16z2"°
2277 1-3627%+016z"°
2227 1-8827%+110z °-4477*
52772-094z%+04477"
52272-208z°+260z *-104z27°

114z°-216z2"%+104z27°




F(z)=> f,z2"=227+82°+222" +522° +1142° + ...

n=0

And the time sequence for f, is

n|0{1]2|3]|4 |5 |6

f,]0/0]2[8]22|52]114] ...

NOTE This method does NOT give a closed form for the answer, but it is a good method
for finding the first few sample values or to check out that the closed form given by
another method at least starts out correctly.

27 kz k,z K,z
F(z)= " 2 3
) (z-2)z-1f z-2 1T (z-1)
To find k1 multiply both sides of the equation by (z-2), divide by z, and let
-2
27 - kzz(z—z)+ k,z(z —22)
z-1 (z-1)
z—2)+ ky(z—-2)

(z-1f

Similarly to find ks multiply both sides by (z-1)?, divide by z, and let z—1

2 k(z-1f
G2 12 +ky(z—1)+k,z
k3 =-2
Finding k2 requires going back to Equation A above and taking the
derivative of both sides

2 k,(z—1Y
(2_2): 1(2_2) +ky(z—1)+k,z
2
2 _y, 2(z-1)_2(z—1)2 ik,
(z-2) -2 (z-2)
Now again let z—1
k2:-2
22 22 21
F — _ _
@) z-2 z-1 (z-1f

Convolution theorem

Ifu, =Z'[U(2)] and v, =Z'[V(2)] then Z[U(2).V(2)] = Zn:unvn_m =u,*v,

Where the symbol * denotes the convolution operation
Proof We have

U, =2 U@)] and v, =Z*[V(2)]




U@).V@) = Ug+ Uzt + U,z 2 44U, 27"+ ) X(V+ V2 +V,2 72 4

o0
U(2).V(z) = Z:(uovn FUV, ULV, Hen U V)2
n=0

U(2).V(@2)=Z(uyv, + UV, + UV, 5 4.+ UL V)

Z'U(@z).V(2)] = Zun rom =Un *V,

2
Use convolution theorem to evaluate z™* {Z—}

e

(z-2a)(z-D)
7 1

-1

i aas
(z- a)(z b) (z-a) (z-b)
{(z e b)}:;}an
b (a/b)n+l
(z a)(z b) (@a/b)-1
a"

n+l bn+l
Z
{(z a)(z- b)} a-b

Formation and solution of difference equations.

Take the Z-transform of both sides of the difference equations and the given
conditions

Transpose all terms without U(z) to the right
Divide by the coefficient of U(z) getting U(z) as a function of z

Express this function in terms of Z-transforms of known functions and take inverse
Z-transform of both sides

This gives u, as a function of n which is desired solution

Zl

Using Z-transform solve u, ., +4u,,, +3u, =3" withu, =0,u, =1
Z(u,) =U(2),Z(u,,4) = 2[U(2) - u,]
Z(u,.,) =2°[U(z) —uy —u,z ']
Z(3")=z/(z-3)
2°[U(z) —u, —u,z '] +42[U(z) —u,1+3U(z) =2/ (z - 3)
U(z)(z* +4z+3)=z+12/(z-3)
U 1, 1
z (z+D(z+3) (z-3)(z+D(z+3)

U(2) = 3z Lz 5z
S 8(z+1) 24(z-3) 12(z+3)

un:§2{ z }izl[ z
8 (z+1) | 24 (z-3)

3 1., 5 _.
Unzg(—l) +ﬂ(3) _E(_3)




UNIT-V
PARTIAL DIFFERENTIAL EQUATION and APPLICATIONS

Formation of partial differential equations

Solutions of first order linear equation by Lagrange method
Charpit’s method

Method of separation of variables

One dimensional heat equations

One dimensional wave equations




Introduction
The concept of a differential equation to include equations that involve partial derivatives, not

just ordinary ones. Solutions to such equations will involve functions not just of one
variable, but of several variables. Such equations arise naturally, for example, when one is
working with situations that involve positions in space that vary over time. To model such a
situation, one needs to use functions that have several variables to keep track of the spatial
dimensions and an additional variable for time.

Examples of some important PDEs:

o%u  , 8% . . .
=C° —— One-dimensional wave equation

(1) —
ot? ox*

ou ) . .
a One-dimensional heat equation

0%u

o
aXZ ayZ

Two-dimensional Laplace equation

o%u  d%u — : ,
(4) pE) + y =f(x,y) Two-dimensional Poisson equation
X

Partial differential equations: An equation involving partial derivatives of one dependent
variable with respective more than one independent variables.

Notations which we use in this unit:

__ 0z __ 0z _ 92z 9%z _ 0%z

= = r=— = =
p 0x q ay’ ox 2’ ox ay ' ay?2'’

Formation of partial differential equation:

A partial differential equation of given curve can be formed in two ways
1. By eliminating arbitrary constants
2. By eliminating arbitrary functions

Problems
Form a partial differential equation by eliminating a,b,c from
xZ yZ ZZ
2tpta=1
2 2 2
Given’;—2+z—2+i—2 =1
Differentiating partially w.r.to x and y, we have
1 1 0z
? (ZX) +1c_2 (22)520
—@W+5@p=0__ (1)

1 1 a
And b—Z(ZX) + 6—2(22)520

SO +5@a=0___ (2
Diff (1) partially w.r.to x, we have




Multiply this equation by x and then subtracting (1) from it
1

C—z(xzr +xp® —pz) =0

Form a partial differential equation by eliminating the constants from
(x — a)? + (y — b)? = z?cot*a, where a is a parameter

Given (x — a)? + (v — b)? = z%cot?a (1)

Differentiating partially w.r.to x and y, we have
2 (x—a)+0=2zpcot’a

(x — a) = Zpcot?a
And 0+2(y-b) = 2zqcot?a
(Y-b) = zqcot?a
Substituting the values of (x-a) and (y-b) in (1),we get
(zpcot?a)? + (zqcot?a)? = z%cot’a
(p? + q%)(cot?a)? = cot’a
p? + q* = tan’a

Form the partial differential equation by eliminatinga and b from
log (az-1)=x+ay+b
Given equation is
Log (az-1)=x+ay+b
Differentiating partially w.r.t. xand y ,we get
ﬁ(ap)zlzapzaz—l
(aq) =a = aq = alaz — 1)
(2)/(1) gives
= aorap =q
Substituting (3) in (1), we get

ng.(z—l)

az—1

i.e. pq=gz-p
p(q+1) =qz

Find the differential equation of all spheres whose centers lie on z-axis
with a given radius r.
The equation of the family of spheres having their centers on z-axis and having
radius r is
x2+y2+(z—c)> =12
Where ¢ and r are arbitrary constants
Differentiating this egn partially w.r.t. x and y ,we get

2x+2(z—c)2—i=0:>x+(z—c)p=0 (1)
2y+2(z—c)§—§=0=>y+(z—c)q=0 (2)
From (1),(z — ¢) = —g (3)

From (2),(z —¢) = —% ®




From (3) and (4)
We get —2: —

y
q
le. xq—yp=0

Linear partial differential equations of first order :

Lagrange’s linear equation: An equation of the form Pp + Qq =R is called Lagrange’s
linear equation.

To solve Lagrange’s linear equation consider auxiliary equation %x = %y = %Z

Non-linear partial differential equations of first order :

Complete Integral : A solution in which the number of arbitrary constants is equal to the
number of independent variables is called complete integral or complete solution of the given

equation.

Particular Integral: A solution obtained by giving particular values to the arbitrary constants
in the complete integral is called a particular integral.

Singular Integral: let f(x,y,z,p,q) = 0 be a partial differential equation whose complete
integral is
To solve non-linear pde we use Charpit’s Method :

There are six types of non-linear partial differential equations of first order as given below.
1.f(pa)=0

2.f(z,p,q) =0

3. 11 (x,p) = f2 (y,q)

4.z =px +qy +f(p,)

5. f(x" p, y'q) = 0 and f(m” p, y"g,z) =0
6. f (pz™, gz™ =0 and fy(x,pz™) = f2(y,qz"™)

Charpit’s Method:
We present here a general method for solving non-linear partial differential equations.
This is known as Charpit's method.
LetF(x,y,u, p.q)=0be a general nonlinear partial differential equation of first-order.
Since u depends on x and y, we have
ou ou
du=uydx+uydy = pdx+qdy  where p:uX:a—X , Q= uyzg
If we can find another relation between x,y,u,p,q such that f(x,y,u,p,q)=0then we can
solve for p and g and substitute them in equation This will give the solution provided is
integrable.
To determine f, differentiate w.r.t. x and y so that
oF oF oF op OF oq
—+—p+——+——=0
oXx ou op OoX 0q ox
i_Fﬂ p+i@+qa_qzo
oX ou op ox 0q ox

oF  oF +8_F@+ﬁ@=0

-+ q
dy ou  opdy oqcoy
of g +ﬁ@+Q@—o

d ou opdy aqoy




Eliminating Z—p from, equations and ? from equations we obtain
Yy

X
oF of of oF \dq
+ p+ —=0
OX Op OX op oqop oqop )dx
(8F6f of oF oF of  of aFjap
+ q+ —=0
dy oq oy oq op oq dp oq)dy
Adding these two equations and using
a_2u _op
OX Oxoy oy

and rearranging the terms, we get

(8F)8f [aFjﬁf [ GFJGT [GF aFj of
-— =+ -— | =—+|-P—-qQ— | —+| —+p— | —
op ) ox aq ) oy oq)ou |\ oXx ou )op

oF of \of
+|—+q9q— |—=0
oy 0u)oq

We get the auxiliary system of equations
dx dy du _dp _  dg _df
-0F -0F OoF oF OF oF oF OF 0
-P~--4 ~~tP— ——+q_-
op aq op o0q OX ou oy ou
An Integral of these equations, involving p or g or both, can be taken as the required
equation.

Problems
1 solve (x*—y*—yz)p+ (x* —y* —zx)q=z(x—y)
Sol Here

P=(x?—y? —yz),Q = x* —y? —zx),R = z(x — y)

dx _ dy _ dz
(P=y?-yz)  (P-y?ozx)  z(x-y)
Using 1,-1,0 and x,-y,0 as multipliers , we have
dz _ dx—dy _ xdx-—ydy
2(x—y)  z(x-y)  (P-yB)(x-y)
From the first two rations Of ,we have
dz= dx-dy
integrating , z=X-y-c; Or X-y-Z =¢;
now taking first and last ratios in (2) ,we get
dz xdx—ydy 2dz  2xdx —2ydy
—_— = or =

The subsidiary equations are

v/ X2 —y? v/ X% —y?
Integrating ,2 log z = log(x? — y?) — logc,
X2 2
y
22 2

2_.,2
The required general solution is f(x —y—z u) =0

72
2 solve (mz — ny)p + (nx —1z)q = ly — mx
Sol  The equation is
(mz — ny)p + (nx — 1z)q = ly — mx
Here P= (mz —ny),Q = (nx —1z) ,R =ly — mx

The Auxiliary equations are

dx dy dz

P Q R




dx _dy __ dz
(mz —ny) - (nx—lz) - ly —mx

Choosing x,y,z as multipliers ,we get
Each fraction :M, which gives xdx+ ydy+zdz =0
Integrating,x? + y? + z? = a
Again choosing I, m, nas multipliers ,we get
Each fraction =— >t *0d2 "hich gives ldx+ mdy+ndz =0
Integrating, Ix+ my+nz=>b
Hence the solution is
f(x? +y?+z%Ix+my+nz) =0

ie.

Solve(z? — 2yz — y?)p + (Xy + zx)q = Xy — ZX.
. - . dx dy dz
The subsidiary equations are — s = =
z4=2yz—y xy +zx Xy —zx
xdx +ydy +zdz
0
s~ xdx +ydy+zdz =0
Integrating,x? + y2 + z2 = a
Taking second and third terms ,we get (y — z)dy = (y + z)dz
ie. ydy —zdy —ydz—zdz =0
ydy — (ydz + zdy) — zdz = 0

¥ _ _a(?) =
d(z) Zd(yz) dz(z) =0
integrating, y? —yz — Z? =bory?—2yz—2z>=b
Hence the general solution is @ (x? + y? + z%,y2 —2yz—z%?) = b

Each fraction =

Find the integral surface of x(y? + z)p — y(x? + z)q = (x? + y?)z

Which contains the straight line x+y=0 ,z=1

- . dx _ dy _ dz
The subsidiary equations are prorve ooy el
xdx +ydy +zdz

Each fraction =

ldx +ldy +ldz
x y z

And also = 5

1 1 1
xdx + ydy +zdz =0 and;dx+;dy+;dz =0

Integrating x% + y? — 2z = aandxyz = b
The straight line is x+y =0 , z=1
W x’+y?—2=aandxy =b
Now a+2b=x?+y?—2+2xy=(x+y)?—2=-2 (sincex +
y=0)
a+2b+2=0
Hence the required surface is x2 +y? —2z+ 2xyz+2 =10

Find the general solution of the first-order linear partial differential equation
with the constant coefficients: 4u,+uy=x%y
The auxiliary system of equations is
dx dy du
4 1 X%
From here we get

% = d—lyor dx-4dy=0. Integrating both sides




we get x-4y=c. Also ax = % or X%y dx=4du
4 X%y

or X (%) dx=4du or

1 (¢ —cx®) dx =du
16

Integrating both sides we get
3x* - 4cx’®

192

4 _ 3

- f(o)+ 3x" -4cx

192
After replacing c by x-4y, we get the general solution
x* - 4(x - 4y)x®

192

u=c,+

u=f(x-4y)+ 3

4

X
=f0-4y)- 192 12y

Find the general solution of the partial differential equation y?up + xuq = y°x
The auxiliary system of equations is

dx dy du

yzu %2U xy2

Taking the first two members we have x’dx = y?dy which on integration
given x3-y® = ¢1. Again taking the first and third members,

we have x dx = u du

which on integration given x*-u® = c,

Hence, the general solution is

FOSG-y? x%-u?) =0

Find the general solution of the partial differential equation.

(auj au
— | X+ y-u=
OX 8y
Sol Letp:@1q_6_u
oX oy
The auxiliary system of equations is

dx dy du _dp _ dq

2px 2qy 2(p°x+q’y) p-p° g-q
which we obtain from putting values of

oF oF _ oF , oF oF

— = 2pX 2qy,_—=p°,—=-1—=q

op aq OX ou oy
and multiplying by -1 throughout the auxiliary system. From first and 4™ expression
in (11.38) we get

2

2
dx = W From second and 5™ expression

e 9 dy+2qydq

ay
Using these values of dx and dy we get




p?dx+2pxdp _ g°dy+2qydq
p*X q’y

or ax + 2 dp= dy + 2dg

X p y q
Taking integral of all terms we get
In|x| + 2In|p| = In|y|+2In|g|+Inc
or In|x| p? = Inlylg”c
or p>x=cq’y, where ¢ is an arbitrary constant.
Solving for p and q we get cq’y+q%y -u=0
(c+1)g’y=u

= u }é
q (c+1y
_ cu &
b= (c+Dx
% %
ol et o
(c+1Dx (c+1y

% b \ %2
or (“—C] du:(gj dXJ{lJ dy
u X y

By integrating this equation we obtain ((1+ c)u)}/2 = (cx)y2 + (y)y2 +cC,
This is a complete solution.

Solve p*+g°=1
The auxiliary system of equation is
_dx _dy_ du _dp_dg
-2p 2q -2p*-29° O O
dx _dy__du _dp_dq
p a p'+qg° 0 O
Using dp =0, we get p=c and g=+v1-c?, and these two combined with du
=pdx+qdy yield
u=cx+yv1-c?® + ¢y which is a complete solution.

or

Using ax _ p,wegetdu= ax where p=c¢
du c

Integrating the equation we get u = X4 C1
c

Also du = %y ,where g = 4/1-p? =+/1-¢?

dy . Integrating this equation we get u = ! y +C;

V1-c? 1-c?
This cu = x+ccy and uv1l-c? =y + c;v/1-¢?

Replacing cc; and c;+/1-¢® by - o and -B respectively, and eliminating ¢, we

ordu=

u* = (x-a)® + (y-p)*




9  Solveu*+pgq-4=0
Sol  The auxiliary system of equations is

d—X = — = du = dp = dq
q P 2pq -2up -2uq

The last two equations yield p = a’q.

Substituting in u?+pq — 4 = 0 gives

q= + 2040 and p=+a~4-u?

a

Then du = pdx+qdy yields

du=+vJ4-u? (adx+1dyj
a

du :iadx+£dy

V4 -u? a

Integrating we get sin"lg = i(adx+ Ey + cj
a

or

(el
oru=+2sin|ax+—y+c
a

10  Solve p*(1-x%)-g*(4-y>) = 0
Sol Letp*(1-x®) =q° (4-y") =&

This gives p = 2 and g =

V1-x?

_a

Ja-y?
(neglecting the negative sign).
Substituting in du = pdx + g dy we have

du = de + Ldy
V1-x? \4-y?

Integration gives u = a (sin'x + sin%) +C.

Wave Equation

For the rest of this introduction to PDEs we will explore PDES representing some of the basic
types of linear second order PDEs: heat conduction and wave propagation. These represent
two entirely different physical processes: the process of diffusion, and the process of
oscillation, respectively. The field of PDEs is extremely large, and there is still a
considerable amount of undiscovered territory in it, but these two basic types of PDEs
represent the ones that are in some sense, the best understood and most developed of all of
the PDEs. Although there is no one way to solve all PDEs explicitly, the main technique that
we will use to solve these various PDES represents one of the most important techniques used
in the field of PDEs, namely separation of variables (which we saw in a different form while
studying ODESs). The essential manner of using separation of variables is to try to break up a
differential equation involving several partial derivatives into a series of simpler, ordinary
differential equations.

We start with the wave equation. This PDE governs a number of similarly related
phenomena, all involving oscillations. Situations described by the wave equation include
acoustic waves, such as vibrating guitar or violin strings, the vibrations of drums, waves in
fluids, as well as waves generated by electromagnetic fields, or any other physical situations




involving oscillations, such as vibrating power lines, or even suspension bridges in certain
circumstances. In short, this one type of PDE covers a lot of ground.

We begin by looking at the simplest example of a wave PDE, the one-dimensional wave
equation. To get at this PDE, we show how it arises as we try to model a simple vibrating
string, one that is held in place between two secure ends. For instance, consider plucking a
guitar string and watching (and listening) as it vibrates. As is typically the case with
modeling, reality is quite a bit more complex than we can deal with all at once, and so we
need to make some simplifying assumptions in order to get started.

First off, assume that the string is stretched so tightly that the only real force we need to
consider is that due to the string’s tension. This helps us out as we only have to deal with one
force, i.e. we can safely ignore the effects of gravity if the tension force is orders of
magnitude greater than that of gravity. Next we assume that the string is as uniform, or
homogeneous, as possible, and that it is perfectly elastic. This makes it possible to predict
the motion of the string more readily since we don’t need to keep track of kinks that might
occur if the string wasn’t uniform. Finally, we’ll assume that the vibrations are pretty
minimal in relation to the overall length of the string, i.e. in terms of displacement, the
amount that the string bounces up and down is pretty small. The reason this will help us out
is that we can concentrate on the simple up and down motion of the string, and not worry
about any possible side to side motion that might occur.

Now consider a string of a certain length, I, that’s held in place at both ends. First off, what
exactly are we trying to do in “modeling the string’s vibrations”? What kind of function do
we want to solve for to keep track of the motion of string? What will it be a function of?
Clearly if the string is vibrating, then its motion changes over time, so time is one variable we
will want to keep track of. To keep track of the actual motion of the string we will need to
have a function that tells us the shape of the string at any particular time. One way we can do
this is by looking for a function that tells us the vertical displacement (positive up, negative
down) that exists at any point along the string — how far away any particular point on the
string is from the undisturbed resting position of the string, which is just a straight line. Thus,
we would like to find a function u(x,t) of two variables. The variable x can measure distance
along the string, measured away from one chosen end of the string (i.e. x = 0 is one of the tied
down endpoints of the string), and t stands for time. The function u(x,t) then gives the
vertical displacement of the string at any point, x, along the string, at any particular time t.

As we have seen time and time again in calculus, a good way to start when we would like to
study a surface or a curve or arc is to break it up into a series of very small pieces. At the end
of our study of one little segment of the vibrating string, we will think about what happens as
the length of the little segment goes to zero, similar to the type of limiting process we’ve seen
as we progress from Riemann Sums to integrals.

Suppose we were to examine a very small length of the vibrating string as shown in figure 1:

4,
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Now what? How can we figure out what is happening to the vibrating string? Our best hope
is to follow the standard path of modeling physical situations by studying all of the forces
involved and then turning to Newton’s classic equation F =ma. It’s not a surprise that this
will help us, as we have already pointed out that this equation is itself a differential equation
(acceleration being the second derivative of position with respect to time). Ultimately, all we
will be doing is substituting in the particulars of our situation into this basic differential
equation.

Because of our first assumption, there is only one force to keep track of in our situation, that
of the string tension. Because of our second assumption, that the string is perfectly elastic
with no kinks, we can assume that the force due to the tension of the string is tangential to the
ends of the small string segment, and so we need to keep track of the string tension forces T,

and T,at each end of the string segment. Assuming that the string is only vibrating up and

down means that the horizontal components of the tension forces on each end of the small
segment must perfectly balance each other out. Thus

(1) ‘T]‘ cosa = ‘1?2 ‘ cos f=T

whereT is a string tension constant associated with the particular set-up (depending, for
instance, on how tightly strung the guitar string is). Then to keep track of all of the forces
involved means just summing up the vertical components of T,andT,. This is equal to

(2) ‘T}‘sin ﬁ—‘fl‘sina

where we keep track of the fact that the forces are in opposite direction in our diagram with
the appropriate use of the minus sign. That’s it for “Force,” now on to “Mass” and
“Acceleration.” The mass of the string is simple, just 0Ax, where & is the mass per unit
length of the string, and Ax is (approximately) the length of the little segment. Acceleration
is the second derivative of position with respect to time. Considering that the position of the
string segment at a particular time is just u(x,t), the function we’re trying to find, then the

2
acceleration for the little segment is Zt_g (computed at some point between a and a + Ax ).

Putting all of this together, we find that:

3 [F,|sin p—[Tsiner = anx 2
3) ‘ z‘smﬁ—‘ l‘sma_éAx?
Now what? It appears that we’ve got nowhere to go with this — this looks pretty unwieldy as
it stands. However, be sneaky... try dividing both sides by the various respective equal parts
written down in equation (1):

T, |sin ) T,|sina | 8Ax 0%
"I:Z‘cosﬂ "I:l‘cosa T at?

(4)

or more simply:

5) tan f—tana =




Now, finally, note that tan « is equal to the slope at the left-hand end of the string segment,
which is just Z—uevaluated at a, i.e. %(a,t) and similarly tan g equals Z—u(a+Ax,t), s0 (5)
X X X

becomes...

ou ou OAX 0%u
6) T(a+axt)-Z(at)=229
® 5 @raxt)-=(at)=—"—5

or better yet, dividing both sides by Ax ...

1 (aou ou 5 o%u
0 o Sarmo-Lan)-208
Now we’re ready for the final push. Let’s go back to the original idea — start by breaking up
the vibrating string into little segments, examine each such segment using Newton’s F =ma
equation, and finally figure out what happens as we let the length of the little string segment
dwindle to zero, i.e. examine the result as Ax goes to 0. Do you see any limit definitions of
derivatives kicking around in equation (7)? As Axgoes to 0, the left-hand side of the

2
equation is in fact just equal to 2@—“} = 8—2 , S0 the whole thing boils down to:
OX \ OX OX

o0%u
ot

which is often written as

o%u o o%u

9 -
® ot? ox*

by bringing in a new constant c? :% (typically written with ¢?, to show that it’s a positive

constant).

This equation, which governs the motion of the vibrating string over time, is called the one-
dimensional wave equation. It is clearly a second order PDE, and it’s linear and
homogeneous.

Solution of the Wave Equation by Separation of Variables

There are several approaches to solving the wave equation. The first one we will work with,
using a technique called separation of variables, again, demonstrates one of the most widely
used solution techniques for PDEs. The idea behind it is to split up the original PDE into a
series of simpler ODEs, each of which we should be able to solve readily using tricks already
learned. The second technique, which we will see in the next section, uses a transformation
trick that also reduces the complexity of the original PDE, but in a very different manner.
This second solution is due to Jean Le Rond D’ Alembert (an 18™ century French
mathematician), and is called D’ Alembert’s solution, as a result.




First, note that for a specific wave equation situation, in addition to the actual PDE, we will
also have boundary conditions arising from the fact that the endpoints of the string are
attached solidly, at the left end of the string, when x = 0 and at the other end of the string,
which we suppose has overall length I.  Let’s start the process of solving the PDE by first
figuring out what these boundary conditions imply for the solution function, u(x,t).

Answer: for all values of t, the time variable, it must be the case that the vertical displacement
at the endpoints is 0, since they don’t move up and down at all, so that

1) u(0,t)=0andu(l,t)=0 for all values of t

are the boundary conditions for our wave equation. These will be key when we later on need
to sort through possible solution functions for functions that satisfy our particular vibrating
string set-up.

You might also note that we probably need to specify what the shape of the string is right
when time t = 0, and you’re right - to come up with a particular solution function, we would
need to know u(x,0). In fact we would also need to know the initial velocity of the string,

which is just u, (x,0) . These two requirements are called the initial conditions for the wave

equation, and are also necessary to specify a particular vibrating string solution. For instance,
as the simplest example of initial conditions, if no one is plucking the string, and it’s perfectly
flat to start with, then the initial conditions would just be u(x,0) =0 (a perfectly flat string)

with initial velocity, u, (x,0) =0. Here, then, the solution function is pretty unenlightening —
it’s just u(x,t) =0, i.e. no movement of the string through time.

To start the separation of variables technique we make the key assumption that whatever the
solution function is, that it can be written as the product of two independent functions, each
one of which depends on just one of the two variables, x or t. Thus, imagine that the solution
function, u(x,t) can be written as

(2  u(xt)=F)G(1)

whereF, and G, are single variable functions of x and t respectively. Differentiating this
equation for u(x,t) twice with respect to each variable yields

o%u o%u
3 — =F"(x)G(t)and —- = F(X)G"(t
@) o) (x)G(t) e (x)G"(t)
Thus when we substitute these two equations back into the original wave equation, which is

(4)

then we get

82u " _ 2@_ 2
(5) Fri F(xX)G"(t)=c ) =Cc F"(X)G(t)




Here’s where our separation of variables assumption pays off, because now if we separate the
equation above so that the terms involving F and its second derivative are on one side, and
likewise the terms involving G and its derivative are on the other, then we get

G"(t) F"(x)
c2G(t) F(x)

(6)

Now we have an equality where the left-hand side just depends on the variable t, and the
right-hand side just depends on x. Here comes the critical observation - how can two
functions, one just depending on t, and one just on x, be equal for all possible values of t and
X? The answer is that they must each be constant, for otherwise the equality could not
possibly hold for all possible combinations of t and x. Aha! Thus we have

') _F'(9_,
c’G(t)  F(x)

(7)

wherek is a constant. First let’s examine the possible cases for k.

Case One: k=0

Suppose k equals 0. Then the equations in (7) can be rewritten as
(8) G"(t)=0-c*G(t)=0and F"(x) =0-F(x) =0

yielding with very little effort two solution functions for F and G:
9 G(t)=at+band F(X) = px+r

wherea,b, p and r, are constants (note how easy it is to solve such simple ODEs versus trying
to deal with two variables at once, hence the power of the separation of variables approach).

Putting these back together to form u(x,t) = F(x)G(t), then the next thing we need to do is to
note what the boundary conditions from equation (1) force upon us, namely that

(10)  u(0,t) =F(0)G(t) =0andu(l,t) = F(1)G(t) =0 for all values of t

Unless G(t) =0 (which would then mean that u(x,t) =0, giving us the very dull solution
equivalent to a flat, unplucked string) then this implies that

(11) F()=F(1)=0.

But how can a linear function have two roots? Only by being identically equal to 0, thus it
must be the case that F(x) =0. Sigh, then we still get that u(x,t) =0, and we end up with

the dull solution again, the only possible solution if we start with k = 0.

So, let’s see what happens if...

Case Two: k>0




So now if k is positive, then from equation (7) we again start with

(12) G’(t) =kc®*G(t)
and
(13) F"(x)=kF(x)

Try to solve these two ordinary differential equations. You are looking for functions whose
second derivatives give back the original function, multiplied by a positive constant. Possible
candidate solutions to consider include the exponential and sine and cosine functions. Of
course, the sine and cosine functions don’t work here, as their second derivatives are negative
the original function, so we are left with the exponential functions.

Let’s take a look at (13) more closely first, as we already know that the boundary conditions
imply conditions specifically for F(x), i.e. the conditions in (11). Solutions for F(x)
include anything of the form

(14) F(X)=Ae™
where > =k and A is a constant. Since @ could be positive or negative, and since solutions
to (13) can be added together to form more solutions (note (13) is an example of a second

order linear homogeneous ODE, so that the superposition principle holds), then the general
solution for (13) is

14) FMX) =Ae” +Be™

where now A and B are constants and o=k . Knowing that F(0)=F()=0, then
unfortunately the only possible values of A and B that work are A=B=0, i.e. that
F(x)=0. Thus, once again we end up with u(x,t) =F(x)G(t)=0-G(t) =0, i.e. the dull
solution once more. Now we place all of our hope on the third and final possibility for k,
namely...

Case Three: k<0

So now we go back to equations (12) and (13) again, but now working with k as a negative
constant. So, again we have

(12)  G’(t) =kc?*G(t)
and
(13) F"(xX) =kF(x)

Exponential functions won’t satisfy these two ODEs, but now the sine and cosine functions
will. The general solution function for (13) is now

(15)  F(x) = Acos(ax)+ Bsin(ax)

where again A and B are constants and now we have o’ =—k. Again, we consider the
boundary conditions that specified that F(0) = F(I) =0. Substituting in 0 for x in (15) leads

to




(16) F(0)= Acos(0)+Bsin(0)=A=0

so that F(x) = Bsin(ax). Next, consider F(l) = Bsin(wl) =0. We can assume that B isn’t
equal to 0, otherwise F(x)=0 which would mean that u(x,t) = F(x)G(t) =0-G(t) =0,
again, the trivial unplucked string solution. With B = 0, then it must be the case that
sin(wl) =0 in order to have Bsin(wl) =0. The only way that this can happen is for @l to be
a multiple of 7. This means that

17) awo=nzorw= nl—” (where n is an integer)

This means that there is an infinite set of solutions to consider (letting the constant B be equal
to 1 for now), one for each possible integer n.

18) F(X)= sin(nl—” xj

Well, we would be done at this point, except that the solution function u(x,t) = F(x)G(t) and
we’ve neglected to figure out what the other function, G(t), equals. So, we return to the
ODE in (12):

(12) G"(t) =kc’G(t)
where, again, we are working with k, a negative number. From the solution for F(x) we

have determined that the only possible values that end up leading to non-trivial solutions are
with

2
Kk=-w = —(nTﬂj forn some integer. Again, we get an infinite set of solutions for (12) that

can be written in the form

(19)  G(t)=Ccos(4 t)+Dsin(41t)

whereC and D are constants and A, =cv—-k =co = chﬂ where n is the same integer that

showed up in the solution for F(x) in (18) (we’re labeling 4 with a subscript “n” to identify
which value of n is used).

Now we really are done, for all we have to do is to drop our solutions for F(x)and G(t) into
u(x,t) = F(x)G(t), and the result is

(20) u, (x,t) = F(X)G(t) = (C cos(4,t)+ D sin(int))sin(nl—ﬁ xj
where the integer n that was used is identified by the subscript in u,(x,t) and 4, , and C and
D are arbitrary constants.

At this point you should be in the habit of immediately checking solutions to differential
equations. Is (20) really a solution for the original wave equation




ot? ox*
and does it actually satisfy the boundary conditions u(0,t) =0 and u(l,t) =0 for all values of
t

The solution given in the last section really does satisfy the one-dimensional wave equation.
To think about what the solutions look like, you could graph a particular solution function for
varying values of time, t, and then examine how the string vibrates over time for solution
functions with different values of n and constants C and D. However, as the functions
involved are fairly simple, it’s possible to make sense of the solution u, (x,t) functions with

just a little more effort.
For instance, over time, we can see that the G(t) = (C cos(4,t)+ Dsin(lnt)) part of the

function is periodic with period equal to i—” . This means that it has a frequency equal to

n
A . : . .
2—” cycles per unit time. In music one cycle per second is referred to as one hertz. Middle C
VA

on a piano is typically 263 hertz (i.e. when someone presses the middle C key, a piano string
is struck that vibrates predominantly at 263 cycles per second), and the A above middle C is
440 hertz. The solution function when n is chosen to equal 1 is called the fundamental mode
(for a particular length string under a specific tension). The other normal modes are
represented by different values of n. For instance one gets the 2™ and 3™ normal modes
when n is selected to equal 2 and 3, respectively. The fundamental mode, when n equals 1
represents the simplest possible oscillation pattern of the string, when the whole string swings
back and forth in one wide swing. In this fundamental mode the widest vibration
displacement occurs in the center of the string (see the figures below).
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Thus suppose a string of length I, and string mass per unit length &, is tightened so that the

values of T, the string tension, along the other constants make the value of 4, = equal

T
215
to 440. Then if the string is made to vibrate by striking or plucking it, then its fundamental
(lowest) tone would be the A above middle C.

Now think about how different values of n affect the other part of u, (x,t) = F(X)G(t),

. (n . . (n : . :
namely F(x) = sm(Tﬂ xj . Since sm(Tﬂ x} function vanishes whenever x equals a multiple

of l then selecting different values of n higher than 1 has the effect of identifying which
n

parts of the vibrating string do not move. This has the affect musically of producing
overtones, which are musically pleasing higher tones relative to the fundamental mode tone.
For instance picking n = 2 produces a vibrating string that appears to have two separate
vibrating sections, with the middle of the string standing still. This mode produces a tone




exactly an octave above the fundamental mode. Choosing n = 3 produces the 3 normal
mode that sounds like an octave and a fifth above the original fundamental mode tone, then
4™ normal mode sounds an octave plus a fifth plus a major third, above the fundamental tone,
and so on.

It is this series of fundamental mode tones that gives the basis for much of the tonal scale
used in Western music, which is based on the premise that the lower the fundamental mode
differences, down to octaves and fifths, the more pleasing the relative sounds. Think about
that the next time you listen to some Dave Matthews!

Finally note that in real life, any time a guitar or violin string is caused to vibrate, the result is
typically a combination of normal modes, so that the vibrating string produces sounds from
many different overtones. The particular combination resulting from a particular set-up, the
type of string used, the way the string is plucked or bowed, produces the characteristic tonal
quality associated with that instrument. The way in which these different modes are
combined makes it possible to produce solutions to the wave equation with different initial
shapes and initial velocities of the string. This process of combination involves Fourier
Series which will be covered at the end of Math 21b (come back to see it in action!)

Finally, finally, note that the solutions to the wave equations also show up when one
considers acoustic waves associated with columns of air vibrating inside pipes, such as in
organ pipes, trombones, saxophones or any other wind instruments (including, although you
might not have thought of it in this way, your own voice, which basically consists of a
vibrating wind-pipe, i.e. your throat!). Thus the same considerations in terms of fundamental
tones, overtones and the characteristic tonal quality of an instrument resulting from solutions

to the wave equation also occur for any of these instruments as well. So, the wave equation
gets around quite a bit musically!

D’Alembert’s Solution of the Wave Equation

As was mentioned previously, there is another way to solve the wave equation, found by Jean
Le Rond D’Alembert in the 18" century. In the last section on the solution to the wave
equation using the separation of variables technique, you probably noticed that although we
made use of the boundary conditions in finding the solutions to the PDE, we glossed over the
issue of the initial conditions, until the very end when we claimed that one could make use of
something called Fourier Series to build up combinations of solutions. If you recall, being
given specific initial conditions meant being given both the shape of the string at time t = 0,
i.e. the function u(x,0) = f(x), as well as the initial velocity, u, (x,0) = g(x) (note that these

two initial condition functions are functions of x alone, as t is set equal to 0). In the
separation of variables solution, we ended up with an infinite set, or family, of solutions,
u, (x,t) that we said could be combined in such a way as to satisfy any reasonable initial

conditions.

In using D’ Alembert’s approach to solving the same wave equation, we don’t need to use
Fourier series to build up the solution from the initial conditions. Instead, we are able to
explicitly construct solutions to the wave equation for any (reasonable) given initial condition
functions u(x,0) = f(x)and u, (x,0) = g(x).

The technique involves changing the original PDE into one that can be solved by a series of
two simple single variable integrations by using a special transformation of variables.
Suppose that instead of thinking of the original PDE




in terms of the variables x, and t, we rewrite it to reflect two new variables

2 v=Xx+ctandz=x-—ct
This then means that u, originally a function of x, and t, now becomes a function of v and z,
instead. How does this work? Note that we can solve for x and t in (2), so that

(3) x:%(v+z)andt:2ic(v—z)

Now using the chain rule for multivariable functions, you know that

ou ouov ouoz ou ou
4 —:——+——=cg—c—

since@ =cand % =—c, and that similarly

u_ v i ou o

(6) =+ =T
OX OVOX 0OZOX ov oz

since? =1 and 2 =1. Working up to second derivatives, another, more involved
X

application of the chain rule yields that

0°u ou  au 0’u v  0°u oz 0%udz d%u ov
(6) — C——C—|=¢— —+ —|-d ==+ i
ot ov 0z ov- ot  oOzov ot 0z° ot ovoz ot

,(0%u  f%u ,(0%u  f%u ,(0%u 0% o%u
=C >~ +C >~ =C 5 -2 +—
ov° 0oV oz ovoz ov OIoN 0z

Another almost identical computation using the chain rule results in the fact that

2
o o 6[a_u+8_uj
ov 0z

B o’uov o°u oz (d*udz O%u ov
ox> ox

— 4 =+ ==+ o
ov? OX  0zov Ox 072 OX OvVoz OX
o%u o°u ol
=— +2 +
oV ozoN oz

Now we revisit the original wave equation

o%u , 8%
8 —=Cc°—
® ot? Ox?
2 2 2 2 2
and substitute in what we have calculated for a—uand a—uinterms of o'u , o'u and ou .
2 ox? ov?  oz° ozov

Doing this gives the following equation, ripe with cancellations:

_Cz(ﬁzu 5 o%u 62”]—02 o%u _C{azu 5 o%u azuj

+ = + +
ov?:  owov 672 ox? ov: ooV 672




2 2
Dividing by c’and canceling the terms involving z—g and Z—l: reduces this series of
v z

equations to

2 2
10) -29U_ 00
ozov ozov

which means that

0%u

e

0

So what, you might well ask, after all, we still have a second order PDE, and there are still
several variables involved. But wait, think about what (11) implies. Picture (11) as it gives
you information about the partial derivative of a partial derivative:

0 (aou
(12) E(Ej:o

In this form, this implies that Z—u considered as a function of z and v is a constant in terms of

the variable z, so that Z—u can only depend on v, i.e.
v

(13) %“ —M(v)

Now, integrating this equation with respect to v yields that
(14)  u(v,2)=[Mv)dv

This, as an indefinite integral, results in a constant of integration, which in this case is just
constant from the standpoint of the variable v. Thus, it can be any arbitrary function of z
alone, so that actually

(15)  u(v,2)= I M (V)dv+ N(z) = P(v)+ N(z2)

where P(v) is a function of v alone, and N(z) is a function of z alone, as the notation
indicates.

Substituting back the original change of variable equations for v and z in (2) yields that
(16)  u(x,t)=P(x+ct)+N(x—ct)
whereP and N are arbitrary single variable functions. This is called D’ Alembert’s solution to

the wave equation. Except for the somewhat annoying but easy enough chain rule
computations, this was a pretty straightforward solution technique. The reason it worked so




well in this case was the fact that the change of variables used in (2) were carefully selected
S0 as to turn the original PDE into one in which the variables basically had no interaction, so
that the original second order PDE could be solved by a series of two single variable
integrations, which was easy to do.

Check out that D’Alembert’s solution really works. According to this solution, you can pick
any functions for P and N such as P(v) =v®and N(v) =v+2. Then

(17)  u(x,t)=(x+ct)® +(x—ct)+2= x> +x+ct+c’t* +2

Now check that

o%u
18 - —=2c?
(18) ot

and that

o%u
19 —=2
(19) v,

so that indeed

o%u  , 8%
20 —=Cc" —
(20) ot? ox?

and so this is in fact a solution of the original wave equation.

This same transformation trick can be used to solve a fairly wide range of PDEs. For
instance one can solve the equation

p 2u_2u
ooy oy

by using the transformation of variables
(22) v=xandz=x+y
(Try it out! You should get that u(x, y) = P(x) + N(x+ y) with arbitrary functions P and N )

Note that in our solution (16) to the wave equation, nothing has been specified about the
initial and boundary conditions yet, and we said we would take care of this time around. So
now we take a look at what these conditions imply for our choices for the two functions P
and N.

If we were given an initial function u(x,0) = f (x) along with initial velocity function
u, (x,0) = g(x) then we can match up these conditions with our solution by simply

substituting in t =0 into (16) and follow along. We start first with a simplified set-up, where
we assume that we are given the initial displacement function u(x,0) = f (x), and that the




initial velocity function g(x) is equal to O (i.e. as if someone stretched the string and simply
released it without imparting any extra velocity over the string tension alone).

Now the first initial condition implies that
(23)  u(x,0)=P(x+c-0)+N(x—c-0)=P(x)+N(x) = f(x)

We next figure out what choosing the second initial condition implies. By working with an
initial condition that u, (x,0) = g(x) =0, we see that by using the chain rule again on the

functions P and N

(24)  u,(x,0) = g (P(x+ct) + N(x—ct))=cP’(x+ct)—cN'(x —ct)

(remember that P and N are just single variable functions, so the derivative indicated is just a
simple single variable derivative with respect to their input). Thus in the case where
u, (x,0) =g(x) =0, then
(25) cP'(x+ct)—cN'(x+ct)=0
Dividing out the constant factor ¢ and substituting in t =0

(26)  P'()=N'(x)

and so P(x)+k = N(x)for some constant k. Combining this with the fact that
P(x)+N(x) = f(x), means that 2P(x)+k = f(x), so that P(x) =(f (x)—k)/2 and likewise
N(x) = (f (x)+k)/2. Combining these leads to the solution

(27)  u(x,t) = P(x+ct)+N(x—ct) :%(f(x+ct)+ f(x—ct))

To make sure that the boundary conditions are met, we need

(28) u(0,t)=0andu(l,t)=0 for all values of t

The first boundary condition implies that

(29)  u(0,1) :%(f (ct) + f (~ct))=0

(30)  f(~ct)=—f (ct)

so that to meet this condition, then the initial condition function f must be selected to be an
odd function. The second boundary condition that u(l,t) =0 implies

(31) u(I,t):%(f(I+ct)+f(I—ct)):O




so that f(I+ct)=—f(l—ct). Next, since we’ve seen that f has to be an odd function, then
— f(I—ct) = f (-1 +ct). Putting this all together this means that

(32) f(+ct)= f(~l+ct)forall values of t

which means that f must have period 21, since the inputs vary by that amount. Remember that
this just means the function repeats itself every time 21 is added to the input, the same way
that the sine and cosine functions have period 2 7 .

What happens if the initial velocity isn’t equal to 0? Thus suppose u, (X,0) =g(x) =0.
Tracing through the same types of arguments as the above leads to the solution function

(33)  u(xt) :%(f (x+ct)+ f (x—ct))+2iC j:_*cfg(s)ds

In the next installment of this introduction to PDEs we will turn to the Heat Equation.

Heat Equation

For this next PDE, we create a mathematical model of how heat spreads, or diffuses through
an object, such as a metal rod, or a body of water. To do this we take advantage of our
knowledge of vector calculus and the divergence theorem to set up a PDE that models such a
situation. Knowledge of this particular PDE can be used to model situations involving many
sorts of diffusion processes, not just heat. For instance the PDE that we will derive can be
used to model the spread of a drug in an organism, of the diffusion of pollutants in a water

supply.

The key to this approach will be the observation that heat tends to flow in the direction of
decreasing temperature. The bigger the difference in temperature, the faster the heat flow, or
heat loss (remember Newton's heating and cooling differential equation). Thus if you leave a
hot drink outside on a freezing cold day, then after ten minutes the drink will be a lot colder
than if you'd kept the drink inside in a warm room - this seems pretty obvious!

If the function u(x, y, z,t) gives the temperature at time t at any point (x, y, ) in an object,
then in mathematical terms the direction of fastest decreasing temperature away from a
specific point (X, y, ), is just the gradient of u (calculated at the point (x, y, z) and a particular
time t). Note that here we are considering the gradient of u as just being with respect to the
spatial coordinates x, y and z, so that we write

) grad(u):Vu:g—ui+a—uj+a—uk
X

oy oz

Thus the rate at which heat flows away (or toward) the point is proportional to this gradient,
so that if F is the vector field that gives the velocity of the heat flow, then

(2)  F=—k(grad(u))

(negative as the flow is in the direction of fastest decreasing temperature).




The constant, k, is called the thermal conductivity of the object, and it determines the rate at
which heat is passed through the material that the object is made of. Some metals, for
instance, conduct heat quite rapidly, and so have high values for k, while other materials act
more like insulators, with a much lower value of k as a result.

Now suppose we know the temperature function, u(x,y, z,t), for an object, but just at an
initial time, when t = 0, i.e. we just know u(x, y, z,0) . Suppose we also know the thermal

conductivity of the material. What we would like to do is to figure out how the temperature
of the object, u(x, y, z,t), changes over time. The goal is to use the observation about the

rate of heat flow to set up a PDE involving the function u(x, y, z,t) (i.e. the Heat Equation),
and then solve the PDE to find u(x, y, z,t).

Deriving the Heat Equation

To get to a PDE, the easiest route to take is to invoke something called the Divergence
Theorem. As this is a multivariable calculus topic that we haven’t even gotten to at this point
in the semester, don’t worry! (It will be covered in the vector calculus section at the end of
the course in Chapter 13 of Stewart). It's such a neat application of the use of the Divergence
Theorem, however, that at this point you should just skip to the end of this short section and
take it on faith that we will get a PDE in this situation (i.e. skip to equation (10) below. Then
be sure to come back and read through this section once you’ve learned about the divergence
theorem.

First notice if E is a region in the body of interest (the metal bar, the pool of water, etc.) then
the amount of heat that leaves E per unit time is simply a surface integral. More exactly, it is
the flux integral over the surface of E of the heat flow vector field, F. Recall that F is the
vector field that gives the velocity of the heat flow - it's the one we wrote down as F =—kVu
in the previous section. Thus the amount of heat leaving E per unit time is just

(1) j F.dS
S
wheres is the surface of E. But wait, we have the highly convenient divergence theorem that
tells us that

) ﬂ F.dS = —kjﬂ div(grad(u))dVv

Okay, now what is div(grad(u))? Given that

ou. ou. ou
3 rad(U)=Vu=—i+—j+—Kk
(3)  grad(u) ax ayJ P

thendiv(grad(u)) is just equal to

0°u 0%u o%u
+ +
ox> oy® oz’

(4)  div(grad(u)) =V-(Vu)=

Incidentally, this combination of divergence and gradient is used so often that it's given a
name, the Laplacian. The notation div(grad(u) = V-(Vu) is usually shortened up to simply

VZu. So we could rewrite (2), the heat leaving region E per unit time as




(5) ﬂF.dS=—kM(V2u)dv

S E

On the other hand, we can calculate the total amount of heat, H, in the region, E, at a
particular time, t, by computing the triple integral over E:

6) H= m (3)u(x, Y, z,t)dV

where ¢ is the density of the material and the constant o is the specific heat of the material
(don't worry about all these extra constants for now - we will lump them all together in one
place in the end). How does this relate to the earlier integral? On one hand (5) gives the rate

of heat leaving E per unit time. This is just the same as —%, where H gives the total
amount of heat in E. This means we actually have two ways to calculate the same thing,
because we can calculate % by differentiating equation (6) giving H, i.e.

0
@ S [ ) S av

Now since both (5) and (7) give the rate of heat leaving E per unit time, then these two
equations must equal each other, so...

®) —%:—m (ozs)%”dv = —«[[] v2uyav

For these two integrals to be equal means that their two integrands must equal each other
(since this integral holds over any arbitrary region E in the object being studied), so...

©) (a@)%uz k(V2u)

or, if we let ¢ = % and write out the Laplacian, V*u, then this works out simply as

+
ot x> oy® oz’

2 2 2
10) a_uzcz(a u, o' 0 uj

This, then, is the PDE that models the diffusion of heat in an object, i.e. the Heat Equation!
This particular version (10) is the three-dimensional heat equation.

Solving the Heat Equation in the one-dimensional case

We simplify our heat diffusion modeling by considering the specific case of heat flowing in a
long thin bar or wire, where the cross-section is very small, and constant, and insulated in
such a way that the heat flow is just along the length of the bar or wire. In this slightly
contrived situation, we can model the heat flow by keeping track of the temperature at any
point along the bar using just one spatial dimension, measuring the position along the bar.




This means that the function, u, that keeps track of the temperature, just depends on X, the
position along the bar, and t, time, and so the heat equation from the previous section
becomes the so-called one-dimensional heat equation:

ou , 0%
) L2 7
@) ot ox?

One of the interesting things to note at this point is how similar this PDE appears to the wave
equation PDE. However, the resulting solution functions are remarkably different in nature.
Remember that the solutions to the wave equation had to do with oscillations, dealing with
vibrating strings and all that. Here the solutions to the heat equation deal with temperature
flow, not oscillation, so that means the solution functions will likely look quite different. If
you’re familiar with the solution to Newton’s heating and cooling differential equations, then
you might expect to see some type of exponential decay function as part of the solution
function.

Before we start to solve this equation, let’s mention a few more conditions that we will need
to know to nail down a specific solution. Ifthe metal bar that we’re studying has a specific
length, I, then we need to know the temperatures at the ends of the bars. These temperatures
will give us boundary conditions similar to the ones we worked with for the wave equation.
To make life a bit simpler for us as we solve the heat equation, let’s start with the case when
the ends of the bar, at x=0 and x =1 both have temperature equal to O for all time (you can
picture this situation as a metal bar with the ends stuck against blocks of ice, or some other
cooling apparatus keeping the ends exactly at O degrees). Thus we will be working with the
same boundary conditions as before, namely

2 u(0,t)=0andu(l,t) =0 for all values of t

Finally, to pick out a particular solution, we also need to know the initial starting temperature
of the entire bar, namely we need to know the function u(x,0). Interestingly, that’s all we
would need for an initial condition this time around (recall that to specify a particular solution
in the wave equation we needed to know two initial conditions, u(x,0)and u, (x,0) ).

The nice thing now is that since we have already solved a PDE, then we can try following the
same basic approach as the one we used to solve the last PDE, namely separation of
variables. With any luck, we will end up solving this new PDE. So, remembering back to
what we did in that case, let’s start by writing

(B)  uxt)=F)G(t)

whereF, and G, are single variable functions. Differentiating this equation for u(x,t) with
respect to each variable yields

o’u  _, ou ,
4 8)(_2 =F"(x)G(t)and i F(X)G'(t)

When we substitute these two equations back into the original heat equation




we get

(6) %u =F(X)G'(t) =c? @ C*F"(X)G(t)

XZ

If we now separate the two functions F and G by dividing through both sides, then we get

G'(t)  F"(x)
c2G(t)  F(x)

(7)

Just as before, the left-hand side only depends on the variable t, and the right-hand side just
depends on x. As a result, to have these two be equal can only mean one thing, that they are
both equal to the same constant, k:

G'M) _F'0)_,

®) c2G(t)  F(x)

As before, let’s first take a look at the implications for F(x) as the boundary conditions will
again limit the possible solution functions. From (8) we get that F(x) has to satisfy

€)] F"(xX)—kF(x)=0

Just as before, one can consider the various cases with k being positive, zero, or negative.
Just as before, to meet the boundary conditions, it turns out that k must in fact be negative
(otherwise F(x) ends up being identically equal to 0, and we end up with the trivial solution

u(x,t) =0). So skipping ahead a bit, let’s assume we have figured out that k must be
negative (you should check the other two cases just as before to see that what we’ve just

written is true!). To indicate this, we write, as before, that k = -, so that we now need to
look for solutions to

(10) F"(X)+w’F(x)=0
These solutions are just the same as before, namely the general solution is:

(11)  F(x) = Acos(ax)+ Bsin(ax)

where again A and B are constants and now we have @ =+/—k . Next, let’s consider the
boundary conditions u(0,t) =0and u(l,t)=0. These are equivalent to stating that
F(0)=F(l)=0. Substituting in 0 for x in (11) leads to

(12) F(0)= Acos(0)+Bsin(0)=A=0

so that F(x) = Bsin(ex). Next, consider F (1) =Bsin(awl) =0. As before, we check that B
can’t equal 0, otherwise F(X) =0 which would then mean that

u(x,t) = F(x)G(t) =0-G(t) =0, the trivial solution, again. With B = 0, then it must be the
case that sin(el) =0 in order to have Bsin(wl) =0. Again, the only way that this can happen
is for wl to be a multiple of 7. This means that once again




(13) awl=nzxorew= nl—” (where n is an integer)

and so
n

(14) FMX= sin(Tﬂ xj

wheren is an integer. Next we solve for G(t), using equation (8) again. So, rewriting (8), we
see that this time

(15) G'(t)+4,°G(t)=0

where A, = chn since we had originally written k = —®*, and we just determined that

W= nl—” during the solution for F(x). The general solution to this first order differential
equation is just
(16) G(t)=Ce ™"

So, now we can put it all together to find out that

(17)  u(x,t)=F(x)G(t)=C sin(nl_” xje—znzt

Wheren is an integer, C is an arbitrary constant, and 4, = D7 Asis always the case, given

a supposed solution to a differential equation, you should check to see that this indeed is a
solution to the original heat equation, and that it satisfies the two boundary conditions we
started with.

The next question is how to get from the general solution to the heat equation

(1)  u(xt)=C sin[nl_” Xje—znzt

that we found in the last section, to a specific solution for a particular situation. How can one
figure out which values of n and Care needed for a specific problem? The answer lies not in
choosing one such solution function, but more typically it requires setting up an infinite series
of such solutions. Such an infinite series, because of the principle of superposition, will still
be a solution function to the equation, because the original heat equation PDE was linear and
homogeneous. Using the superposition principle, and by summing together various solutions
with carefully chosen values of C, then it is possible to create a specific solution function that
will match any (reasonable) given starting temperature functionu(x,0).




